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FOREWORD 



Ihe increasing contribution of ma^^h^matics to the culture of the moderi? 
world, as well as its import^ce as a vital paxt of scientific "and humanistic 
educatiop/fias made it essential' that the mathematics in^our schools be both •.' 
well .selected- and-^Veil taught. ' ' ' 

' T 

With this in mind, the various mathematical organizations in the United 
States co6perated in the fonnation of the School Mathematics Study Group (SMSG). 
SMSG includes college and university matWaticians, teachers of mathematics" 
^all levels, experxs in education, "and representatives of. science and' ^ . 
technology. . The general oblectiye of S^BG is the improvement of the teaching, 
■ of mathematics in tlie school^ of this country. .The .Natioh^ Science .Foundation 
..has provided substantial fun^ for the' support, of tMs en^e&vor. 

One of the prerequisites for the improvement of th^ teae^hing" of mathe- ' 
matics in our schoo3,s is'an improved curriculum'-- one which, takes account 
of the increasing use. of mathematibs in science and teciinolo|y'and -in'othei' 
areas of knowledge and at the same^ti^^ne which refleets recent Advances, in 
■ mathematics itself. oAe of the firtt I&o jettTundertake'n by sW'-was to enlist 
a gfonv of outstanding mathemkticians and mathematics teachers to prepare a 
series of textbooks which would illustrate such , an improved curriculum., ' 

The professional mathematicians in SMSG believe that the matheftatics ' - 
' presented in this text is valuable for all well-edi,cated\citi2eps in our society 
to know and that it is import^t for the precollege student to leam in prepaxa-' 
tion fir advanced work , in the field. "At the same- time', teachers in S^BG believe 
that it is presented in such a fom th&t it can be readily grasped by students, 
. In most instances the material will have a famiirar notej but, the preseii- " 
t^tion and the point of view will be' different. Some mate;rial will be entirely. " 
,new to the tr^itional curriculum. IH^s is as it should be, for mathematics ' ' 
is a living and an _ ever-growing sub.ject. and not a /jpad bnd frozen-proda' ' " ' ' 
antiquity., rh^s healthy fusion'df the old dnd' theinew ^{lould^ leaiiUudents to 
a better 'understanding of the basic concep1« and . structure of mal^hematics, and" 
provide a firmer foundation for understanding, and i^se of , mathematics' in a ^ > ' 
scientific socie-|;y. , . " • ' 

' V .■. • .' . . • , ■ 
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It is not intended that this book be' reg^ded as the only de<^initive' way. 

t 

of presenting gCod mathematics to students at this level. Instead, it^ should 
^ ^be thought of as a sample of the kind of improved curriculum, that we^ne^d-^d*' 
as a source of' suggestions for the authors of commercial textbooks. It i? 
sincerely hoped that "Wi^se texts will lead the w&y toward inspiring a more 
meaningful way of teaching Mathematics, the Queen and Servant of the Sciences. 



PREFACE 



Tb The Student: , * • 

A nev computer Science i& emerging as a discipline-lTi th^ colleges and * 
universities of our land. . On a growing number & cbXleg-t-campuses students 
, ,who are majoring, in engineering, mathematics; tosir?^6^,^^d other areas, 
are 'being urged or even required to gain at least an intTDductory irieV of 
this nev science, before stepping into a computer- influenced society. 

An introductic^ to computer science is much>ore than 'a quick '"how to 
do it"- on the use of computers. Among other things, it is based on and i^ 
^ an extension of the mathematics you now know. Developing an understanding of 
the relationship between mathematics,, computers, and problem solving is the 
mai^ob4eciive^f this book. .The "how-to-do-it" or technique of computing 
as also necessary, ^ou will find yourself acquiring such skills as a valuable 
by-product of ti^e learning process that you are^now embarking on. The 
ppportunity is here, ^eize it! ^ 
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Chapter 'I 
y 'ALGORITHMS, LANGUAGE MD MACHINES 



1- 1 Introduction 



These ^re the early, ^exciting years of ^ revoluti€«i in Bian'g ability 
^ .^o, process and ixse infolTnation. This, is^the computer revolution. It 

promises to be at least as far-reachifig as the industrj,a^ revolution of the 
steam engine. Twenty -^five thousand electronic computers are in.^e in the 
\ . United States alone. "They represent an investment of eight billion dollats. 
^ , , What's, .more, 'six to seven tlaousand computers are^being made ^ach year*. ' 

The work ofr literally millions of people (including scien^sts, 

\, engineers, economists, medical dt^ctors, nurses, designer^, salesmen, 

tea^lers.,* machinists, financial 'workers', social workers, writers, .editors, 

, linguists, archeologists, etc.) is being changed by new uses ^pf computers. 

EVery person in -^le 'country needs^ some understanding of computers ^ the, t, 

. • ' r 

ways they can be used to help in solving piwjAems. , ^ ^ « 

Modem digital computers are essential in a vast range of activities,, 
many of which w.e npw accept as coramorxplace^^but which were impossible to 
carry out just ten or fifteen years ago. The air transportation industry 
could not exist, as we know it today, without computers The computer is 
^ used in every stage o:^ the desj^ga, construction, and testing of new air- 
• *craft. The airlines depend on computers to. schedule their planes, to make 
flight plans, :toJceep t.rack of passengers reservations, tv fly the planes 
(an ,autppilot is 4-)Speci&l kind of computer), and even to guide the planes 
^ on take-off and landing. Other industries have become just abput as depen-* 
dent on^compUMiers; for example, nationwide ^credit cai^ systems would be 
^ inoperable withou-?* computers. \ '^'^ * \ - 

,.«$-.^--r^®f ?^ space demands large numbei^s of computers.^ 'A space 



^ vehicle must be guided -into a very precise^ orbit The booster rocket must ' ^ 

.be car^efully* ciontrpll^d in direction and in the, length of time it'fcifeis. 

' / * 
Even glight e'rrors in,thjtLs pontrol would mean a failure to achieve orbit. - 

, , ' ' ' if ^ 
To get this precise control, the booster is followed by radar, its position 

\^ 

beihg xrontinually transmitted to a computer which calculates its velocity, 
\^ acceleration and the chSiges (if any) that are needed* to follow the planned 
. trajectory. Sisals fl'cjd the computer are then transmitted to -the booster 
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to c6ntrol its steering or to ciit it off "at the right instant. 

computers are required for* the calculation of course-cor:flc.tic 

" for rendezvous maneuvers, retrorocket firing, and practically 

event occurring dn space exploration. ' 

i ' , ; ' ^ i 

Important uses of computers occ^r in many other ^elds* 

malting increasing 'use of computers to aid in the diagnosis of 

analyze the ^progress of a patient's treatment/ Computers asi 

editing of ^literature and even in the automatic setting of type 

printers, ^designers (irjclij^ing architects and product desigf 

ning tb^use computers connected to television screens. TWey 

and mo"aify'tTieir design as if the screen^Tre a drawing board. 



Similarly 



In short, it' i^ hard to think of any field of activity whic 
using conQ5uters--or, at least, for which pot^tial uses_are i 
deittonstrated, in scientific laboratories. No matter wbat you 
whether yo^ plan to be a homemaker or an astronaut, you are ^ 
computers. This book' will iTeach you what "computers really a 
*can be used--^ understanding which will be of tremendous v^lue 
any vocation* " . — - — -^r 




r 
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1-3 Some 'Technical Aspects of Computers ~ 

Two types of electronic conrputers, ^alog'ahd digital,, are in widespread 
. • use. fhe differ-ence between them lies in tfee >fay\hat each t^pe represents 
.numbers. In an analog .-ccinputer, numbers'^re represented by th^ size of i 
• -continuously variable quantity such as the speed of a rotating shaft or an 
electrical voltage. . In a digital cornier, nui^Ders are repregeated by 
discrete codes to stand foY integers (as *an exmnpS^. Analog computers are ' 
^ ^ usefyl and important tut they 'are not t\e subject of thts.bc^k. Otfier than 
; in the present paragraph, we' will always use "computer" to mean digital 
computer. . ^ >' e 

' We know that a computer has electronic circuits which ^an somehow store 
. numbers. We don't want to get too deeply involved in how this can be done - 
physically since there are many techniques and an adequate description of 
any one of them is 'beyond the stope of this book; — We will very briefly ' ' ' 
describe one of the most common storage devices, the magnetic core'- 

# : — 

A magnetic core is a tiny doughnut (perhaps_ 1/2O inch outside, diameter), 
made of a magnetizable material,. Figure 1-1 _shows two ways in which a core' 
can be magnetized (that is, clockwisfe or counter-clockwise) .> ,/ 





Figure 1-1. Direction of magnetization of Aores 



Vou may know that an electrical current- can- induce ma^jetisra'as in an 
electromagnet. In particular, if^a fine -i^re .'is, wrapped around the'core'as in 
figure 1-2,- the direction of magnetization of the "core ian be controlled 'by 
electrical^ currents in the wiVe. In fapt,;;the di^rection of magnetization can 
.06 -Changed. very q^ckly (less than a millionth of a second). ■ 
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• . '-Figure 1-2^ A core vith wire wrapping 



X 1 



.One direction of magnetization can ^e.used to represen{ the binary ^, - 
digit' "O", the other the binary digit "l'^- ' Thus, with enough^ of these wire- 
wrapped cores, we could store, in magnetic form, the binary representation of 
any number., The catch is that for practical use, ve need an awful lot of 
Qores. (A typical sfiiall computer may Jiave. ].00,000 cores, a large computer 
may have over -ten million.) So, the real j)roblemvis how a'*computer selects 
" an individual cgre 'xo' store a binary 'digit in it or to find out' which digit . 
(O or l) is already stoved in the core.* * • t * 

Typical]^ the magnetic cores are arranged in a plane recttogqlar array. 
Imagine a' "screen" of. yery fine wires and -a core at eaclj intersection of* - 
wires. Each core now bas two wiree. asspc^Eited with it^giving the coordin ates 
of' the core in thp plane . -'Jn reality wire does noPiiave^to be wrapped 
• around a c^re. It is suffi,cient for the wires to pass through the hole of 
•'the dolighnut as is shown schematically in Figure 1-3-. , ' y 
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Figure 1-3. An array of magnetic' cores ( oniy^xjn^^c ore 
shown) _ .... . " ,^ . ' 
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^ in<iivi(2lual core from an array whic^ may contain several thousand can now 
/be found by picking just*, two ^wires at the same time. Eac\i wire is. associated' 
• with many cores but there is just one core where^ the wires cross. The ^ ' - . 

material from which" the cores are' made has the remajrkable property ^that a 
, critical minimum amomt of current is nodded to change the direction of ♦ 
, magnetization. It behaves like a ball thrown on the sloping' 
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* roof of a house. If yqu don't thrp^ hard enough, the* ball will come down on 
the same side as it started, jjii^w it just hard enough and it will come^, 
down on the other sMe. So/if half (or 'just a. little moi'e) of the critical 
amount of current is sept along ^each of the^wo selected wires in the 
"screen," only the x?6re'at the intersection of the wires can be affected. 
To sui^«rl^e: ' I 

^Jt^i^'E&cYi cdjce can store a binary digit, 

(b) aii individual core can be selected from among the thousands 
\ j? in a computer, and ^ • ' 

.(c) the direction of magnetization of a core can be changed in 
less than a railliohth of a second. 

t Usuall^^ the planes of magnetic cores are stacked s-ide by side (or on 
top of one another). The cores lying in -a line perpendicular to the planes 
(no"t' cWected by any wires) are then conveniently treated together as the, 
binary ^igits (or "bits" from the first two and l^t two JLetters of binary 
digits );V>f the l^inary representation of a number. ' This related ^roup of 
bits is called a computer word (or simply word, if no confusiqn results).^ v 




c6res considered together 
as containing the 
bits of a wo^d- 



\ 



Fig^^re \ A stack of magnetic core'planes and the 
re^tionship of the.-lfits of a wordy 



, Of, course, the bits in a word can be used to represeht things other than 

binary numbers. Th^^ ^edmal digits^,'' for example, c'kii, be. represented by a 
grouping of four bits i^r each digit; letters 6f the alphabet can ^ repre- 
sented a groupi 
if letters* and 

rVcters will be further discusse^^ Section 



and ^ciphabetic 



moiye bits (at least six are needed for each character 
to be represented), Representations of numeric 
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The Store 

t 

» ' If you have "ever shopped in a large 'supermarket, or. a department .store 

you. already know how helpful it is to have large signs like DKUGS orrsUTOEIES. 

to identify the 'sections in which the drugs and sundries are sold. In ' 

general^ a means of identifying a location is called an address (like the 

address of your home or of a post office box). 

* . « <• ^ ^ 

Here we do not want to discuss ►supermarkets "(of delicatessens) but the 
section of the computer in which information is stored. This store also uses 
addresses to identify the different words (made up of tits stored in cores). 
Most commonly, the* integers (including zero) are ^used for addresses in a 
computer ^tore. The word memory is often used in place of store. Some 
people have preferences for one word or the other but we will use them inter- 
changeably. , . ^ ' " 

From the description of how magn*etic cores worky it should be clear* thaji 
only one thing can be stored ^i,n a word at one time, , Theref^ore-^ ^whei^ new 
information is placed in a word of s'tore, whatever was there before is de-. 
'Stroyed. This is ""called destructive read-in. ^ 

We-J:^ave not told you what happens when information stored in magnetic 
cores is requested. Actually, computers are built so that a iCopy of what - 
is stored in a word is made in respone'e to a request fp^tha^ information. 
The original information remains in the store. This" is called non-destruc- 
tive re ad - out . / 

A hypothetical computer called SAMOS (which doesnU^ stand for anything 
special) is described in Appendix A. Each model of computer is different 
'in detail but SAMOS is l^itended to be representative in its overall plan. ^ 
^The store af SAMOS jconsists of 10,000 words each of which can contain a 
sign (+ or -) and ten letterl^or digits so that a SAMOS word ha6 
groupings of bits (from left to right). 



1 2 3 1^ ^5 6 .7 



9 10 



Structure of a SAMOS word 
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It is convenient to thir^k of the coniputer store as an arrangement of boxes 
(or pigeonholes, such as those used for sorting mail). Each box corresponds 



0000 



0001 



0002 



99W 



99991 . 



Figure 1-5. The store of SAMOS 



to a eoinputef word ^d can contairT just ten characters at a time. The boxes 
.are identified by the integers 0000, 0001, 9999 which are the addresses 

• of SAMqs. ^ ^ .7 

A SAMOS instruction is ten characters in length and it always has a + 

sign the be^nning.* Th^s, one instruction fits in one v^rd of the storg 

(remem&er the stored* program concept from Section I-2). 

> - - ^ 

Numlj ia jig the ten positions of a word from left to right, every SAMOS 

Instruction !!l^^e following form:' ^ ■ ^ ' 



Positions 
Sign . 



.7,8,9,10 



EMC 



. - - Meaning- ' - ^ ^ 

No meaning, » Qssiimed always + . 

A code for "the operation ^o be jferforfaed. 
^ For example, ADD for addition, MPY for 
multiplication, etc. 

« * 

We will always assiime. zero in these pos- 
tions although*. Appendix A- does make lise 
of them. 



A four-digit number, giving the address of 

a SAMOS word. . * 

/■ 

11 * . ' 
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5' ^ 5 6.7 
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operation 
code 



address 




re 1-64 Structure of a 'SAMOS instruction 



The Arithmetic Unit 

The arithmetic! [unit is connected to the store of a computer so that/it 
can receive^^a copy/ of information from any word of store or transmit the^/5j 
result of calculation it performs to rejJlace wft^teve'r may be in any sjlS^^- 
fied word of the store , . . - . * 

- ' A • 

Arithmetic jmits i2^t;ain the electronic cirpuits to perfo3?m arithmetic 
operations on d^ita. They may also contain one or more special storSige devices 
called accumulators. (SAMOS contains one accumfulator, see Fig\jire 1-t.) An 
accumulator is used 'to hold temporarily the result of an arithmetic operation. 



store 




. .Arithmetic ^ 
^ Opeiratiops 



1 



Arithmet i c 
Unit ' 



Accumulator 



Figtire 1.^7-» Relation ot- Arithmetic Uiii't and Store 'in 
SM3S ■ , V 
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Tlje arithmetic operai-ions 'that SAMOS can do include replacement of the' 
content of tha accumulator by ttie content of a specified word of the store, 
and vicre versa (gene rally 'Called .^'l^oading". the accumulator and "storing" the 
accumulator). It can pe^fo^ addition to" the accumulator, subtraction from 
the accumulator; multiplication^ by -the adcumilator, and division into the 
,accumulator. In each case the resldt' remains in the accumulator. All the 
more complicated arithmetic operation^ (like a square root or the sine of an. 
angle). are built up out of these basic^ operations.^' ^ 

Each operation has an operation codb which the coii5)uter has been 
designed to interpret. For example, . LDA 'is the SAM05 operation code 
meaning,/- replace what is' in the accumulator by a. copy what is in the wolfe, 
the address of which is given'.'in the ^instruction. This meaning is usually 
'abbreviated to "load the .accumulator." ^ ♦ . ^ 

If a person speaks, precisely abou| what is happening in a computer, he 
tends to become involved in such complex (and hard to unravel) sentences as 
in the l^st paragraph. For this reason, "destructive read-in and non- . 
destructive read-out, are generally assumed in speech and writing. 'Moreover, 
^ distinction mi^st often be made between the addr^s of a word (a post^^off 1,ce 
box; number) and the information contained in the word (a letter in -j^^^t, 
office box). If L stands for the, address of 'an arbitrary word^li^X^^ 
'store, one popular way to indicate the content of L is with parent^^^\'' 
That is, (r) repij^sentg^the content of address L. With this nota^^J 
the arithmetic operation codes are defined as in Figure 1-8, where is 
the address given in the instruction and' " is to be read as . "is^ 
replaced by.''-- , 



Operaition Code 
(positions l',2,3)^ . 


. Meaning 


Result^ ' ^ 


LDA 


Load the;' acctmiulator 


(ACC) <- (L) 


ST0 


Store accimiulator 


(L) <- (ACC) 


^' ADD 


Add t<ythe accumulator 


.(ACC) ,<- (ACC), t .(L) 


' SUB 


Subt^^c^ from -the accumulator ^ 


(ACC) <- (AGP) - (L) 


^ ^ MPY ^ - 


-Mtt3rti^ly -by the accumulator 


(a/c) <- (ACC) X (L)' 


DIV 


Divide into the accumulator 


(ice) <- (ACC)/(L) 



Figxire 1-8. Basic SAMOS arithmetic opei^ations 

Of coiu-se, to get anything done, a series of instructions has to* be 
executed4 .. . ' 
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' An hrstorlc example ) ^ • r ' , . 

Suppose we have been told :that (-numbers are stored*-in addresses ldi66, 
1^92 and 1776 in SAMOS and tlia'f^to solve some problem we should multiply 
(1066) by tl^92) and to that product add (l776). We are also told- to 
store the result of the calculation in address 196^ . . 

ih accordance with what we have been told we would write: # 



( Instructions 


pos #1-3 


pos #7-10 


LDA ^ 


1066 


MPY 


li;92 


ADD 


. 1776 »^ 


ST0 


/1-965 



Comipents (or meaning )» 



load the ^cunrolator with (IO66) 

multiply (1066) now in accumulator 
by (li;92) 

add (1776) to the product in the 
accumulator 

store the result in I965 



Notice* that ,we ^e not^ as yet, saying where the instructions are. We merely 
as 

they appear* 



assume that the. instructions will be executed from top' to bottofii in the order 



The Control Unit 



'if? 



The control unit is the part of the computer designed to determine which 
instruct i^jyis t0 be dene next, to decipher the operation indicated by that 
instruction code, and to establish the connections between electronic 
circuits carrying out the operation (recall the stored program concept). The 
control unit of SAMOS can be thought of aS containing three specialized 
storage devices; tl)e instruction coimter, the operation register, and thfe 
address register. 



'Instruction 
Counter 



Operation 
Register 



Address 
Register 



I 



' Figure 1-9. ' Registers in the control unit 
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^ To begin with, the instruction counter is set to show \^ere a program 
^ is to begin, that is, it contains the address of tiie first instruction to ^ 

be performed. Thereafter, every time an in^ruction is used, the instruction 
^ counter goes up another notch. The inst^iiction counter contains the address 
of the next , instruct! on to be used. As soon as circuits have been set up to 
bring a copy of that next instruction to the control uni^i, the instruction 
counter ^(by automatically having one added 'to its content) "counts" to the 
next instruction to be done. You can see that instructions vill be used in 
the sequence in which they appear in the words of the store. ' Therefore, 
SAMOS is called a^ sequential computer . 

A copy of the operation par't {Positions 1, 2, and 3) Qf the instAc 
tion to be executed is placed in the operation register and a copy of the ' . 
address part (Positiori-s 8, 9, and lO) is placed in the address register. 
What is in the operation register is used to connect electronic circuits in 
the arithmetic unit (or wherever else needed) in preparation for doing the 
particular operation specified, ^at is in' the address register is used to 
make a connection between the particular word in the store ,and the arithmetic 
uniirt. Then the operation is executed. 

» After execution of an instruction, the' instruction counter i^ again used 
to bring the next inst1*Uction to the 'control unit and the cycle is repeated. 
It is worth pointing oul; that if SAMOS can execute 100,000 instructions ' 
Pf^ second ( a izeason'able rate),* all the instructions in its ^mory at olie 
time woiad be used up in a t^nth of a second unless some way were found \o 
^ break the sequencing. Moreover, even-ten thousand instructions could nol do 
a simple t^ng like finding the absol^ite vea,ue of a number without some iay 
to select the sequence of" instructions to be used. 

The cycle of usiQg\nstruction after instruction in sequence p^an.be 
broken if the address in the instruction counter i^ rejplaced by a differe. 
address, SAMOS has' several instructions (generally c&led branch instru( 
tions) to effect this replacement,^' ^W^^ will mention just three such instiuc 
" tibns'it^ Fi^e 1-10^ (refeV;te Ippendix A for mo^e^detaii)"". ^ ^ - " ^ 
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Operation Co^^ 


Meaning 


Result 


BRU 


Execute next the instruction at^ L. 


ClC) <- L » 


HLT . 


^ Halt the machine. If the start 
button"^ is pressed, execute the 
instruction at L. 


Halt and (ic) <- L 


. ^ ' EMI 

f ^ — 


v • # . 
If the ^i^ of the accumulator is 

negative,, execute the instruction 

at Otherviiise MI has no 

effect,. 


if (ACC) < 0, . 
(IC) <- L other- 
wise (IC) <- (IC)+1 



'Figure* 1-10, 5AM0S branch instructions 

' . ^ ■> 

An absolute exam:ple 

In this example we will store in address 123^4-, the absolute value of 
"bhe number A, which is in address 4321^ Suppose the instruction counter 
starts at 1001, the address of the first instruction of the example. 



Inst, Location 


Instruction 


Comments 


1001^^ ; 


IDA 


1+321 


load accumulator with the number, A • - 


1002 ^ 


. -EMI 


1001+ 


is A negative ? 


1003 * 


BRU 


1006 


A is already > 0 if you reach this 








instruction 


1001+ 


SUB 


1+321 


this puts a zero in the accumulator * 


1005 


SUB 


1+321 


-A in accumulator ^ 


1006 


ST0 


I23I+ 


store |a| ^ 



The firat^^structi-Qn brings the number "A to the accumulator and the 
instruction counter advances to 1002. The sign of the accumulator is then 



negative, something 
will cause IOOI+ to 

instruction counter 

« — - - 



tested by the EMI instruction. If the sign of A is 
will hfigfe to *be done to change it. In this casej BME 
'be inserted into the instruction counter} otherwise the 

advances to IOO3, If -the instruction coimter reaches IOO3. we know that 
A is non-negative, and its value is to be stored in 123I+. Therefore, IOO3 
contains an, unconditional branch instruction to IOO6 which contains the 
instruction to st^re the contents of the accumulator in 1231+. If the 
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SAMOS, like all computers, has buttons so wat people can start and stop 
(and" otherwise control) its operation, 
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instruction counter reaches l6ah, we know that A is .negative. The 
instruction in 100k subtracts A from itself —a convenient way to put 
zero In the accuimi^ator--and the instruction counter advances tp ' 1005. . 
There the negative of A is placed in the accumulator, the instruction 
counter advancing to 1006 which is the instruction to store the^contents 
of the accumulator in 123^. "Pou can trace the sequence of instructions 
performed in ei^ther case as* follows*: 

Instruc-tions performed , 

If A < 0 If A > 0 . 
^ 1001 1001 ' ' ' 

^ 1002 ^ ^ 1002 

^ . ■ , look 1003 

1005 1006 ^ V 

1006 ' ^ , " ' .1 



1-k Numbers and Other Characters . * ' ^^^^ 

2n developing computer programs we will need to know how the data deallj 
with in problems is represented. The SAMOS computer (see Appendix A) treats 
every number as though it were an integer. . When two numbers, are multiplied • 
they are treated as integers. .When one n\araber Is divided by anather^*' the ' 
quotient is treated as- an integer^ the rj^mainder^ (i.e., the " fractional part 
of the quotient) being discarded. * This is^alled integer division. Examples 
of integer division are given In Chapter 2. Hov then can SAMOS use numbers 
or get answers that are not integers? The easiest answer is to require the^ 
^person writing a SAMOS program to^ multiply each numb,er by factors of ten so 
that th*e machine can perform operations (e.g. division) without discarding 
desired digi^ts. This amounts to positioning (or shifting) the nifcbers in the 
computer word so that^the machine, ip doing its integer arithmetic, is "fooled 
into keeping digits that can be reintejrpreted.'as being in the fractional part 

of a_ number.^- If two 4aumbers are to be-added or subtracted^^he programmer 

should be certain that each contains the sama number of digits interpretable 
as being in the fractional part. ^ This is the easiest, answer^^but it* is a >* 
complicated task for the prograiraner to do^ ' ^ • . 

Notice that tTie main difficulty is in keeping track of where the decimal 
point is in a number. Long ago, mathematicians, scientists, and/ngineers 
developed a convenient scheme called "scientific notation" for positioning 



the decimal point. The method is to write every* number .vi'th a decimal point \ 
after the first non-ze'ro digit; then each "number is multiplied by a: power'of ^ 
ten suffiilcient tO' position thi decimal pbint properly. * ^ 

For example : ^ ' ^ . • ' ' , ^ ' , ': . ' * ^ ' 

* " . Usual notation 



3.11^15926 

-2?3»1^ 
.,0008761 



Scientific notation 
3 .11^15926 y 10^ • 

-2.731^ X |o^ ' 
8.761 X^IO'^ ' 



Many computers are c instructed so that they can use numbers in a form . 

similar to scientific dotation. Numbers that are represented inside a ' * 

computer by making use of the exponent idea are said to be represented in^ 

floating point form. A computer constructed to use numbers In floating p6int 
— ^ . 3, ^ . ^ . 

form'^has different instructions for adding two numbers in floating point , 
form and for adding t-wD numbers treated as integers. Even if a ccmtputer i-s 
not constructed to use this (floating point) ivpresentation, standard pro- 
grams foir each type of computer (from a " library of programs ") can bemused 
to perform arithmetic witlXr.nvimbers in a floatjmg poini? form. ^ 

* ' ' *• ' ^ ' - • *v 
Use of floating point numbers, that .is, numbers in flo^gtting point form, 

makes it much easier to do arithmetic since the computer keeps track 6f the ^ 

position* of the decimal point for you. 

♦ . * ^ 

Our comparison of integer f,orm and floating point form can' be ma'^e more 

explicit, by reference to^Mg^ure 1-11 which shows these two forms for repije- 
senting nvimbers in a given word of memory. " * 



(a) 



(b) 



Word Length ^ ' < 


Sign 


Exponent Payf 


i ^ Precision Part , 



_f Ipating^ciint' .f_Qrm__ 



Sign 


s 


Magnitude 








i 
5 



Units - . . 
pQsition 
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-> integer form J- \ v \ ' 

Figure 1-11. Illustrating two forms for internally v~ • ^> 
representing nimibers: ' > \ 

(a) used for "real" nun^ets including' integers 
• (b) used for integers only ' * * ^ ' 

18' 



Notice that numbers withTractional>arts cannot be represented in the 
, integer fom as 'long as the units position is agreed to be fixed at 'the right 
end of the word. On -the oth** hand an* integer can be represented in either 
form, ' ' » , ' 

^ * ^ To represent an integer, the integer form seems like the natural choice, 
^ because thi^ form has a far, simpler istructu^e. ' Circuitry .for performing 
' arithmetic on numbers which ate codeS in ''an integer fom is less 'complicated. 
» It works fasxer; and is cheapen tq build. On the other hand it is wprth . * 

noting that integers yhich are^too large to fit in a given word length in 
. tl^e integer *form can be adequately a^jproximated in a floating point form 
^ vhich'uses the same word length.' *' ' * ' 

To explain this point, let us im^ine we have a storage word v^ich holds 
■decisial digits. Asstime the word lenjh is sufficient to hold eleven 'decimal 
digits, but that the left most of these U preempte<K:f or storing the sign 
of the number. We^ll show it iA the figtires 'b^cST as" ' [T] to indicate that 
either sign may be present. ^ . 



•■s 


1- 


2 


■ 1> 




5 


■6 


7 


8 


9 


10 


+ 























^ ^ A word Containing an integer 

In the integer fonir, the largest integer which can'bk represented is 
+9999999999. Now lone way to employ this memory word in al floating point form 
i&ight be- to treat Positions 1, 2 and • 3 *as_^the e^^onent part, usiTig * 
position 1 as a^kgn for the exponent, and to treal positions .5, 
10 as a seyen-posittion precision part . 



S^123^^6789 10 



exponent 
part 



~^ 

precision 

: paiir ^ 



A word containing a floating point, number 

^ Let us further agree that tfie precision part always represents a uumber 
lying betwe^en .1000000 and .9999999 "(i.e., to sev'^ digit pre ci si on)- 

With these rules the numeric 'examples mentioned* earlier are shown in 
Figure 1-12, as they would *appear internally. 
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* 




EXTERNAL . 


INTERNAL ^ 




Nuinber 


Computer notation 


Floating point ^'orlh 




3,lU5926 


• 31if 15926 X 10-^ 


+ + 0131^^15^92 




' -273-1^ 


-•273U X 10^ 


»- + 93 '2 731^00 




.0008761 


^ .8761 X la'"^ 


+ -^0 3 8 7 6 1 O.O 0 




Figure 1-12. 


External and intern^ representations of numbers 



'You can see tj^at the largest number which can be coded in this flqating 
point fotm^ i.e.^. "^" • . 



would represent 



* '9339999 x 1 



o99 



whijch^s far larger (although vith not as many digits of precision)* than can 

* * i 

'be represented in the integer form. * ^, ' 

It would seem that any calculation using real muribers could be done by 
computers using the floating point representation* This is not really true 
(we will come back to this point, particularly in Chapter 6) because the 

part of a floating point number following. the decimal point (called the 

% # 

precision part ) is of limited length* NeveVtheless, in computer jargon, we 

speak of "integer" numbers and "real" nmbers in algorithms even though not 
all' of the integers and not all real numbers cail be repi:esented in a coi^uter. 

The examples of t^e las.t few^pages make use of decimal numbers because 
these are the numbers we are accustomed to* You must not think ^hat floating 
point forms are limited to ^decimal numbers. Many computers, including the 
most powerful, represent numbers in binary, form, and by using the same idaas 



-V- 



outlined above, perform arithmetic with binary floating point numbers. , 

Computers that perform arithmetic, with decimal numbers must somehow 
store the decimal digits in magnetic cores each of which can store a bit. 
How can this be? Are you familiar, with anyj-way to group bits so as to- n 
represent the decijnal digits? There are literally hundreds of ways to 



accomplish such a representation. The mosi^byious way is to use the binary 
forms of the decimal digits directly. ^ 
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1-k 



Decimal Digft^ Binaiy Form 


Decimal Binary Form 


0 - j^OOOO 

1^ ' ' ' * 0001 

2 0010 . 

3 * \ • 0011 < 

0100 


' — 

5 - ^ 0101 
- ' 6 ' . oiib • 

7 - 0111 

-9. . ^ lood^ 

' 9 ' 1001 



Fig\ire 1-1-3. Binary fonns of decimal digits 



Since each decimal'^igit is. coded into binaiy form, this r^resentation 
is called binary coded decimal (or BCD, for short). code for £ach • ■ 

decimal digit "takes the place of that digit so that, for ebcaraple, 

365 is coded as 0011 "''OllO 0101 



Representing all kinds of characters 



and 1965 is^^^d as 0001 1001 0110 0101 



bits can be used to represent 2^ different things. 

2=8 4ihings--not enough- foe the 



In general, 
Thus 3 bits could be used to represent 

ten decimal digits. Four* bits giye 2^^= l6 ^ combinatioas^nowgh^f^^t^^ 
dec^ipAl digits with some left ovei-. . If we want to represent not only the 
decimal digits but also the -26 letters of the alphabet, we, would' need at * 
3^ combinations. Five bits gives 2^ = 32 combinations 

Six bits' are required to -provide 2^ = 6k combinations 
ions left over for other chai^cters such as X, 



least 26 -f 10 
which ore not enough, 
with plenty of combin 
blank space, ^etc. 



A popular type of c6ding places two %xtra bits to the left of the f our^ 
bit binary forms of Figure I-I3. This^^type of ceding is displayed^in 
* Figure 



Character Code 


Character Code 


Character Code 


'Character Code 


0 00\ 0000 

1 00)0001 

2 00' 0010 

3 'OCKOOll 
h ' 00 1 0100 

5 00 '0101 

6 00 : 0110 

7 00:0111 
. 8» oo;iooo 

$ 0011001 


-n ! 

A - 01; 0001 
B. 01; 0010 
C Oil 0011 
D 01; 0100 
E .%L!0101 
F 01:0110 
G 01 f 0111 
H Oil 1000 
I 01:1601 


J 101 

K 10! 0010 
L lOl 0011 
. M 10; 0100 
N 10; 0101 
^' ' 10 10110 
P ' 10{ 0111 
Q w 10 1000 

R lOiiodi 


S 11; 0010. 
T 111 0011 

u u: 0100 

V 11! 0101 

w 11:0110, 
/ X . HI 0111 

Y .11; 1000 

z iiiiodi 
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Figure 1-14. Six fe't code frequently used t6 represent both* 
digits and alphabetic characters 
% . ^ 21 



The Input Problem 

Nuitjbers, letters and other characters of jthe data must be introduced 
(read) into th§ computer through some inptit device. If there is a "first law 
of computer input", it probabily goes snm<?t.hing like: "We alvaS^-^an t, tcum ake 
use of iRore characters than can be recosnized_ by the available, reading device. 
One vill quickly discover, in fact, that we woulpl like even moye characters 
than can be encoded with ^ix bits. Typically,* restrictions on the set of 
recognizable characters result either from the extra* expense of building a 
device that can recognize more characters than seem to be really necessary, 
• or from the fact t^t^^^jg^l^aditional set of characters' for cgmmon input ' 
devices antedates computers. 

In the bar^ks, account numbers are now commonly printed at the bottom of* . 
checks. In printing, an ink is used containing a ferrous comi^ound' which can 

'*bg' siagnetized. When magnetised, the printing cfe^kcters can induce a current 
in a reading device and the individual, "funny^' ciiapes of the printed charac- 

*^ters induce distinguishable Shapes of current. This system, » magnetic ink 
character^,.rscQgnition" or MICE, was particularly developed for the of 
banks where numeric coding is adequate. To avoid unnecessary expense, the , 
character set has been 2,imit^d to digits and ^ few extra characters used as ^ 

separators. * 

%' 

The electric typewriter is often used as an input and- output device for 
computers diretitly or with punched paper tgipe as an interme^diate step. This 
device providers the possibility of machine recognition of all the characters , 
(upper and lower case) found on a typewriter. The limitation tljerefore is 
the char'acter set normally found on a typewriter. Unfortunately, because of* 
expense,^' all of the available -<:haracters are not always -used. 

% ^ 

Typewriters, teletypes, and other machines with similar keyboarjds are 
coming into common use to communicate with computers at a ?di stance. All this 
ampvaits to is making a phone call to th^^^con^juter^ Since dozejis^of typewriter! 
can now be connected to a'^lsfngle computer j^^^he ^et of characters that can be 
4ised for4.nput is more often becoming iffle^^ordinary typewriter set." ^ ' 



Punched cards » . * 

The keypunch is^a machine that has developed with the use of pi mch ed 
cards and punched card tabulating systems for more than * 60 years. In 
tafiiilating systems it proved to be unecoiipmical to use mo^re than the digits 
^d capital letters together with a few sq-t called, "special" chaijacters. Here, 
the. special characters are even a "recent" addition of Jthe past thirty^ears. 



Wh^ a key is struck on a keypunch, a pattern of holes is produced in a 
column of a card. These hol^s can, subsequently^ be identified by a card read-, 
ing machine. The codes used in key punches in most common use today are 
designed in thjis way: To iprOduce the plus br minus si^ or one of the .ten * ' 
digits ■ (0, 1, 9), a single hole ilS punched in one of 12 rows of the 

card. To represent the capital letters (A ... Z), \hey produce *a combina- 
tion of two holes (see Figure 1-15.). Note'^Hhat of ,12 x 11/2 = ^6 possible 
two-hole combinations, only are used (really 27 are used because -the 

sf)ecial character '7" has a two-hoie encoding). Beyond this, there are ' 
eight special characters encoded as^ three holes punched in a column. (How . - ' 
many three-hole combinations are possible?) ^ ^ 

%e keypunch has been in common use to transmit information to a co®uter 
becdJus^ of the relative pennaneptje of the cards (they can be -used over S 
over), and because the individual cards can be' readily reorde::ed or replaced. 
However, the usual keypunch encodes only 1^8 characters (including no punch 
for a blank space). Fortunately, equipment manufacturers have paid consider- 
able attention to the problem of prpvi'ding a larger character set at reason- 
able cost. Currently several devices (typewriters, keypunches, and fancier ' 
machines) which encode "extended character sets," being marketed. In the 
absence of these newer machines unavailable characters fere usually coded as 
combinations qf those available (e.g.,- $A conceivab3.y could be used to imply 
lower case a). / ' ^ . 

^ +-01 £345678? AFCDEFGRI JKLMNOPQR STUVWXYZ :?7^ y 

I IIIIIIIII I 

> iiiiiiiii I I ' 

HI iniiniinnnlnui 111 lull nil 111 nil 11 nijni 111 nil 11111 nil 111 uinnn 

Il2 2222|222 2 22222 2 2|222 2i 2 2-2 2 2 2 |2 2 2 2 2 2 2.in|2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 
Jn 3 3 3 3 3|3 3 3 J3 3:3 3 3 3 3| 3 3 3 3 3 3 3 3 3 }3|3 3 3J 3 3 3 3 3.3 |3n 3 3 3 3 l}i|||3 3 3 3 3 3 3*3 3 3 3^ 3 3 3 3 3 3 3 3 3 3 1 
«44 4444 44|4 4 44 H 4 44-4414 44 4 4 4 4 4 4 4 4 |44 4 4 4-4444«|4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 IIII4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 
55555555 5515 55555 5555515 5 555 5 555 55155 5 5 55555 515555555 555555 5 5555555555 5 5 555 55555 
68166666 666166666 66666 616 666 6 66 6 666166 6 666 666 6166666 6 66 66666 6666-6 666 666 6 666666(1 
77^ 7 71 7 7 7 7 71 7 7 7 7 7 7 7 7 7 7 71 7 7 7 7 7 7 7 7 7 7 7 17 7 7 77 7 7 7^7 7 17 7') 7 7 7 7 ^7 7 7 7 7 7 7 7 7 J'7 7 7 7 m77 7 77"n 

liiiiiiiititiliiiiisiHiilrsii iiliiittiiiiiijsiilliliiiiiii g| , 

9999199999 1 TT; 9 91 9 9999 9 9999 9 9«i 

^' • ; Figure, 1-15. Punch cak dodes^i-or aTypical character set 

' ^ Thia_codi9|.^^schem§ i^so refe;rred ta*as Itoileri-th Grs^^^ ho^ of 
t Hennan Hollerith, a late -nineteenth c^tuiy statistician who developed the 



first punch card sorting and tabulating equipment. ' 

1-5 Algorithms • ; ' " - ' ,' • ' . * , ' .'V' 

Now that we have learned something of how a computer works, let's fin4 4 

• a. 

out how to prepare a problem for computation. One of the striking things 
about computers is that all they can do at .one time is one fairly small step, 
like add to the accumulator, or store the accumulator. To "l^e-able to do any- 
thing more corapli(5ated the coraputel' anust execute a sequenc^ \t instructions. 
A sequence of instructioi>s for a computer is called a computer program. 

A more general name for a sequence of instructions to solve a problem, 
whether with a computer or not, is " algorithm ". An algorithm actually has 
characteristics that a computer program mai^ot have --although most useful 
computer programs do. Any arbitrary sequence of instructions could be a 
computer program but an algorithm must, in addition, give an answer *to a^ 
problem within a finite "number of steps. 

More formally, an algorithm is any unambiguous / plan telling how to carry 
but* a process in a finite number of steps . You shoiald be able to think of 
lots of examp;Les of algorithms; some examples coiad be •the instruc-feions for 
assembly of a model airplane, or ttie score for a piece of music. Each of 
these examples is a set of instrusiions designed to piiar^tuce a specif^result 
and each comes to an end. * , • — 

, ♦ ^ A chdracteristic"of algorithm^ that has already been mentioned but jmiBt 

be emphasized is that tije step-by-step plan m^st be unambiguous . . We can 'riot 

tell a computer to "either add or subtract." •''Rather, we must say--"if , 

specific, detailed conditions are satisfj^^ th^n, add; if these^ecif icj_ 

- * • • «^ 

conditions are not met, then subtract." There can be no^oom for^doubt as 

to the meaning of an algorithm. . 

Algorithms that are usefxal with computers frequently have several "other 
characteri-stics. First among these is generality . For 'example, il; is not 
very interesting (or useful,) to know that the greatest common divisor of' 12 
and '36 is""T2;-*<^ is far more usefxa to know a step-b^>^^ way of finding 
the greatest common df^iso:^ of any two integers,^ a and b (Euclid^ s'ldgo- 
"ilthm). ihr same' is,,.true '^63VBny::^g|^^ algoriiiim^^fFor exai^e, an^gorithm 
^t^ find the solution set. f or^^qxiac^tic equation,^^ v ^ 
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should produce answers (or tell us there are no answers) for any .values of a> 
b and c (e^eo for the degenerate case in which a might be zero). " 

/ char^cte^r3,stic of useful ^algoril^hms is repetition . }} 

Instructions brXssembly of a model airplane of tati say "repeat Steps 7 to \ 
12 for the r^t ^ang as for the left wing." a musical connjosition, 
special symbols are used to tell a performer to repeat a part ofL^e piece. 
In the same way, we will find it extremely useful to repeat series of steps 
in. a com^puting algorithm. One reason con^juters are sO useful is that useful 
algorithms do depend heavily on repetition* and the computer; will repeat the 
same steps/.tirelessly and without complaint. 



.Al/c 



Usi-ng , A3^onthms in Solving ^oblems 



^ometimes we connect tl/e word "problem"| with a question on an examination 
or/hoinevork assignment . i?I4oi-e generally, "problem" means any. situation in 
wMch there is a diffe'ren^e between what one has and what one wants. If ' you ^ 
don't have a date for a^ance, and you want a date, you hav^^g^ problem. If - 
you, h^ve to plan ^^meri\x for- the school cafeteria and yqu ^ant to include 
nourishing foods that people like withoiit costing too much, you have a problem 

Problem^ can be separated in/o real-life^probl^s lilee,.those above and 
* composed ;^roblems like. those in most textbooks. Mgaik,ti^s\are important in 
Jfcelping to solve both kinds of problems but real-life ^problems like getting 
Wa datfe or planning ,a menu often have a very large number of possible, choices^ 
to^.^e made in: finding^ a soloition, making them hard to analy2e\ You can ' 
p-robably write aowri'a series pf steps jrou ^ould go through in getting a date 
^ but if someone- else could interpret your instructions in a different way, or 
if your instructions wouldn^t get a date every time, jrou hajre not written an 
. algorithm ! y 'l'^^^'^ - 

r ' Besides \he 'large number of choices to be made in finding a solution,,^ 
^ real-lif^e iprobUms are hard to discuss precisely because we tend to^ use our 
native language, English, and this has its own b;iilt«iti ambiguities. So to' 
discuss algorithms we jmist consider all alternatives and express our instruc 
tions in such aVay that they cannot be m;jL sunders tood. To see what ceh be ^ 
done, consider ,a*,problem with which you may already be fa^liar* 

Exainple 1- , • ^ ^ - . . 

SuppcJfee you .are given eight balls all of which look alike, but you are 
^ told that one Ball is heavier than the others which are identical. Equipped 
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only ^thljalance, identif;y the heavy* ball irj no more tljan three" veighings 

First^,we will introduce sy1n^lols to avpid the , ambiguities of^ English. 
J3a4ei the. Wis A, B, C, D> ^> ^) the Wight^s' of the balls ^ 

correspondingly be a, b, d, e, g, and h. Now we can .write a series 
of steps to solve the problem. . ' ' . 



1. 

) . 2. 
3. 
k. 

5. 

7. 




If a+b + c+ d<e-Kf+g + h jump. to §tep 9» 

If a + b<c+d' jump to Step 6' . j ' 

If a <'b j\irap to Step 5. 
. 

Thd heavy ball is A. End of calculation. 
The heavy ball is B. End of calculation. 
If c < d to Step 8. 

The. heavy ball is C. End of gai^ulation. 
The heavy bal3v is D. J^ntTof calculation. 
If ,e + f < g ■Mi^'^L^^to Step I3. 

10. If e < |>^3ump to^ Step 12. , ^ ' 

11. Tl^'iieavy ball is E. End of calculation. 
The heavy ball is F. End.of^alculation. 
If g < h T jump to Step 15 . 

s 1^, The heavy ball is G. End, of calculation.. 
15.- The heavy ^all is H. End of calculation. - " 

Studying these fifteen steps )you will find that the problem is solved in 
all cases eind misinterpretation of the steps would be difficult if not impos- 
sible. Ther^t-oTe this is -an algorithm. Still, the fifteen steps seem to be 
a complicated answer to'' what appears to be a simple problem. Moreover, the 
fact that only three weighings^are required in any particular ease is nqt v ^ 
obvious 5ince there are -seven possible weighings listed in the algorithm. .It 
would be interesting to have\ me^s t^o clearly distinguish between the seven 

i 

weighings of the algorithm and the three sequential weighings done when the ^ 
algorithm is executed. ^ , ' ' 

^ There is an elegari't diagrammatic way to display solution to t^s 
problem. First, use a colon to represajjb the comparison operation of 
weighing on the scales so that, for exampleV a h : c + d means place 
balls A and B on the left pan of the scales and compare with balls C ^ 
and D placed on the right pan. Enclose each comparison (or other step) 
in a box and adopt the convention that if the weight on the left of the 



^Mbre complicated problems of this type can be stated and easily solved 
with the methods discussed here. 



^ conipafison is W^r we will "leave" the bo^ on the left; if the ve^on ' 

the ri,ght of the^ coDDarison is heavier we , will ^'leave" the box on rfght. 
; ^ Wth t?i§s,e .co^nventions, a" diagram of i the earlier f i f t.Bon . »i*™.4.v_ 
A. ' . -shovn .in . 'RLgiure, , 1 - 16 ^ 



. ... ^ .■ * . ' 








+ b +■ c + d ; 


e + f +' g. + h 



a ,+ b : c + d ■> 



a : t) 



c : d \ z' 



re + ftg+h-v 



e : f 



g : h 



9, j)^ (t) (j) (I) (i) (i) j) 

* End of calculation 



Figure 1-16. Diagram of algorithm, to find a single heavy , ' 
"ball from a set of eight balls 

Here ^we -have a clear display of %Jie three sequential weighings needed to - 
select the heavy ball and the plan of the process stands oijt/ This e.xample ll, 
-aldrie,- should be enough motivation to further study, diagrammatic representa- i. 
tions of algorithms. In the next several chapters we will develop a diagram- 
matic language (called the flow chart -language )^f or represent'ihg algorithms.' ' 

Just for the fim of it you may^ want tcr tiy to find diagrams for the ^ 
following .related problems: ^ ' 

1. Suppose you are given eight seemingly identical balls and you. are told - 
that one ball is different in weight (either heavier or lighter). 
Identffy the ball and whether it is heavier or lighter in three weighings^. 

2. Suppose you are given twelve seemingl^ identical balls and you are tol(| 
that one ball is heavier than the others, which are the saiie weight. y 

. - Identify the heavy ball in^hree weighings. ■ ^ ' ^' 



27, 



V 



3» S^ppose you are given fourteen seemingly identical balls and you are 

told that one ball is heavier than the others, which are the same vel^t. 
Icleritifyl, 'tbfe lieavy' b'all in three veiihingd,. 0 * - ' ' v h 

k* Suppose you are giveh tvelve seemingly identical balls, and you are told 
that one ball is different in weight (either heavier or lighter).^ ^ 
Ideriti;fy the ball and whether it is heavier or lighter in three weighings 

Example 2 . . ' ' - * • 

?or a' second examplje to illustrate the generality desired in an algorithm 
let us turn to a mor^ maUiematical problem; that o£. finding the real solution 
set of the quadratic equation\ 

N 

ax^ + bx + c = 0 

for any set of real numbers a, b, and c. You know that (as long as a is 
not zero): 



is one real solution given by ^ = - 2^ 
ar^ two real — --1^^-^^ 



if 


b2- 


i^-ac < 0 


there 


if 


b2- 


hac = 0 


there 


if 


b^- 


^ 

hac > 0 


thel*e 






-b + 


- hsiC 




^1 = 


5a 





-'Vt^ - kac 



and 2^ 

V ^ # 

Since we want an algorithm so general that values of a, b, and c 
could be numbers radioed from Mars, we will look for .pathological cases. 
What if "a = 0? What if a = b = 0? If a = 0 and 0, this equation 

degenerates into a linear equation Vi throne real solution, 

. ' , c' 

X = - ^ . ^ 

If • a = 0 and b = 0, then if c = 0, any real value of x* can satisfy 
the quadratic equation, or if c ^ 0 thepre is a contradiction and the three 
numbej^'S' cannot \e coefficients of a quadratic equation. In ^ther of these 
cases we would 'be justified in saying that there is no 'interesting solution. 
Are there any other special cases? If a / 0 and b =: 0, the quadratic 
formula applies but we can make the ca^ciilation shorter by rec^ognizing this 
case separately, then x^^.^ ^2 " "-/^ provided c/a is 

negative. These special xases are summarized in Figure 1-17. 
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a = 0 




lb = 0 

r. • 


no interesting solutions 

1 - 


^ /-C * • A-c* 


h ^ 0 


C" •» 


usual rules apply 



1. 

2. 
3- 

5. 
6. 

7- 

i 

9- ' 
10.. 

11. 

-i2. 
13. 



Figure 1-17. .Special cases in solution of quadratic equations 

Now let* s^ write down a list of steps to d<J this-, calctilationf 
If a ^ 0 jump to Step 5, 

If b /-O jump to Step h, * 

There are no interesting solutions. Erid of cal'culation. 
I 

One. solution, x = -c/b. End of calculation. 
If b / 45 jump to Step 8, 
' If c/a > O" jump to Step 11, . 

Two solutions, x, and x« = -7-c/a 

2 



End of calciilation. 



Calculate discriminant = b - 1+ac, ' ^ 

If discriminant > 0 jump to Step 13, 
If discriminant = 0 jump tel Step 12, 
There are no real solutions. End of calculation. 
One solution/'-x = -b/2a/ ^End of Valculdtion. 
Two solutions,^ x^ =^(-b + VdiscrimSnant ) /2a and 
x^ = {-b ^ v^di scr imifiant )/2a . End of calciilation. 



\ 1 



Read this carefully. Are any situations not covered? Can you misinter-- 
l^ret these "instructions?* This i^ an algorithm .but it ia not, in fact, the - 
whole story concerning the solution of a quadratic equation. In Chapter 6 
we will return to the quadratic equation* to discuss other difficulties that 
this algorithm coiild encounter and to discover how this algorithm can be 
repaired to account for those difficiilties . 

' To." help-^find a diagram for this algorithm'^ we will adopt the convention,*' 
that lines leaving a box in which a compaxison (with =, >, el^c.) take^ 
place win. be labelled T and F for true and false . Then Figiire l-i8t#s o 
a diagram for the quadratic equation algorithm. 
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/ 3 3 



b / 0 



No 

Interesting 
Solutions 



X = -c/b 



X 



r b / Q. 



8 



disc = b^-lfac 



■ 9 



disc>0 ^ 



disc=0 



No real 
solutiions 



X 





T 




1 12* 




-b/2a 



13 



^1= 



t-bWdisc 



2a 
•b-/disc 



2 . 2a 



End of Calculation 



Fig\ire l-l8.* Diagram of an^ algorithm to solve -ra quadratic 
^ # equation ^ . • 



•Phe examples given in this section show ^that it is vital to use 
unambiguous language forms in describing an algorithm. Probafems that lend 
themselves to such un^biguous language (generally mathematical and logical 
problems) are those for which ve can most easily express algorithms • On the 
other hand, real- life problems like planning a menu or getting a date for a 
dance, c^, be broken do^ itito step^by-stpp processes. When ve can express 
these processes unambiguously (which we are riot used to* doing) and t5hen the 
pro cessesv account for all possible situations, the soJutrtpYis to real- life 
problems can be given as algorithms. ^ 

A^teal^life" problem which shoM the usefulness of algorithms particularly 
veil and which ve challenge you t%'^lve on your next free weekend iB The 
'Conce^ntr^i^on.Carap Problem: ^ 



Two men are /confined to a cell in a concentration camp^.; Each- day they- 
are given one ijef. of bt:ead. v They then face^ the problem of ^loy to divide* 
the^b^ead ^o.e/ch is satisfied: that he hag received'hi^si shar^. The classicl^ 
soiut^on is. th^t one divides t^he loaf and the" other takes* first choice. • 

Nov suppose th^^ a third jrisoner is' put in the cen.> How then are they 
•to divide the loaf? 'four solution musl^ be such that if any prisoner is 
dissatisfied, it will be, in consequence of his own greed or poor judgement. 
It must be proof against the^ collusion or illogical behavior of others, ^e 
best solution provides 'an algorithm which is easily^ extended to any' number ' 
of prisoners. 



1-6 Comments- on - -Languag^ ' / 

Language is a means of expressing and communicating our ideas. In 
computing we want to be able to communicate not only with people but also * 
w|th computers. To communicate with people we, QorraaHy use 'the' "natural 
language" we learned as children. Still, in specialized topics, people have- 
always found it useful to devise specialized jargons and languages. 

To commtmicate with a computer .we have to be .able to express algorithms 
unambiguously in a form the com(puter .can understknd. We have already had 
a tas!e (iS Section I-3) of what is involved in writing instructions* for a* 
computer, irk "machine language." Since each model of computer has differences 
in design and these shoy up as differences in each machine languag§/a 
" """Tower of Babel" ' situation exists in \Aiich a program prepared^ in machine 
language for one computer pannot be used by another computer. 

In Section 1-2, we remarked that a significant recent development has 
been the exploitation of procedural languages, ^spec^ic ally designed for 
the expression o*f algorithms in a form computers can understand, essentially 
independent, of a particular model of computer. 

The flow chart language developed in this book is a formalization of - 
the diagrammatic way We displayed algorithms in Section 1-5. You will 
disccfver that the flow chart language, helps us to develop, disj)lay; and 
diseuss algorithms in an unambiguous w^. 

In light of tl^ese remarks, the task of using a. computer to help in 
solving a problem can be separated into' three distinct steps: that" of . 
reducing our problem to a sequence of elementary steps; that of ^'formalization" 
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or converting to a formfel language; that of transfomting from this fprxnal 

language to machine, language. Each of i^hese steps Is a translation from 'one 

I ', * ' I , ^ , i ' ' I ' \ * ' ' \« 

form,jor language w to an<l>t^er. Consequently, aa diagram of the translation . ^ 

process would" look like Figiafe 1-19 . . • ' , • ' 



ENGLOiSH 


©■ 


?LOW QHART 


(D 


PROCEDURAL 


(D 


MACHINE 




LANGUAGE 




LANGUAGE . 




LANGUAGE 



■A 



Figure 1-19 . Actual Translation Process 



'The first translation involves making a diagram called a "flow chart" 
' for the problem. Each Tdox of the flow chart corresponds to a* task to te 
performed in the order shown Toy arr6ws between the boxes (as in Figures l-l6 
and 1-1*8). Wh^t is written inside* each box is supposed to explain the task 
' but need not be a detailed description^ ^ In fact, relatively complicated ^ 
pr,o1aleras ^e ofteft s^ved by subdividing tasks into simpler, more e'-asily 
-understood subtfi^sks. At each stage the problem solution is described 'by a 
flow chart. ' Explanations of tasks inside the boxes become rapre specific and 
more formal as we approach a description of the final solution. This book 
is chiefly concerned with the i^w chart langxiage and its use as an aid in 
discovering problem solving/proceSses . ' - ^ ^ 

The second translatioKi expresses the flow chart in a formal language ^ - 
viiich is in ^^eral use such as FORTRAN or ALGOL. It is the pta^ose of the 
FORTRAN and ALGOL language supplements accgmpanying this text to teach ybu-, 
, this second translation process, ' ^ * 

The third translation ts from one completely formal language to ^anot'her ♦ 
such language. You can imagine that given two languages v/hich have strict ' , 
rules of expression -and are free from ambiguities, translation from one to 
the other ought to be performable by machines. This is in fact the ca6e, it^ 
^,,you have^ say, an *ALGOL program for your pjrqblem, the last^trahslation is 
made by feeding your program into the computer along with a "compiler" (or 
translating) program to produce a translation, of your program into machine,, ^ 
'language. ^ ' ' .^^^ ^ 

The purpose of the discussions just completed was^to esdiibiii thef relation- 
ship of oiAr activities' in ^this book to the general problem of feeding a 
ipathematical problem into a maefiine. With these words ve are ready to proceed 
with the main business of the rest of this book- -that of constructing flow 
. charts. ' * . . ,^ ^ 
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The material in tKelangu^e supplement is arranged roughly in parallel 
j Hith the subject matter cov^r^^ in thi? text. For bfaapter fi it is pi;^erabie 
j t'o rea^ the chapter in its entirety bp^ore stud^r^ng the jcoijresponding ckpter,' 
( in your ^anguage manual. For,. subsequent chapters it will be feasible, unless 
' otherwise indicated, to read a section of tlfe language supplement just after 
■ you have read the correspondingly numbered section in the main text. You St-e 
warned to save all the flow charts you draw as you work exercises in this 
book] because computer problems in the lang<id^e supplement wUl refer to them. 
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Chapter/' 2. , 

it ' ^ 1 

IlffUT, OUOI^UT' AND I ASSIGNMENT 1 



2-1 The Flow Chart Concept 
»* * 

Jn this chapter we learn about thre^ basic kinds of procedural steps 
called "input/" "assignment," and "output," Wi^th^these three it will''be 
possible to develop some simple computer programs and^in' this way gain a 
progressively betjber insight for "talking to" or communicating with a 
computer. 

Suppose the instructor ha^ posed the following simple problem: 
"Given: A = B = 10,0, and C = 3,0 , * 

Find: the ^ 'length*, according to_ the formula suggested % 

in Figure 2-1," , ^ . 




D = Ja^ + + C^ 



* , Figure .2-1, iHagonal of ^Rectangular Box 

» 

The prob^m statement might be i^phrased in Tatle 2-1 as a simple-, 
three -step process, ' 
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Tafelej 2-1 



V 



;i^oce4ural phrasing 



5 



Corresponding / ' 
phrasing «»/in'' '^^ 
[•original statement 



1. Input (i.e.., define) the specific values 
of A, and C. 

5^ Using values for' A, B, and !C defined 
/ 1 
in Step 1, co mpute the val ue for tHe 

expression /A- + B + C an| then 

assign this value to D. A shorthand 

way of saying all this is: ) 

3. Output the value of D. 



Given A, C 



A + B + C 



Report the value of D. 



This simple sequence of three events, each of which represents an action 
a computer can perform (provided it iz^ceives an a^:opriate command in a 
language it can understand), ma/ be ejcpressed even^pre concisely wi1ih a 
^low chart as shown in Figure 2-2. 



[START 



1^ 




A,B,C 

J 



INPUT 



D^*-.y/ + B^ + 
ENT-^ 



ASSIGNMENT- 



OUTPUT 




Figure 2-2, Flow Chaarb I'or Diagonal of ^ Box 



We will usually make it a point to number each box in a flow chart with' 
•little numbers placed close to the boxes. It is then easy to refer to any 
.specific part of the flow'ch^.f The numbered boxes in Figure 2-2 represent 
commands to a compulSfer whi^g^jjouLd be .worded as follows: 



3^, 36^ • 
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1. Ihput . Read spexiiXi (Values to be assigned to variables A, B, C 

fro^ a punch" ^r(^ (or other input device) and transfer these 
■ ' values to k pre-assigned location ,ln the cdmputef^l' memory on., 
^storagft 



2. Assignment . Obtain the specific values of A, B and C from 

s 

t heir storage locations. Compute the corresponding value of 
/2 ^"2 2 ' 
V A + B + C and assign this veiue to D. (l.e.> put this 

_j- value in storage at a location associated with the variable D.) 

3. Output . , Obtain the calculated value of D from its storage 
position and type or print it on a roll of paper, 

[For clarification it should be notel that there are ^two kinds of input 
associated with the computing process— input of data, which is what We afe • 
^ discu&si,ngv,and input of the program (i.e., ^he set of instructions or 
commands). Program input will not be discussed in the main body of this 
text but at any time the student feels the' need of knowing how this> input is ' - 
handled or knowing about any aspedt of the actuel operation of the machine 
in more detail he may refer to Appendix A.] 

The student has probably noticed that nowhere on the flow chart are the 
values 5.0, 10.0 and 3.O assigned to A, B and C. This is character- 
istic (witifcertain exceptions to be noted) of flow chart writing. We ordinar- 
ily do not give on the flow chart the actual numerical values to be assigned 
"to variables but rather .indicate how they are to be computed or where they 
are to be found. One reason for this, as will be seen soon, is that we will 
use the same section of a flow chart to indicate many repetitions of the same 
calculation but with different values assigned to^he variables.- 

The 'box labeled 2 in Figiyre 2-2 i>s called an assignment , step because 
we assign the computed the value of - -/A^ + B^ + to the variable D. How- 
ever a great deal more than this is going on in this step. This box contains 
trie indication of the basic computation of the problem which in fact consists 
of several steps^ We will see%later how to write more detailed flow charts 
breaking similar computations into their component parts- Such .exercises 
will help us to see the details or the "fine structure" when we need tp. It 
Ddght seem more reasonable to refer to such a ste?r-as the second in Figure' 2-2 
as a "computatit)n and assignment" st^, but we will adhere to the conventional 
nomenclature of " assignment /' ^ ^ ' * 
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Later in tliis chapter we shall provide discussion and clarification of 
the idea of assignment. For now we just observe that our input step also 
involves "assignment*" ^ There Me assigned the values "on a card to A, B ^d 
C» Input always Involves assignment but the nomenclature "assignment^ step" 
vlll be reserved for assignme^it of values which are eitlf^r computed. or obtained 
from, storage. ^ * \ ' ^ 

The output step_ identifies by name the one or more variable! vhose 
values^ now stored in the computer' s memory, are to joe written out or dis- 
pl^ed for us to see. . ' ^< 

The phrases " read a spec:^fic value into storage" and " write out a 
specific value ^om storage" etre often used in speaking about input and 
output processes* Modem computers are equipped with a variety of input , 
devices which can read, data supplied through appropriate inpuf^dia. 



Cowputers at the banks, for example^ have input devices which read^^ccount 
numb^fs printed on checks when these numbers axe printed with a special 
magnetic ink* When typewriters ai*e attached to computers, the data may be^ 
supplied simply by typing it* 

One of the mpst popular input devices is the card reader which reads 
punch cards^ so you can see it is natural to adopt as a flow chart convention 
the silhouette of a punch card 
to suggest the input process. The 
list of items being read ^ shall 
jcall the ''J/cipht list," So to 
the representationisof 




a specific input step^ as a flow chart symbol^ we insert the input list within 



the figure^ as 'for exaftiple^ 



Likewise, -some of the most common output devices a3;;e line printers and ^ 
typewriters* These provide us withis^prin^d ansx^ers in a familiar and readable 
form. The conventional form representing output is the silhouette 
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which suggests a piece of paper torn from a typewriter or line printer. Since 
.'^^.^%^.?WP^^^^ fli^output step is the "output list/' to complete the 
symbol for a specific output step we insert the output list within the figure, 
as for example, 



In this problem, the list is simply ' • - • 

There is^ one more wa^f in which the shape of boxes is indicative of the ' 
operations they represent. The circular START and STOP boxes clearly 
suggest the round buttons commonly used^to start and stop pieces of jnachineiy. 




Figure 2-3. Control ,§j/ltch for Grindi-ng Wheel 



From noH on we will use the shape of the box to indicate what is going 
on inside it. This is one of the characteristics of the flow chart language. 



Exjerclses 2-1 * • , 

In each of the following exercises your jqb is to convert the prpblem 
statement into a flow chart. You wiil find the structure of each flow cjiart 
is 'Similar to that of Figure 2-2. , 



1^ The shaded area in Figure 2'k 
is made up of ti^ semi -circle 
of diameter DE, iy« square 
ACDE and the isosceles 
triangle ABC '{^hose hase is 
b- and whose ali^itude is h. 
Given b and h, find p, 
the perimeter of the shaded 
figure . 




Figure 2-i*. 



Given a ro;^ M and a column N 
such that ,M > N, find t, the 



velue in the square for the M^^ 
row and N^^ column in ^ 
Figure 2-5 shown on the right. 
(Hint: Nolfice that 8 = +2.) 
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Figure 2-5 



Given the grade average, a for n previous homework assignments, and 

st 

the grade for the n + l homework assignment, find the average 



grad^,' r^ based oh 
What are they? 



n + 1 assignments. There are three input values 



2-2 



2-2 Repetition 

The usefulness of a computer calculation i^acrease^ if it can be easily 

repeated. Even the simple, almost trivial, process of Figure 2-2 becomes 

significant when it is to be repeated a lar-ge number of 'times. Suppose, in 

fact, the instructor restates the original problem as follows: 

^ • 

"Given: A large number of values of 'A, B, — anS"^ Cj 

as, might be found in Table^2-2. 

Prepare: A ta^le shoving for each set of values A, B,' and C 
('in Columfis 1, 2 and - 3 respectively) and the^corre- 
V sponding value of ' D (in Column k) . Assume the same < 
^ ^ formula for D applies as before." 



such 







Table 2-2 




• A 


B 


c" 




5.0 


10.0^ 


3.0 






2.5 


^.1 - 




8.5 


5.7 


-3.2 




lOA 


0.1^ 


0.7 




• '-6.3 

> 


' -5.2 , . 






9.6 




2.2 




9.1 


-7:2 ■ ' , 


- 3.3 



While /he task involved may comprise far more work than before, the 
essential change to the process is simply that It be repeated. This concept 
of simple repetition is Very easy to^ express in a flow chart language by 
/ forming a loop, as can seen, in Figure 2-6. 




Figure 2-6. A Simple Loop' 
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Such a loop will mafce sense if we think of each set of data as puncljed on a 
separate card^ with the cards arranged in a' stack,' and with only one card 
read each time the input step is executed* The flow chart tells us something 
fairly obvious: Instead of halting the process after printing the value of 
D for the first set of data (along with the values A, B, C), we will / 
. retuJip to repeat the entire procedure at the input step (Box l). 

The appearance of the^^^^^op^ in Figure 2-6 requires more exact explanation 
of the processes represented by our input, assignment and output, boxes. 



r 



The inpjit box in a^flow chart will always have one or more variables 
written in it. The bci^ can be considered ^o refer to a stack of punch .cards, 
each with specific numbers appealing ^ on it in the positions belonging to the 
variables as shown in the flow chalet. (Se6 for example Figure 2-7 below.) 
The command represented by the input box can now be separated into its 
component parts as follows: ' , j ^ 

1. Read thft n^bers off\ the first card in the stack and put these 
num'bers in storage locations assigned to the variables appearing 
in the input box* If numbers are already stored in these locations 
remember that, these numbers are completely erased before the new 
numbers are put in; computer storage devices h^Lve destructive 
read -in» 

2* Remove th^ /irst card f rc^ the stack permitting the next card 

(if any) to become the first card.^ , ^ 

3. If a flow chart arrow carries us into an input box and^i't turns 

oiit that there ^e no cards left' in ^the stack then the computation 
is to stop* ' ^ ' • 

Without the last part of the above explanation Figure 2-6 would suggest 
an "endless loop." Such a, loop would represent^a most unsatisfactory algo- 
rithm. We now sfe that the computation in Figu^S^ 2-6 is provided with a way 
to stop; there will not be an infinite loop \mle^ there are infinitely many 
cards* ^ \' ^ - 
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Inside an assignment box we will always put a left-pointing arrow.' !Po the 
left of the arrow we always put a variable. To the right of the arrow will 

Appear some sort of expression; it may be a colhstant; it may l5e a variable 

J ' f 
or' it may be, as in the previous example, an expression indicating a computa- 
tion* The 'breakdown of the coram^bd of the assignment box follows. 

1. For each of the variables (if any) occurring on the right side 
of the arrow ifi th§ assignment box^ re ad- out the value from 
the appropriate location in storage. This read - out is non- 
destructive . That is, the values to be fotm^ in the locations 
corresponding to these variables a^e exactly the same after 
this read-out as before. ^As described in .Section I-3, read -in * 

' is destructive, wl^le read - out is not. 

* * . ' ' ' 

2. ' Once the values of the variables appearing on the right side 

of the assignment box have been read, any computation indicated 
by the expressiojtf on the right hand side of the arrow is 
perfoi^ned. 

3. Th^ value of tht expression on the right side is assigned to 
the variable on the left side of the arrow,^ That is^ the 
result of the^ computation*^Ps read -in (destructively) to'the 
storage location corresponding to the variable on the' left side 
of the arrow. > 

As an example suppose that the input of the process illustrated._by ^ 
Figure 2-6 consists of the three cards in Figure 2-7 (in the indl^cated order). 
Then the, output will be as in this figure. 



5.0, 10.0 3-0 



IT3 275 XT 



8.5 ^5-7 




Figure 2-7* Sample Input and'^Output Data 



x4^ 



The student may wonder why ^ the^ values of A, B, C should be pritited as 
output when they were known at the beginning • Suppose only th^ last ycdlumn 
.in Figure 2-7 were printed as outputs JPie person r eading this output would 



then know for example that 7»9 is VA*" + B*^ ^ C* for some values of A, 



B and C which he might be able to find If the, order; of the cards has not 
been disturbed, and provided the carets can be located. The value' of^ this 
output data would obviously be seriously reduced • 



Exercise 2-2 



For the flow chart of Figure 2-6, repeated in Figure 2-8 below, with 
the input of Figure "2-7, give the values stored in the positions cpr;responding 
tVeach of the variables - A, B> C and D at the indicated point in the 
computation. 




A,B,C 




Fig\ire 2-8. A Simple Loop 

(a) At.positiQH ^ ^ when no output has been printed, 

(b) . At position ^ when two lines of output have been printed, 
(c^ At position ^ when one line of output has been printed, 
(d) At position ^ when one line of output has been printed. 
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2-3 Assignment and Variables 

The concept o:^ assignment Is of fundamental Importance In computing, so 
we shoul-d really sv^ject It to the most careful scrutiny^ * Assignment is 
qxxite' different from any concept you have met in mathematics, although it is 
similar enough to be mistaken for either "equality" or "substitution/' We ^. 
will esqplain how assignment differs from. these concepts at the app'ropriate 
time. 

As has been stated in the previous section, we always assign values to 
variables . 

A variable in mathematics is ^sually a letter which has not been 
previously identified as a constant. A letter followeqi by one or several 
integer subscripts is also permissible. In computer ^anguage we allow a 
great deal more leeway in the symbols which may be v^ed as variables. Some 
samples are: 

A, B, C, X, Y 

and such descriptive combinations of letters as: / ' ''^ f 

/ ' • 

, , . * BIST, AREA, LENGTH^ ARGGH, 

or such strings of letters and digits as: < * ' 

I A3, X2, Y3G5,' R3Ci^ . 

There are two principal reasons for ^enlarging oitr list of variables to 
incl^^^these strings. First,^ the list of symbols a*vailabl^ to computers is 
usually limiie^d to iqpper c^se Roman letters^ ^There are no Greek letters. and 
usually no lower case i^tters. We just do not have enough letters available 
^f or aise as variables.. Second, using a descriptive combination, of letters as* 
a variable is often very helpful in reminding us how the variable i^ beings 

used. : ^ ' ; 

^ ' ' . * ' 

We have a special- attitude toward suc& unbroken strings of letters and 
digits sjbarting with a lett'^er." We regard them as being coijnected together to 
fonf a bk-and new symbol, somewhat like handwriting. We think of symbols 



above as 



being written as follows; 
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The occurrence of punctuation, operation symbols, or parentheses breaks the 

I 

spell. The above attitude applies only to strings of letters and/or .digits 
commencii^g with a letter. Any such string of characters will be regarded as 
a variable', unless there has been a specific statement to the coatrary. From 
this point, of view an expression like XN is not considered* to contain 
either of the variables X ^ or N but rather to be a brand new symbol. Vln- 
other word^ we insist no vari abler should be .considered to.be part of another 
variably . 

Nov we; are';able in a few words to explain the use of variables ^n 
computing ai^d the idea of assignment, - ■ 

In any computing problem, there corresponds to each variable used in * 
t&at problem a location in the c'oinputer^s storage. By assigning a number to 
a variable w4 mean simply reading the number destructively into the storage 
location cori^esponding to that variable. In evaluating arith^ietic expressions 
a variable is to be treated as a nan^ for the" number in ^Re coiresponding 
storage location. The number in the corresponding storage location is re- 
f erred to as the value (or current value) of the variable. During the, course^ 
of a computation many different values (perhaps even millions) may be assi^ed 
to a* given variable. Thus it will not be meaningful to speak of thfe value 'of 
a variable without specifying the time or, more precisely, the stage of the 
computing prjDcess. ^But once the stage of the process is specified^ the value 
of the variable is uniquely determined. (See, for example, the exercise at 
the end of the preceding section . ) • ' 

A storage location may be hard to visualize.' If so, here is an analogy 
which will not lead to error. .Consider that to each variable there coires- 
ponds a wooden box. To make the Correspondence clear we engrave on the boxes 
the corresponding variables. (But remember that the variable is a name not r 
for the box but for the number inside.) \> < ' * 






Figure 2-9. Three Boxes with Identification 



To assign 2.5 to the , variable X, we open the box labeled X,^ dump out the 
contents and put in 2.5. We will speak for a while in terms of^these boxes. 

Assignment may be done either in an input step or in an assignment step. 
When, as in the example of the preceding section, we come to the input .box, 



we empty out the boxes labeled A, B and C and fill them respectively with 
the values punched on the' proper input card. > :& • 

You will remember that an assignment box has the f|>rm shown in the 
following figure* ,^ ' i. ' ^ . 



VtoABIiE 



EXPRESSION 



^ \ 

i ^ Figure 2^10. Form -of an JSssigniaent ^x 

A left-pointing^ arrow is ufeed to "^^oid'^ confusion with the many uses of right- 



poi nt ing ar r^fP^i mathemall c s / 



Figure 



Immediately we see some inadmissible forms for ^aft^ignment boxes as in 





4 


1 




•"A ^» ; 1 

2 ^ 2; 



Figure 2-11. Inadmissible Assignment Boxes . .\ 



V 



•The reason that these, assignment statements are inad'n^issible is that a con-/ 
stant rather than a variable appears to the left of the arrow. 

, Another inadmissible* assignment box is shown in Figure 2-12.^ 



Figure 2-12* Another Isadmissible Assignment Box 

' r 

^ain the expression ^on the left is not a variable and we cannot assign any- 
thing to it. • ' ' '1 

Now we are re^dy to examine some admissible assignment boxes. The 
simplest form, . * * 





X f- 2 









isr interpreted: Dump out the valu^ in the box labeled X and put in 2. 

' We hasten to remitxd 4^he student that assignment is not e^'i;ialitii Some 
beginners erroneously read | X ^ | as "X =^ 2."' Then^ later in the process 
they may see |X f~ 3| and /tbink, "X = 3/' ' Combining these two statements 
they have 2=3 which points out the confusion. Of course if we see 
|X <- 2| and later | X 3[ we remember, that the number 2 is cleared out 
of the location associated wijbh "X before 3 is put in. Thus 'we do not 



imply that 3 = 2 'but merely 
the location belonging to X. 



Now con^der the assignmant statement 



that 2 and 3 were consecutive tenants of 



X <- T 



This statement does not mean d Go through all l^e formulas^ involving X and 
Keplacfe by T. 'This is f.nother way in whicr^beginners go wrong., ^uch 
an interpretation does not yi^ld correct results. 



What the above assignment statement does mean is the following i Go to 



the box labeled T and read 



the value contained therein (but do not alter. 



this value )• Empty out the box labeled X and put into it the value read 
out of the box labeled T. As an example, suppose the values of and T 
were 5 and 7 2;espectively before the command X <- T is carrte.d out. 
After this cbnimand is executed the values of X and T will both be 7. 

An assignment statement >re frequently sefe is, 



I <-I + 1 



To execute this command we go to the box labeled I and read the value 
cdhtained therein. Then we add 1 to this value. Now we empty out the 
contents of the bc;x labeled I and put in the value just computed* As an 
example, if the^ value 6f I was 7 before the execution of this command-^ 
'the value of I will be 8 after the command is executed. 

This last assignment box can be thought of as an 'Hipdating" rule (if 
I represents the date). Assignment steps of this kind are often used when 
the incremented variable is being used as a tally or counter. 

As an example of" this idea, suppose that in the flow chart of Figure 2-6 
with 'the input of Figure 2-7 we wish the lines in the output to be numbered 
irl order. Figure 2-l3 is a revised flow char^^achieving this result. 




, , 1 




A,B,C 









I,A,B,C,D 



I <- I + 1 



F±sv0b 2-I3. Revises Flow Chart for Problem of Preceding 
Section 



The "counter/' I, keeps track of the number of sets of data, A, C, 
read in to memory and used to compute D. We begin by assigning to I an 
initial value of 1 (Box 0)» Each time we print out the results, we incre- 
ment or "vrpdate" the value of I (Box k)^ Notice that the value of I will 
b^'printe^ along with th^values assigned to A, B, C and D each time the 
^^c?^itput step (B^3) is executed. If the input of Figure 2-7 is fed into the 
process of Figure 2-13 then the output will be as in Figure 2-ll^•• 

0 



1 


5.0 


10.0 


3.0 


11.6 


2 




2.5 


6.1 


7.9 


3 


■ 8.5 


5.7 


-3.2 


10,7 



Figure Sample Output Data from Preceding Flow' Chart 



I <- I .+ 1 



In Chapter 3 yoy/ will see how the same updating step , 
may be used to ^control a repetitive process like that in figure 2-6, but here 
we are using this step only to keep track of or to "monitor" the repetitive 
'process. 

Let us now make an improvement in the box we visualize as corresponding 

to a variable* From now on think of the box as having a ^window in it. All 

rfead - out will be done through -this' window. This will eliminate the danger 

of altering or destroyl^ng the number in the. box by our reading process ♦ Tp. 

^ .' * 'f 

avoid confusion with input, output and assignment boxes we will froi^ now on 

*• , 

refer to these wooden storage boxes as "window boxes." 




WIIIDOW 



1^ 



Figure 2-15 • The "window box" 
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The window box with the letter X .It will be opened only 

1. during an input step when appe|rs in the input box, o^^ 

2. during an assignment step when' appears on the left side of 

the assignmerit arrow, 
# 

Thus a window box is opened only when reassignment is to take place. Once a 
value is assigned to a variable, its corresponding window \^ will henceforth 
never be empty. 

The following two assignment commands are easily interpreted. 



of*- Vt, 



Read through the window the value in the box labeled T. Compute the 
square root of this value. En^ty out the. value in the box labeled T .and 
replace with the computed value. 



, DISCRIMOiANT ♦-B'^ - l^xAxC 



Here we read the value of A, B, and CT, Using -Bhose values we compute 
- l;xAxC. IJow we read thi? computed value (destructively) -into the box 
^labeled DISCRBOTAOT, - o , ^ ' ^ 

You may find it helpful to think of the^work of a computer as being done ^ 
by three .people, the "masrter computer" and .two assistants called the "assigner" 
and the "reader." When the master computer vdshes to assign a value to a 
variable, he- writes the value on a slip of papeir. - He givers this slip of 
paper to the assigner -^d tells him which variable to assign it to. The 
assigner finds ^he appropriate window bo!ic^ empties out the contents and puts 
in the slip of paper bearing. the new value, . c 

Vnen the master computer wiTshes to know the value of a variable he calls • 
the reader and tells him which variable to look up. The reader goes to the^ " 
, .appropriate window box and, looking through the window, makes a copy^of the 
value inside the box on a small pad of paper. IJe, then returns to the master 
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computer and gives him the sheet of paper bearing the copied values 

« 

The "master computer" ^has a master, too,*' It is you who vrt^e the 
algorithms which he must run. An algorithm be poorly formed if, in 
carrying it out^ tf^e maste;r must send a "reader" to ft window box before 
sending an "assigner" to that same i>ox. Why? • • 



Exercises 2~3 - * , 

1. The following is a restatement of Exercise 2-1 j,^ Number 3: 

Given the grade average, OLDAVG, for n" previous homework assignments ' 

' ' ' • * * st 

and the grade, GRAD]^^ for the n + 1 homework assignment^ find the 

new average, NEWAVG, based on n + 1 assignments • 

Convert this problem statement into A flow chart with a structure 
similar to that of Pigxire 2-6. ' / . - 



2. Compare the above problem statement and your solution of it with the 
o r i gin ct l stat ement a nd your sol uti-en to th a t o ne-*- — Whi-e^ flow c hart — 



would convey more meting to you after one week, one month, one year, 
if you were to glance at each one without looking at the correspon^in 
problem statement? Comment on the lesson that is to be learned here* 



/ 



3. "Suppose we modify the 'problem in Exercise 1 as follows. 

The new average grade for n +^1 homework assignments is to be assigned ^ 
*not-to NEWAVG, but to^' OLBAVG. Redraw the flow chart io"r this -^case,^^ 
Why is this a reasoh^abXe thing to do? ''^ ; 

The instructor began keeping two pages in his gradebook for each clfiisi^. 
On Page 1 he recorded the actual scores or gra'des for -each of the ^ 
homework assignments. This page isn*t. shown here. On Page 2 he 



recorded the new Qumultttive 'srad[e ave2;a^ee^ column after, column^ -oS' they 
were computed following t^e grading of edch aissi^nment. Page 2vls^^^ 
illustrated partlali detail below. 



- '^ 5 
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0 ■ N 



Name 



Abel, John ^ 
Baker, 

Chary,/Smiley 



Thomson, Bill 
Wiliiams, Ted 



Cumulative Grade Averages 



CUM 1 


CUM 2 


CUM 3 


CUM 7 CUM.8 


79»0 


* 81,5 


83.0 


• 77a 


83.0 


8i^.5 










67.0 


.••'71.2 . ' • 


83»o 


81.5^ 


84.0 


83,1 • ^ 


81.0 * . 


• 83.0 ^ 


80.0 





^an ^the previous column, 
/Beverage of 84,0. After 



Note that each column shows the average based on one more scor^^ 

Thus, after 3 scores, Tim" Baker had an 
7. scores, his ^average was 83»i^* ^ 

• ■ \ 

To compute eac^ column we imaging tl^e instructor follows a manu^ 
I or computer process based on the flow cl^ert you just developed in 
/ Exercise 3. Now suppose, the grades for the eighth, homeilrork set are 

'. .\ 

f ^ ' John Abel . 91, 

" ^ Tim 3aker ' «^8 

aniley Chary 82 

— ^ — ^ 



Bill Thompson 
Ted Williams 



87 



What are the input . data values to compute column CUM 8 entries for 
John Abel,' Smiley Chaiy and Ted Williams? 

5» After some experience with this grade recording system the 'instructor 
felt it no' longer necessary to maintain Page 1 information showing the^ 
individual grades. Having the series £>f cumulative averages seamed 
adequat-e* for him, (On only rare* occasion^ did lie need to look at an 
indl-^ridual grade). In your opinip^A/as the instructor safe in dropping ' 
Page 1 from his records? Explain. 1 . — * ^ 

6. Develop a flow chart showing the process by which any desired grade . • 
can be computed from Page 2 information alone. 
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2-^- Arithmetic ' Expressions 

We have to take a close look at ovir mathematicial notati<^^and we commence 
the scrutiny in tliis section, focusing our atte'ntiori on those rather vague 
"expressions" on the right hand side 'of assignment boxes. These expressions 
usilally represent an indicated calculation and we will refer to them as ; 
'"arithmetic expressions." It should be noted that the term "arithmetic 
express^Jk" has a larger , scope in computer work than'in mathematics. 

Although o-ur usual (every day) mathematical notation i^ very useful and 
flexible and quite adequate for our mathematical needs, it .is not suitable 
for mechanical reading.- This is what we mean when we sajr that ordinary ^ 
matnematical language is not a "formal" language. Applied to arithmetic 
• expressions this means that we cajanot write dowrj sets of sMles for: 

1. determining, whether or not ^ny arrangement^ of symbols ^ 

/ constitutes' an arithmetic , expression; , " ^/ . « ' ' 

2. ^ telling how evaluate any arithmetic expression we may 

^. be given. ^ • , . * 

And yei, with a fey small changes in our mathematical 'notation, the . 
language 'of arithmetic expressions^ is^,conve^tfed into a langiKige capable of 

■being rurraali'zfed.— we ^indicate what these char\ges as^^5rna~gtve the formal 

rules for evaluating exp res sIj^s^ after these changes have been made. Pfeirt" 
of the rules for determining whether an arrangement of symbols is an arith- 
metlc expression (that part) conceraing detailed study of the use of paren- 
-;bh&ses) is left to Appendix'^3* 

• . ■ ■ ' » .' ' ' ' ' 

,This discussion of the modifications necessary to formalize mathematical 

language should be of considerable help to you* in your pro^ralmnin^ work. 

'Most of tiae progra m m i ng languages ytiu are likely *^to "be studying are Abased on 
^ . ■> ' ' . " « 

everyday mathematical language. The material of this section should, provide 

a "rationale" for the departures from •everyday Mathematical usage encoun^iere^ 

in those programming langjuagee* Some of the "refoms" proposed In this 

section we do adopt in 'the flow chart language. Others we do not. The ones 

not adopted do, however, provide us with an alternative way of writing things 

if problems' in readability occur. ► - - * . 



A jjumber of ye.ar^ ago at a Idrge American university, an ^niraace eicam * 
.n< 
> 



contained the question l 



* Simplify ' i ^ 

sinx " K 



24 



One student cgave as his answer,; 

' si ^ • • 

The prAfessors involved in the grading of the test had a £ood chuckle over 
thi^^tmexpected rai^nterpretation of the problem* /C . , 

Unexpected thotigh it may have been, still there was nothing ridiciilous 
in this answer. Presumably the student had not studied trigonometry and 
according to th^ rules learned in his algebra course his worlt Was perfectly^ 
, correct* fte had no other way of interpreting sinx but as 



s X i X n X X , 

a' - 

If the problem had been 

Simplify ^ 

^ * - abnx 

. ' cdnx 



there could be no alternative to the answer - . ' 



cd 



^ ifee s'Eudenfe.here w^g using. a. rule vhjLch he believed to be' permanent and 
* tmchangl?ng; but, alas, it h^d been superseded^by anpther rule. In, /act, it 
may not have been entirely, suqperseded^ Suppose we were dealing with "a problfem 
not involving trigonometry j)n which" 4, * * - * 

s, i,'n, and x * . ' /1 

were variables. Might we not then regard / - 

sinrf . w < 

. V> ' . ' 

as denoting ^ ' . ^ ; ' . \ 

/ s'xiXnXJc? ^ 7 / V 

^' J =*-Next, ''consider-'^the^ frustrating expression ^ . " 

. . ■ ' Taj b-l c' |.. 

Which does it denote, ^ 

. 1 a i >f b X Itf, I or .1 a X f b | x c * . ' ' 



ERjc - . ; ' 



AcccSrding to our usual convention of using jiixtaposition to denote multiplica- 
tion, either of these last two expressions may be writte'h in the form 
I a I b I c I . Yet if b is negative, these expressions will in general 
have different values. ^ . 1)^— ' . 

These examples show that the meaning of ,Tfta thematic ai" express ions is 
sometimes ambiguous' and may depend on context for correct interpretation. 
In the first example tjhe use of juxtaposition for multiplication is the 
ciilprit^ In the second, jiixtaposition conspires., with the Ihdistinguishability 
of -left and right ^ absolute value symbols to rob the expression of its meaning. 

We hope that we have not giveri the impression that ra^athematical notation 
is unsalvageable. In truth, practices current in everyday mathematical 
notation which may lead to ambiguity, or difficulties of formalizatior^ are 



fev in number.' We li^t th^e "reforms" needed or helpful to insure absolute 
^larity in^the mathema^Tic al language of Expressions. These reformi wili be 
used throughout this section, thus obtaining a language rather like a program- 
ming language. When we return to ordinary flow chart language in Section 2-5 , 
only the first and fifth reforms noted below will be retained. 

^ 1. Abandon the practice of using juxtaposition to denote multiplication 
an^ instead use the operator syipbol "X. " 'We will do this in flow 
' char t lan gu a g e . — ^ — - — ; ' ' :— s /■ 



2. Special functional notations cause trouble because, in gi-^ilng I 

' ~ . ' * yt'^ 

formal rules for reading, it is necessary to 'give a special rule 

« ^ ^ \ 

Tor each such notatioh: *To avoid this, replace these notations by 

such notations as ABS(x) for ' ]x| and SQRT(X) .for In . \ 

flo\), chart language, we will continue to ^write |x|' and since 

the human reader generally finds them easier. 

3. Abandon off -the -line notations because they strike a death blow at ' 

<■ • . 

any hope of a simple formalization procedure if the part occurring 

• ' bf f the line -is allowed to have variables in it. Substitutions can 

' \ . * * 

then carry farther aiid farther off.. the line, giving rise to ntmiBrqus 

types difficulties. We adopt here the notation 
' \ ' xfS for x^'. 



In flow chart language we wfll stick to superscripts. 
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k. Abandon' use of in three different senses: a binai7 sub- 

traction operator in "X - Y"; as a unary "taMng the negative of" 
"operator in. "-X"; as part of the. name of a .negative constant in 
"-5." ^ - 

yf 5. ^ ^Embrace function arguments in parentheses. , V{e will also do this in 
' ; the flow -chart language'' except in the special notation listed 

under (2). ^ ^ 

' t 
6. Adhere to the usual conventions regarding parenthesis remival/ This 
is discussed later in this section and also in Appendix B. 

Now all t}^ valid arithmetic expressions in our "modified" language can 
be generated b/ using Table 2-3 together with the rule that follows. 

; Table 2-3 ' * 



Kind 


Examples . ^ 


1. Nmerical Constants 


17, .0065, 3.1^159, '0 


-5, --i06l, -17.62 * 


2. Variables 


X, A, B, DIST, 
— AffiA^-^ftRGGfi 


— 1 

3. Unary Operational Form 


-X ^ 


• Binary Operational Form* 


X + Y, X - Y,o X X Y 
X/Y, XfY 


Functional Forms 


SIN(X)) COS(X) 
ABS(X)> SQRT(X) 



[The «terisks occurring in.the table wiU ^be -exp^^aine^l as~we go along J 



•She three uses of '-" were introduced into mathematical notation in ord^ 
t<5 profit from the confusion. Although they cause quite a lot of trouble?^ 
we retain the three minuses.. An example showing .the three minuses is 

' / ■ • . GLDLKS - (,(-^5)) 

binary unary number-namii^ 
♦ * 

Does "profit from confusion" confuse you? li shouldn't, "how were we taught 
to reco^ize at ^a"g lance that A"- (-(-5)) is the ■same as A - 5? 
Answer-When ^fe want to simplify an expression we treat all threte different 
minuses as if they were the same-^in tSb rule that an odd number of them can 
be replaced by a single one. . ^ 
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In our computing work we will take what may seem a narrowf^ew what we 
consider to be numerical constants. By numerix:al constants we mean strings of 
digits with or without a decimal point and pQssibly prece'Jied by a minus sign. ' 
That is all; no exceptions. For example, we da not consider 

^ ' — : 3A 

as numerical constants, but as expressions still to be evaluated: indicated 
operations to be carried out. Some writers do not permit the functional 
forms (entry 5 in Table 2-3) to be^classif ied' as Arithmetic Expressions. 

Along with the table goes a nlle for grinding, out more and more 
expressions. 



RULE: In an arithmetic expression, if a variable is 

replaced by an arithmetic expression, the result 
is again an 'arithmetic expression. 



A slight modification of this rule is necessa;ry in light of the following 
^xample: Suppose in B X X ^ we replace X b^T^iA. We then obtain B X -A.^ 
This juxtaposition of two operator symbols ("x" and "-") is not permitted in 
mathematical writing and it is not permitted in most .computer languages 
either. We must in this case put parentheses around -A J:hen obtaining , 
B X (-A)> ^ ; ^ ' '■ 

One might wish to be able to apply the above rule directly without making 
any exceptions concerning parentheses. This result could be obtained by 
goin^ack to Table 2-3 and putting p^ntheses around the basic forms in the ' 
boxelfmarked with a .single asterisk In this way we would always have 

parentheses wd^tten around negative constants and unary operational forms, 
such ias 

' ^ (-5)/ (-0091), (-X), (-A). 

We are used- |o -havjung the' replacement or substitution in the above rule 
more for us tfian merely produce a valid expression. We will illustrate 
th these examples: ' 

Example 1 : . ' * ' - 

If we substitute 3X5 for .X . ih thetexpression 2 + X * we 'obtain 
2 + 3x5. which we evaluate ac coring .to our usual rules 'to be 1?. If^ on 
the other hand, we evaluate 3X5 and substitute the result ^or X in 
.2 + X we obtain 2 + 15/ ^ which we evaluate to be 1?. The tw^^stitutions 
made for X produced equivalent (i.e., "equal-valued") expressions^ 



2. + 3 X 5 and '2 + 15. 
But now let us look at another example* 

Example 2: 

If we substitute ^| + 5. for X in the expression 



we obtain 



2 X X 



2X3+ 5' 



which evaluates to' 11. if, on the other hand, we evaluate 3 + 5 * as 8 and 
substitute this value for X in ' ' ' 



we obtain 



2 X X 



2x8 



Which evaluates to l6. The two substitutions made for ~X produced the 



expressions 



2X3+5 and*2x8 



which are not pqn -ivftl4nt . 



" No- doubf every reader has spotted Mie. trouble) we le£t oi^t the parentheses 
In every mathematical use of replacement or subst'itution in the above rule we 
want the results of the two orders ^fd^>in^ thirds to be equivalent. This ..is 
what is 'indicated by the old maxim, "When equals are substituted for equals - 
the results 'are equal." In order to attain this end we put parentheses -around 
the 3+5 in the last example to obtain ' • 

. 

• - 2 X r3 + 5) 

thus ensuring the- desired order of computation; 

We might wish to preserve this property of obtaining equivllent expres- 
sions through use of our. rule without making special cases concerning use of 
parentheses.. If we so wish we can attain the desired result by again modify-" 
ing Tfle 2-3 by putting' parentheses ^oynd. the *f oims in the tox labeled with 
double asterisks (**). •, , ^ . ' 

Si4>pose wfe were.fo.^put pai^theses around the forms in the boxes labeled 
with asterisks. Ohen as we used'.our rule to generate more complicated expres, 
sions we would fliid many more parentheses occurring than we are accustomed tp 
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vrl^feu For example, we might find ^ 

((X,+ (Y X Slfl((A +(B X C))))) + (5 X(X + A))) ^ . 

where we would ordinarily write > ^ , ~ , ^ 

X +*Y X SIN(A + B^X C) + 5 X (X + A) ^ ' 

Thege two expressions* are e^^uivalent because of our agreement on the order in 
which operations are to be performed in the absence olj parentheses. 

If we were to put all these parentheses in Tablets ve should then have 
to give' a rule for rembval of parentheses /in' conformity with ordinary usage . 
This rule is rather complicafied and we do not^feel it necessary to discuss it . 
here, (it can be found, however, in Appendix B, for those who are interested.) 
There is a wide agreement (exhibited in the precedence table 'below) on the 
order in^ which operations, are to be performed in the absence of paren-thesesT 
We will assume that you have mastered the art of writing expressions, putting 
in parentheses where necessary to indicate the order of calculation* The 
scanning process used by computers is designed to use the same order of 
calculation. In other words, it performs calculations in^the same order you 
would. We williexhibit this order of computation. After tha^ it will be up 
to you' to write in such, a way that the computer will carry out^your intent. 
One last word of admonition: If in doubt whether parentheses are necessary, 
put them in ? . 

\ / ^ 

^^^ou have long, known that in expressions such as 

the multiplication is to be performed first. We convey this, information by 
saying that multiplication is more cohesive or moce binding than addition or 
perhaps we say that multiplication takes priority or precedency over addition. 
This kind of information is^ collected in Table We bttve, taken the •liberty 

of using the symbol ^or exponentiation. I^iJtlJe flow chart language we 

will still use superscripts. ' . 
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Table 2-1^- 
Precedence Level's for Evalu*;i;ig Parenthesis-Free Expressions 



I 


^vel 


Operation Name 


Operator Symbol 


High. 
Low 


First 


Exponentiation 


^ f. ■ 


Second ^ 


MuJ. t ip^ 1 c at i on 
Division 

Taking the Negative 


X 

7 • 

- (unary) 


Third 


Addition 
Subtraction 


+ 

- (binary) 



In evaluating parenthesis -free expressions you (or tlfe cinrpnter) first scan 
, ^^OP^ left to right for operators of the first level.^ I'f none.ai^e found, scap 

(left to right) for operators of the second level. If no operators of jthe 
. second. l^evel. are found,^ then scan for operators of the third, level. As soon ' 

as you locate an operator of the type being scanned for, perform the operation 
^ thht it indicates. Then remeiiber where you were in the sfcanning process* W 

take up from there. — U^^slm p l er r} \^e. to s t a te a nd o n e which oould e qually . , 

well have been chosen is to restart every scan at the beginning of the ' ' 

expression.) ' 



We give an example showing how this all works out. 

Example 

The expression is 

I - N X A-f N/D + 0 X U - T 
Tabulated values for tli^ variables: 



A' 


D 


4 

!• 


N 






U 


2 


k 


9 
J — 


3 


7 


9 


- k ■ 



Table 2-5 displays the step by step evaluation. Little -tria^llar • 
^ symbols (A)' are used to indicate the operator symbol to, be dealt with next.. 
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Table 2-5 
Display of Step by Step Evaluation 
• Exajnple 1 



Step 



3 y 



Action 



•initial appearance 



Compute ,A ♦ N 



compute N X 8 



Compute 2k/r) 







Compute I 



Compjite 3 + &8 



Comput>€^ 31 - T ' 



Appearalke of the Expression 
Aftei\ Ekch St6p - ^ 



I - N- X'M^^/t) + 0 X U - T 
A 



I - NX a /D+0XU-T 
▲ 



2k 



/D + 0 X U 
▲ 



' I + 0 X U' - T 

^-t— • A 



6-' 



28 



3 



28 

A^ 



31 



22 



Remarks 



Nq more level 1 



^o more level 2 



You may wonder how to teiX a unary minus frc^ a binary minus. Do they' 
have little tags on them? No, but in aipropei^ly ^iiten arithmetic expression 
a xrnary minus can occxar either at the very beginning of an expression as in , 
-Y, or immediately following a left parenthesis and nowhere else. A binary 
irfinus, on the other hand, can never occupy such positions. 

The scanning process shown" in Table 2-5 constitutes the heart of the 
evaluation process. We now finis^ the description of evaluation by explaining 
what to do with expressions containing jparentheses. A ^"s>ab-expre^s^ion" of 
an expression is defined to be any part of the Expression included between a^ 
pair of parentheses. For example, in the expression 

(A X C - "d) X E ^ \ 



we see that 



— is a sub-expression. 
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TalSe 2-6 gives the procedure for evaluating an expression'with paren- 
theses . 



Table 2-6 ^ * . , 

Rules for Evaluating Arithmetic Expressions with Parentheses 



1. Scan expression f|om left t^^ight for first right parenthesis ")". 

2. Evaluate the sub-expression ending with this right parenthesis 
according to tlie rule for parenthesis -free expressions. 
(Table 2-k). 

3* If this sub-expression is a constant, see whether it is 

preceded by a function name, and if so, compute the indicated 
functional value. 



[NOTE: Parentheses surrounding a constant should be deleted if pbssible. 
In the scanning procedure the (undeletable) parentheses, surrounding a nega- 
,tive constant but not preceded by a" function name, should be ignored. In ' 
such a case this negative constant together with its surrounding parentheses 
is to be treated as a numerical constant.] 

We must confess that there Is one place w here ou r inst ruction for the 

order in which express J.oos ape to be read gives results not in conformity 
Vith usual matnematical conventions. This is in expressions of the form 



1 



or 



Af b| C 



*^at is the value, for example, of 



^3^ ? 



It can be either 512 pr 13^^,217,728 depending on how parentheses are ' 
inserted. As you can imagine, in certain calculations tjtie difference between 
these two values 'may be of considerable importance. 

^ 'The rule given in the text would evaluate 

Af Bf C ' ' ' 

. in the- order ^ » . * • 

/ ' ■ (AfB)fc. " K 

In mathematics^ however, the conveation is that 
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Afsfc m^ans, Af(Bfc). 



Or in customary mathematical notation' 

- means A^,^ ^ 

^ Be sure you are avare of this discrepancy. You can always force your 

intent by use of parentheses. ' / 



Exercises 2-4 Set A . . ^ ^ 

1» Create a table of "step number" and "action" similar to the first two 
columns of Table 2-5 for the step by step evaluatign of the expression 

((a X X + b) X X + c) X X + d 
n where values of the variables are . ^ 



a 


b 


c 


d 


' X 


2 


-1 


2 


-3^ 


2 



• 2. • For the expression ^ , 

.(a - b) X Cc ^ d)/(e X (f + g)) 
' wher^ values of the variables are 



a 


» b 


c 


d 


e 


f 


g \ 


' 1 


2^ 


3 


k 


3 


. 2 


1 



' Create a "step nimiber" and "action" table, as in Problem 1,^^^ 



* ' 3. For^ the expression 



where r « 10, s = 9, an<^Plfl[ = 1.12, write dowrc the "action" of 
the l^-th, 8th and 12th.^teps in the step "by step evaluation. • 



' For the expression 



J 



where p = 3^ and q = h, writ*- down tfee "action" of Step 5 in the 
step" by step evaluation. - ' 

' - ■ • - . ' \. - 

If the ejcpression in Exercise 3 were modified to read 

X rsq - (s X /rsq - s^ + rsq X PHI) 

hov many fewer'steps would be required for its evaluation? Here rsq ' 
presumably is a variable whose value is tjie. square of r assigned in a 
step prior to the evaluation 'of the gi^en expression. 



We have suggested no limit to the complexity of the mathematical expres- 
^^^sions which appear in assignment* steps/ Practicall^' speaking, there "is only 
thfe limit of the eye's ability to^scan and the mind's ability to analyze for' 



unique meaning. 



ressions like' 



A + B 



A + B X C 



\ or 



A + B X,C/(2.0 + F) ^ " 

involve only horizontal inspection left- to-right. Since only one direction 
isg^volved, Ve* speak of this -as a one-dimensibnal or "linear" scan. 

The^se "hbrizontalV expressions are really ju^t smnfi|i-of characters. 
•If ve can get these character strings into memory in consecutively addressed 
positions then the computer can be progranped to inspect and interpret them 
as expressions. The »rules o5 precedence within subexpressions which we 
studied in.Table 2^^^ then govern the computer's interpretation procedure. 

What kinds of expressions can we transmit to memory ^character strings? 
In a sense, tfee statements, of our procedure, when thought of as.character 
strings, are just another form of Ipput da^a, so the fanner of transmission 



2-4 ^ 

depends on the^lriput media available.,' Foy the^ake of simplicity 
Kiontinue assume the punch card is our input medium^ However, most of the 
ideas discussed below are^ applicable to other input media, like punched ^ . 
pap?^ tape, typewri-^er keyboards, etc^^ ^ \^ 

" ^ Figure 2- 16 shows the expression ' ' \ 

^^^^''^^''^'^^^^'^"''^^ . A + B X C/(2.0 + F) * ^ 

as it might appear on a punched card. " 



/ft +• B'X C /£2.0 +. f) > 
/ I I i . • 1 I II . / • 

00000000000 i|0 OlOOQOOO-OOOBdOOOOOOOOOOOOOOOOOO 0\<UL0«0 OOOOOOOOOOOMOOI>000000 0*0 0000 

t|ii 11 11 1 1 v|u ri 1 1 1 1 1 1 1 1 11 1 u 11 1 1 1 1 1 1 1 11 1 11 1 1 1 1 1 1 1 n 11 11 1 1 1 i.n 1 1 n 1 1 11 n n n n 11 , 

2222 2|222 22 22|2 2 2 2 ?2 22 22 27? 22222 22 2222 22J 2 2 2 2 2 2 2 2 2222 2Z2 2 2 2 2 2 22 22222 ? 2 2 2 ??? 2 2 2 2 2 ^ 
,^3 13 3 3 3 3 3 13 3 3 3|3 3*3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 } 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 ^3 3 3 3 j%>4*3^ 3 3 3 3*3 3 ) 3 3 



4 4 4 4 4 4 4 4 4 4 4 4 J4 4 4 44^1/ 4 4 4 4 4 4 4 4 4.44 4 4 4 4 4 4 4 4 4 4 4 4 4 ^4 4 4>M4 4 44 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 

5 5 5 5 S 5 5 5 5 S 5 S 5 5 5 5 '5 5 5 5 5 5 5 5 5 S 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5^ 5 Ts 5 5 5\ 5 5 5 5 5 5 i 5 5 5 S-'S 5 5 5 5 S 
6'6fr6^66|66666666666|6666666666666&^6 6''6 6666S6Ts6666666S.66$66 6 6666666S€8S66666666S6 

vm 1 711111 m mm nnmn vij.i imimmmmnimmiimmmmimm 

1 1 1 1 1 8,a| t 8i I |l |8 8 M l|l I 9 S 1 1 1 1 8 M 8 1 1 1 1 1 8 8 8 ^8 M 8 Tl 1 1 1 8 S 8 8 8 8 8 j 1 1 1 1 1 1 1 8 8 a n t 8 t 8 8 84 8 I « 

S.9 999999999999999999999999999999999999999999999999999S9 3^9 999999399^9999399999999 

I \ ^ y 




Figure ^-16? Punch ''card with an arithmetic expression'/ 

E^ah column of the card contains punchje^ information or is^blank; i.e., 
no holes. ^ Tf^e" i^iput device, when properly .act^ivated, automatically transfers-* 
the informa^iion on the card to the computer's memory as a string of, characters. 
J*igure 2-117 indicates two ways this information might be stored in consecu- 
tively addrjasaed positions. ^ ^ ^ * 



The character set shown here is not identical with that^'of Ffgure I-I8. 



I 



.J 



ERJC 



1 



2-k 



^A.t B-X C / (2.0 +'F) 



-4 





101 


102 


103 


lOll 

) \ 




A 


+ 


B 


X 




105 


106 


107 


loa 




C 


J 


( 


2 




109 


110 


111 


112 




• 


0 


+ 


F 




113 


111+ 


115 


116 


"1 


• ) 









a. Characters store(^ one per 
* .word of memory 



55 ■ 
A + B 


56 ' - 

' / 


57 

(2. 


58 

. + F ) 


59 , ^ 


60 



b» Characters stored three per 
word of memory 



Figure 2-17, An expression in 'memory 



From now on, .when we spe^k. of a cbmputer scanning an expressionj we -shall 
mean thatH:he exj^ression, originally punched on ^the ca^ or transmliw^a 
some other-input medium, is examined one character at a time from the section 
^of memory where it is stored.., * 



Thus, a left-to-right scan corresponds to a sequential examination^from 
*- ^ lowest to highest memory addresses. In many machines, character^ can be 
grouped -two, three, or more to, each word or address. In such c^ses\ left- 
to-right sca^?i azflount^ to looking at the characters of one word from left-to'^^" 
right and then examining j^he characters at the ne;ct higherlddress^ii^the 
same way, continuing word after word until the. las* character has been 
examined. ° ' ^ i . . 

Other e^cpressions like ' ' 



A 



b< 



B . 
C i 



B 
C 
D 



d.. 



G 
H 
R 

. S 



also involve one di^^onal ^Inspection. We ^e accustomed to rely^on our eye 
for a vertical scan, but there is^Hb direct analogy with the punch card uLle^s 
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W adopt conventions to convert vertic^lly-vritten expressions to equivalent 
horizontal forms which preserve unique meaning. Some possibilities are shown 
in Figure. 2-l8. - . - 








tB/c)/D 

• 






/L 




1 








. Case a Case b Case c Case d 

Figure 2-l8. Examples of expressions written horizontally 

^ ' it is necessary to replace bars ( ), representing division, with 

"slashes (/) when ^we transform .a v^Vtically-arranged expression to horizontal 
form for, the punch card. ; * ' ' ' 

Parentheses may be introduced to preserve the meaning usually clearly * 
understood in the vertical display. Are the parentheses aisM in Cases (b) and 
(c) of Figure 2-l8 really nec^essary? If you are iii doubt of the answer, 



review the niles of TaBle 2-6. ' 

* 

As egressions become more complex the eye is expected to travel fi3^t in 
one direct^ion, then in another. Expressions like ^ ^ 

:^ + C X 5 

AXB + C -B^ E 

or - 



D + k 



F X G 



are good eiamples. Figure 2-19 suggests how these may t.e converted to hori- 
zontal form. AgaJ-n, parentheses are employed to reduce the risk of ambiguity. 



licercise Set B 



Not all the parentheses used in Figure 2-19 ^® necessary. Applying the 
principles developed in this section, can you identify the parentheses which 
are superfluous? 




Case b 



Figxire 2-19- Expressions which may have unnecessary parentheses 
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2-5 Rotmdlng Functions^ 

Thereis^-^^lass of inat'liematical functions known as Integer rounding 
^3 vhich are of fej)ecial interest in computing. Our interest in 




rounding functions chokes from two sources: 



1* Every arithmetic operation on real numbers in a computer implies 
the use of some rounding function,. To understand the effect of 
arithmetic operations we should, tjieref ore, be* familiar with these 

♦ functions, ' ^ 

- \ 

2, Rounding, properly interpreted^ is often a key step in the solution 
, of problems, and therefore, in the design of algorithms. 'What is 
meant, for example, by an instruction for half the class to go to 
the blackboard?, If there are ' 25 in the class, should 12, 12^ 
or 13 go to the blackboard? Remember, in developing algorithms 
we must be unambiguous . 

An integer rounding -function has^ a real number for i1js argument and it 

yields an integer value for its result. The integer obtained is, in som e 

sense^ a **best" approximation to the given real number. Each function in 

this class embodies a different interpretation of the word best . For example, 

one integer rounding function (called the "greatest integer function") yieldg 

*the value 1 as the best integer approximation to 1.6, 

^' ' ' « 

We know from- .our' ^tudy of Section 1-k that computers' often have the 

^ capability to perform arithmetic operations ^ efficiently on real nmbers over 

^ a very vide range when coded in f loating-pdint form (i;e., exponent and 

prfecisior^-parts). Th^ res^ults while not perfect are correct to the last 

placfi. Furthermore, computers perform integer arithmetip^ operations yielding 

exact results provided the integer operands don't 'get too big. It is' there- 

fore' o^en of great advantage to convert numbe^^, stored in floating-point 

form, Ao some integer repi*fesentation, and vice versa. When studying program- 

loing leb^uages, such as FORTRAN, or ALGOL,* will* be learning \^y9 to tell 

the computer how to convert numbers in memory from orie representation to 

another, Becaiise our flow chart analogies must be -capable 5f describing .any. 

computer a^'^ion, including that of rounding, we need a mathematic.al notation 

s to express precisely this action inside the boxes of a flow chart. ^ 
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The Greatest Integer Function 

A particular integer rounding function which is very simple, of frequent 
occurrence in mathematics, and of fundamental importance in computing, is the 
"greatest integer function." The usual mathematical notation for this function' 

^ * [x] • , 

• 1^ 

which is subject to many, hut not all of the criticisms of the absolute v^lue 

notation.. One possible alternative notation is 

^ GRIN(x) 



from GReatest INteger, 
flow chart language. 



t 



The usual mathematical notation will' be adequate fpr 



Thg^ function is defined as follows: 

[x] = the greatest integer which does not exceed x . 

The value of this^ function can be explained geometrically by considering 
X to be a p oint o n the numbeiii^line. To find [ x]^ we start out at x ^and, 

1. if X -is an integer we stay where we are, while 

"^2. if X is not an integer we move to the first integer to thp left. 

In this way our final location is at [x]. ' We gee in Figiure 2-20 some examples 



''-2.1 




-.7 



.7 



2.1 



3.9 



[-2.1] {-2] > [-.71 [.7] 



[2.1] [3.9] 



Figure 2-20 



of this procedlite. ^,^^us, the, figure tells us thQt [-2.1] =-3^ while [2.1] =2. 

? : ^ y ' ^> 



our own convenience. Th^ other funQtion names you will see in this section 
like FRPT, TRUNK, and- ROliNDUP are also Just made up for our present 



piirposes. 



* ' ' ' 'No ^rifettheihatician has ever seen tlie name - GRIN. We'y^ just made this up tor 

' f u 
)UP 
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We 'see that for positive numbers the greatest integer function has the effect 
of "lopping-bff" everything to the right of the decimal point. Whereas for 
negative numbers the ^.nstructions for finding the greatest integer would be: 
If ariything "but zeros appears after the ^decimal" point j then lop off everything 
after the decimal point and subtract 1. 

The graph oi the greatest integer func;J|^on (Figure 2-21) displays its 
step-like behavior. ^ , ; 



\ 



-3 



3- 



-2 



-1 



-2 .. 



' . Figure 2-21. Graph or y = [x] 

- We also note that ton all numbers x, we have [x],,< x or in other words, 

* for ,all^ X, ' ^ 

X - [x] > 0 . ■ . ^ ' 

* — . 

Let us use the' notation FRPT(x) . (for FRac^onal ParT of x) to denote ' - 
X = [x] and let us exainine the graph of FRPT(x)' given in Figure 2-22. 
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-4 -3 -2 -10 1 ^.>2'. 3 ^ 7 

Figure 2-22. Graph of = FRPT(x) ' ^ **. 

' This'' graph exhibits the non-negativity of FRPT(x) as well as its 
property of being a peripdjc function oi period 1. That is, we^ have. 
FRPT(1 + x) = FRPT(x) for atT x. Geone trie ally, if we look, in Figtire 2-22, 
at the functional value of a point x on tlie number line and then move one 
' unit to the right, thc-^new point will have the stoe functional value. 

^ An interesting and important property of the functions tx] ai^ U'i^(x)- 
a property which could have be^n ugad giving the definition of these func- 
tions--i8 that the equation • ' - ' . : 



\ ' ^ " X = [x] + FRPT(:f). ^ ./ 

displays the unique decomposition of x as the sum w integer and a non^ 
negativeTwrnber less than 1. , Those students T<hp have studii^d logarithms . * 
have been using these two functions whether tljey haVe useS the najfies or npt. 
If X is the logarithm of same: number, then [x}>/is: its characteristic and 
FRPT(x) is its mantissa. ^ ^ y 

In Figure 2-23 the deccc^osition of the iden^ii^ function, IDEOT(x) x 
(dotted), as lihe sum of the GRIN(x) (solid) -and FRPT(x) (dashed) 'is 
illustrated. At each point x on the ' x-ascis the value of IDENT(x) . is 
found by adding the values of OKEN(x) and •FRPT(x), 
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Figure 2-23 



V 



• ♦ In marJ matlypnatical prbbleins^ T»e are Interested only in the remainder 
^obtained spidiVlding one integei^'"by another. , For exainple^ if we divide 
-^309 accordijag to the rules learned in elementary school/ our 
looki^' like thisi • 



1309 I 32417 
• 2618 

^ 1001' - 



t 



' We identify the numbers -tap[pearing here 



dividend 32U17 

divisor ' 1309" 

quotient . 24 

remainder ^001 



.,^e»6»> See Euclidean algorithm in Section 3-2. > 
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- . * 

t > - * 

and ve vrite 

' I2kll = 1309 • +,1001 . . 

In general if N is the^' dividend, M the divisor, Q the quotient and p 
the^ remainder, then 

r 

N = M* Q + R where R<M- 

This is the "division algorithm" of elementary School arithmetic* .The ;iralues 

of and R are related to the fimctions studied in this section by 

« ' 

- Q = GRIN(n/m) , 

R = M- FRPT(n/m) . 

These remainders are of fimdamental importance in "modular arithmetic" 
where we replace all numbers by their remainders relative to some fixed 
divisor. J^n telling tjLrae. in hours we use modular arithmetic modulo 12. In 
the "casiiing out nines" method of cheating arithmetic we use arithmetic 
.modulo 9» In the oarnival wheel problems at the. end of this section we 
encounter 'modular arithmetic modulo h and 5* 



Just about any integer^roimding fuhction of practical value, ,i.e.,* related^ 
to interesting computer algorithms, c aft be expressed iri terms of the grojatest 
integer function. These relationships will be diacussed later in this section. 
For the moment we will further ''illustrate^ the use of the [x] function with 
the following problem. 

A farmer in a mome nt of weakness made a pledge which he now 
deeply regrets. Th^^Wdge was that he would, keep all his money 
in multiplies of $20.00, and that if any time he had 4 residue 
which was less than $20.00 this would be put into an educational 
fimd for his*.son. 

Thus in any monetary transacti<5h* in^^ which iihe farmer receives money, only * 
the number of twenty dollar bills he receives is of inrportance,^ while if he 
spends money the number of twenty dollar bills he_m[ust break is Jbhe JJDportant, 
thing. ^ 

Suppose he sells^the fatally cow for $75* 75* How many twenty *<Itollar bills 
will he receive? First we conpute ^ «' 

■ A •; - ■ iiS 3.7875 - r ^ • ^ 

and then we see th^tt tiie nuinber of twenties is 3« • 

* •■ < 

' \^ .-'^ 
7^ 
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Suppose he buys a horse for $87.50, how* many twenties will he lose? 
First we compute (considering expenditures as negative) 



-87>50 
20.00 



or 



-^.375 



and we see that the number of twenties he must break out is 5. 

For either case it should now be clear' that in any transaction the "numljer 
of twenties is given by 

[ AMOUHT 1 
"20^50 J, 

The amount going into the education fund will be given by 



20 X FRPT («) 



Exercises 2-5 Set A 



A small country in Eiirqpe has purchased l60,000 tons of grain. from the 
U.S. It>prefers to ship the grain in its only grain ship which has a 
capacity of 30,000 tons. What is the minimum number, of round trips 
required? 



2/ 



We now generalize the problem in Exercise 1 as follows. Suppose this \ 
country buys grain rather frequently and in varying quantities. 'Further, 
suppose it^has many ships at its disposal of varioiis capacities, but oilly 
one ship is* available at any one time which can be earmarked for handling 
the girain transport. 

Let TONS be the amo\mt of grain purchased and CAPACITY be the 
capacity of the ship that is available. An .algorithm to determine the 
number pf round trips required is given, in FigiiJre 2-2^^-. 

SOIART 




/tons, 
capacity 






+ 1 



' TONS, 
CAPACITY, 
TRIPS 




STOP I 



Figure 2- 2k. At Sea . ' 

/ 

IB this* algorithm "9eaworthy"? That is, assuming no error in the data, 
can this algorithm^ ever prodi^ce the, wrong answer? , . 



Approxijnatlon "by Round - off ' 
• Prom* the mathematical point^of view, the expression 

, 1 

is a constant'- -a name for a p^;j>ictQ^ number. From the computer point of 
view, this expression denotes a ccamnand — an indicated division which is to be 
carried out. If the machine encounters it in such a box as 



the net result will be that not ^ 3^t .333 or .33333 or .333333333 

will be read into the storage locatloi^ belonging to the variable x. The 

* ■ 
nvmiber of 3 s which *will be stored will depend on the nimiber of digits the 

comoDuter has been told to carry oui in tfee divide operation or on the capacity 

of the storage location. In any case only finitely many digits of the infinite 

1 • ' * 1 ' 

decimal representing ~ can be stored so the canputer replaces ^ by some 

^pproxlmationj that^"ie-> it "rounds-of f the infinite deeljnal^ ^Apprcacimation 

by round-off is enc9untered almost every :time we diyide or evaluate a function 

as well as in many other places. In Ch^ter 6 we will say more about the 

effect that round- off has in computation and also discuss otiier interesting 

sources of '^numerical error". 

Although we have only been discussing integer rounding here, the rounding 
of any real number to the k^^ place (where k-^ is any integer), is a process, 
which "has as its heart integer rounding. Thus, if we wish t*o round a xrertaiti — 
real number to -^he t'housandths place (k = 3), we can a^opt the procedm^: 
ft 

Multiply jthe giveaa nimibef by lOGO; * 



1. 
2. 



Round the result to an integer j employing seme integer rounding 
function; ' • 

Divide the resulting number by 1000. ' 




1. 
2. 



,to the thousandths place. 
•Multiply by 1000 - ^]29k,l6 

Eomd to ad^^er 5729^^ 



(xising the 
function) 

Divide by 1000 



est integer 



57.291^ 



79 



' 76 
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We are now ready for a precise definition: 

Ah integer rounding procedure is a systematic method for r^l,acing any 
given number by an integer subject to the conditions: 

!• If the giv^n nuraiber is an integer it is unchanged; 

* 2. If the given number is 'not an integer then the rounded value is 

either the* nearest integer to the left or the nearest to the right; 

3' If A < B then their rounded values satisfy the same inequality. 

In more mathematical language the above can be stated: 



An integer rounding procedure is a monotone integer valued 
function, F, on the reals satlsf^ng for all real 
the inequality, |p(x) - x| < 1. 

Everything is found in the second definition that appears in the first 
except the word systematic, and we are unable to say what that means anyhow. * 

We see that when rounding a numOber which is not an integer we ^ways have' 
two choices for the rounded valu e. We can classify th^ four^ommonesit-roundlng— 
procedures according to how we make that choice. 

1. % Choose the first integer to the left; 

2. Choose the first integer to the right; 

3» Choose the first integer nearer to the origin; ^ 

Choose the newest integer. s 

The functions giving the rounded' values are all closely related to [x]. 
These functions are given below. We leave to the student the simple task of ^ 
checking that these functions* actually do what we say they do. 

¥. Here the function is just tx] itself; 

2. ROUra)UP{x) = -[-x] ; 

^V. TRm(x) ;= SIGN(x) X [|x|] ; 

h. ROUND{x) (x + .5]. 



tt 



Note the ambiguity for numbers halfway between two integers. We will select 
a' simple formula which works for other numbers and take what it gives for odd - 
multiples of 1/2. 

Here SIGNCx) is defined to be x/|x| uriless x = 0 in which case SIGN(x)=^0. 
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The method of rounding given by TRUNK ia^c ailed truncation. It can ai^o 
be 'described as *'lopping-Cf^^ii^^erything aftei' the d(^(5iinai point, regardless 
of sign. Notice that for positive x, TRUNK(x) an^ GRm(x) toe the same. 

The TRUNK function is employed implicitly l^n BTolgraraming languages like 
FORTRAN and MAD vhen converting real numbers xto integers. The ROUND fur^lon 
plays ^n equally prominent role in ALGOL implement afiona vhen converting real 
numbers to integers. The ROUNDUP function, is not important but is included in. 
these discussions to round out our discussion of rounding. 

When calling for t^e division of tvo integers I and' J ve quite often • 
really \mnt* TRUNK(l/j) which is the jintegtal portion of the actual quotient, 
l/j. l^{any programming langTiage.s haver special conventions that ena"fee us to 
imply TRUNK(i/j) without having.t^ bother to write TRUNK. When the quotient 
of - I and J indicated in sucn -a way that it means 'TRUNK(l/j) for 
example, by writing "I -i- J" (as in ALGOL), we call this integer division. 

We usually think of these rounding 'procedures as producing appr^imate 
answers to problems. However, in problems which by ^eir very nattfre require 
^hoie -timber vers, it somet-imes happens -t^at -^hese i:'<>undif^ -pa^eeed^H'e^--^^ 
taiior-made for producing the exact answers required. Such situations are 
emphasized in the following exercises. 



Exercises 2^5 'Set B ^ " p 

1. It costs 8^ an ounce to send an airmail letter. Write a formula 
involving one Of the rounding functions expressing the cost of sending 

^ *an air mail letter as a function of the (real) variable WT. 

2. A camp director wishes to divide the boys into baseball teams Give a 
formula involving one of the roimding functions giving the number of. 
teams as a function .of NBOY Xthe r^ppiber of boys). No boy is to be on 
more than one team. , 

In each of the' following three exercises ^ yotir job is to plot a graph 
similar to Figure 2-21. . . - ' , \ 

3. For ROUNDUP(x) from -3 < x < 3* ^ 
k. For TRUNK(x) " from -3 < x < 3* 

5. ^ For R0UND(x)4# from -3 < x ^ ' " ' 

78 M 



6. 



'7. 

8. 



Graph the following four functions on one set of axes. Be sure to limit 
the' domain of e^ch of* the functions according to the inequality that 
accompanies tTie function. 

(1) y =^ [x] for , -3 < X < 3 ^ ' . ' , 

(2) y = [x] + 1 for -3 < X < 3' 

^ .(3) X = [y] for -3 < y < 3 * 

-ih) X = [y] + 1 for -3 < y < 3 * 

Betennine the values of ROUIG)(x) vhen x is an odd rnuK^^ of -g. 

A game wheel is divided into five equal "sectors numbered consecutively 
from 1 in a clockwise manner as 
shown in Figure 2-25. There is 
a spinner whioh rot&tes on a 
shaft mounted at the center of 
the wheel. 




the^ce^t 



Let be the sector pointed 
to by the spinner at rest. We now. 
flick the spinner with our finders 
in a clockwise direction. It spins 




Figure 2-25. 



thtough m ^sectors and comes to rest inside a sector, i.e., notion k line. 

Wri^te a formula involving one of the rounding functions which gives 
. yCfii the new sector number NEWS in terms of th^ original rest, 
posi^tion S and the spin span M. m 

(b) What changes are needed in the formula found in (a) to m^e it 
applicable for spins in either the clockwise or the counterclock- 
wise directions? * 

( / 

(c) Generalize the formula(s) developed previously in this problem to .* 
the case of a game wheel having k sectors numbered consecutively^-'''" 
from> 1. 

' i: 




fi* A carnival vheel, Figure 2-26, 
* has 32 painted" sectcars numbered, 
.cloojcwise, s,= 0, 1, 2, 31« 
The sectors are divided into 8 
groups, 4. sectors per group.' In 
each* group, the sectors are painted 
blue, green, red and yellow (B, G, 
and Y) 'going clockwise. 

l^hen thby^wheel is spun (always 
counterclockwi^) and comes to 
rest, the color lof the sector oppo- , 
. site the fixed pointer, R, tells you Figure 2-26 

how- the game comes out. 

• Svippose the rule is • * 

Player' loses ' 30 points for t>iue. ^ ^ 

Player loses ^ 10 points for greeni ^ - . • 

Player vins 10 points for red. * 

Player, wins 30 points, for yellow. - » ^ 

Further suppose that, before etny one spin the. "wheel is considered to be 
at rest with sector number s opposite, the ratchet R. We now ijnagine 
the vhjeel is spun a dis^tance ot m sector/ positions. How mAny points p 
will be won or lost for each dat^ pair a and m? How can we develop 
a simple algorithm which simulates repeated plays at, the vheel? ^ 

HINT: Yotir Jfiow chart should show loop ^beginning with a step for the 
iirput of s and m, one or more^ assignmen't boxers to compute - p, an 
output statement to print p, and^ a -return to the input step« One*w^ 
• to compute p,- is to first compute the n^w sec*boy nimiber s after the ' 
. spin, in terms of the given (or old) s and m« Then we can compute the 
poBitioji 0^ 1> 2, or 3) within the grc^trp — corresponding to blue j 

green, red or yellqw, respectively* (Actually it is simpler to compute 

directly from m and the 6ld s without first cdmputing jihe hew s«) 
To simulate repeated spins, return to the Input step after printing p. ^ 



2-6 Alphanmfaerlc data ^ ' 

A funny thing liappened one day when the master ccraput^r sent his robot 
the "reader" to a window box. IThe robot retumei^, in tears and consternation, 
with this stoij— "^pu sent me to the window boxW^ed X to brin^ you its 
value.' Wh^n I looked tfirou^' the window to'^copy^the nuniber, there was no 
number— only the letter »X». 




tgure 2-27. 



but ^en I opened . the box to copy the 
^umber, there wa^ no number— only the letter ^X'#" 



Then I went to the box?^ marked Z and, to my* horror again I found not a number 
but a- letter. Ilhis time it* was^ the letter *N«. -Please, .sir, what do5S_jby.s ' 
mean?" - : ^ , ' . * ^' 



^Reading this story may make you* as confused as the poor.^robot. We ho^e . 
not. There^ are grejat rewards for those .who will grasp its true me^ng. We ^ 
learned In the preceding ^^secti^fa that ccnrputers can read and store alphabei^ic 
characters and spec ial .characters in the words of meidory. Coiipled vith ^at 
^ we can recall^ frqitf Section 1-1*-^ it seems that characters like "1", "If" "7" 
orlike "X^V, or like ^»*«^"/«» and'^")" can each be stored ' 

one or more per word of memory as a special combination of six bits. So, it's ^ 
entirely possible for a string of characters, 8ay,./Jllt", to appear in memoryv- 



'Whenever you see a daggered section headi^jg, you, can assume the^ material is 
• interesting, but, if time is short, the Vhole section can .be sMpped without 
loss 'of continuity^ especially during a first rfeading>^ 

If, .you find -a daggered paragraph somewhere iji--e&e middle* of a section, 
it means it's possible to skip to tli end of^ the section, 
^ ^ If ydu see, two dafeers tt> it meaiis 1:he material majr be^ even more' 
interesting, but even more reason- tg^.s-kip it if you ^ are pressed for time. 

■ / / ^ • ' ' ' 
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^ asj an entirely different pattern of bits thpi', say, the integer Ik* If we 
'imWine a memory word of twelve bits, then following Figure l^lk,~ "1^" ^ would 
be/^ed as OOOOOJpOOlOO while the integer ih would be coded as 
.000000001110. If one makes the mistake 'of misinterpreting 000001000100 'as, 

, an integer one would then read it as 68. ^ ' 

How can these facts relate,, to ouc tlow chart language? Well, f or vone 
thing we shotold be able to see that a window box c^an^ store characters a^ well 
as mmibers. In other words, a variable X can have a, ,vaj?u^'^that is noi 
numerical at all but alphanumeric al. , By alphanvmierical we s.hall mean a value 
' consisting of some collection of characters made up of those displayed on' the 
card in Figure I-15. 

^ Just how many ckcd actei^s can be ..stored in one >d.ndow box depends on the 
size of the box— or memory word size. For this text,, since *we arenH dealing 
with any one* computer, we wonH be too specific. Let^s assme that a window 
box can store a string of "several" characters. We will leave it to your 
la^6§uage manual or your, laboratory instructor to^e more specific* on this 
point. / \ ' ^ \ - • V. 



If a variable can ^have an alphanmeric value, it must be able to acquire 

such a value the same way it can acquire a numerical value, namely as a resiilt 

\ 

,^of input or as a result of an assignment ^slSep. Having once acquired an 
' alphanumeric value, it must be possible to output °it by an outpuj st||p". 

' It begins to appear .that' our inpiit, output and assignment boxes must 
^ allow us to describe coniputer procedil^es for doing things with alphanmerfcal 
jas well as numerical data J > , ^ \ /y^ 

' We immediately illustrate this point by showing a very simple', flow chart 
(Figure 2-^), the input data consisting of nanies, one per card,, and the 
Tinted results — a list of name pairs. ' ' 



^ri 




("TRACY 
( DICK 



f A+B/C 



( JEFF 



MUTT 



(b) The data 



(a) The flow chart 



"2-6 



2 




3 




k 




— > 


A^B 




A<-B 





















6 


MEJTT JEFF 


-f 


0 


0 


JEFF A+b/C 




0 


0 


a+b/c dick 


f 


0 


0 


DICK TRACY 




0 
0 



(c) The printed results 



Figure 2-28, A questionable process 



What do yoti imagine is^ in the window box called A before and after^a 
Box k is executed for the first time? - To answer this, perhaps we had better 
step ^through tiie process once from the very beginning, 

• ^en Box 1 is executed, the ifour letters, "MUTT", are read from the 
card and are assigned? to the^ variable A, Now Box 2 is executed whepre "JEFF" 
is assigned to B. Then ►vaJjUes of^'^ A and B are printed at Box 3^ When 
we come to Box k we see that at first A- has the value "MUTT", but after 
Box h i^executed, the cmrent value of B whichXis "JEFF" will have been 
assigned to A, In answer to oifr ^ original question, A has the *value "MUTT" 
before the first execui^ion of Box and' the , value "iTEFF"/ after.^ ' If you're 
wondering about the third card in the. staclc, it got in there by mistake, but 
we deliberately left it in to iftustrate how our algorithm takes it in stride/ 

. ^ Observe ^oK.Ve hav^ been usi^ quote symbols to describe alphanumeric al 
values, don't actually put them ^on the data card, as you can see in 
Figure 2-28(b), and they don't actually appear when prial^ing the alphanumeric al 
values either--as you can see jLn Figure 2-r28(c). * Moreoyer, we also avdCd 
quote marks around variables, like A. . 



songfcknts and.^we ^- y , 



,As^ou.jfill seehpr^sentOtyiwe c^haTC^-alphanumerice 

^ ■ ' if ' , ' ' ' ^ ) ' ^ m ^ 

can agsign such constarjfcs to variab33^. The parallel. is^Llustrated in, 
'Ffgurf 2.29^ ' ' ( \ ' . C ' ' 
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FISH <- "BLUEPIN" 



, (a) assignment of a numerical 
' constant 



(b) assignment o^ an alphammiericeil 
constant 



Figure 2-29- Two kinds of assignment 



Exaznj^le (a^ shows a "conventional" assignment of a constant yalue' to a 
variable. Exaniple (b) shows an assignment of the character string "BLUEETN" 
to the variable FISH. Any quantity in quotes is to be regarded as an ^ ' 
alphanumeric al constant*' V ^ . 

_ We have 'ccane to tUe end of our parcel. More canplicated expressions 
to the rl^ht of .the arrow viU be considered meaniijgless and will not be 
permitted. \ ' 
/ 

For exainple 

^FISH <- 2 ^ /*BLUfePIHV 
^ or FISH <- 2 X *'BIiUEFIN" 

or IISH ^ "BLUEFIN" + "REDFIN" 

are, as far as^ we are concerned, meaningless. We see *that tliere are only tVD 
allowed forms of alphanumeric assignment sie^: 

variable <- voidable , \ 



.and 



f'^ variable alphanumeric al constant 



It should now be cleetri in jjpite of all temptation, that the following ^ 



are also invalid , forms: 



.0 



or 



NUJBER <- 2 + V 
PRODUCT <- "5" X '"5" 



One^^ore <^ruQial lobseryatipii Mist' be made here. 
Sixppose th^ iin. carrying out the inaput step. 
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a data card like thfe- following arrives in position to be read. 





(3'- ■ ■ 











I 



How do we specify in our flow chaarb. language whether it is to ,be read as a 
zxumber or as a syuibol? The answer is; if any box in the flow chart contains 
^ ^ an qperatioii* on the data '^rtSch ^an be performed , only on numbers, then the 

value on the card must be r^'ad, -as a number, but if there are no such operations 
then^you may'^choose either way to'read it. However, before' the card is read 
this decision must have be'en fa9ed and made. There' is no anibiguity T^en the ♦ 
card arrives in position to be read. . 

' ' ' ' ^ - • • . * ' 

How let us look at some examples of inpu^t and output of syinbols and / 
numbers "to illustrate this thought. Let's tirst imagine we have a flow chart, 
F^igure 2-30, for the ii^t of Jtwo ^:vaLues, and- Y and the\output of their 
Sim,* Z« Two different data ca^ds^ar^^ presented for ^nput as shown in ' ^ ' 
Figure 2-31. * ihe firkt card" is read^ eyelything w<:ffks fine. Ibe answer, 
iuput values of ^ and '^"'^3^^ is J-J-^ ^ " 

'H ^ ' ' 



for 






















• 








STOP' 



'MS 



'.' Figtn^^ 2-30. First -flow Chart » 



— ^' 



First card 



Second card 



R T 




e 2-51. Two data 'Cards 



If the second card is^ ready >^at happens? Something is obvioufily vrong 
because ve catmo-t add , "R", to^ "T". A perfectly v^lid flow chart men tised 
vith data vhich can 15e interpreted as nmerical becomes utterly. meaningless 
for data that is clearly not nmerical * , 

Now let's look at a second flow chart (Figure 2-32), >^ich iiiputs two 
vsd^ies X and Y, assigns Y - to Z and* then prints the values of X, Y 
and Z. *If we yreseni the f irst^ card as input, there is no problem. The 
computer prints three values, "fj^, "3", and "3". If we present the second 
card as input, no pi^pblem. The computer prints "R", "T", . land "T"* 












x,y;z 






li m 




1 












STOP 



Figure 2-32. Second flow chart 



Here thea is a flow chart which can >e said to be"* meaningful whether the 
data is either numerical (or may be interpr;€5teU, as numerical) ^ or alphanumeric al 

You pan loote at the f i^^t flow chart 'and pretty cle^grly say that it 'is 
intended for worls on i^uipprical values only— i«d., thfit the window boxes for 
X, y and' Z tare expected to store only numbers, feojc 2 tips you off to this 
crucial fact'. But if you loc^'at the flow chart in Figure 2-32, you simply 

cannot say irtiat types- of values the window bdxes should or shpuld not be 

/ - ^ . y ^ ' ' ' 

allovfed' to* have stored in them. ^- ^ . 



We see, then, 



thatflithe flow chart alone willi not always' make crysteJ. 



clear what kinds- oi* data are to be assigned to ^acji of the variables. Jf you 
feel there is an intolerable anbiguitV cre^ing in here, we can simply agree 



to flag (in our flow chart) t^ose input variables that are to be^treated as 
alphanumeric. Por instanc^ in Figure 2-32 we can revise Box l\as 



X, Y 



putting a *j.ittle "notch" imder eadh variable of the input lis^whose input 
value is to be treated as alphanumerical. 

On the other hand, you may be willing to live vith this situation because 

(a) in this case (Figure 2-32) it simply doesnH matter, and 

(b) in an actual computer programming language like FORTRAN or 
AIpOJj, simple steps are always taken to remove such ^ / 
ambiguities. Y©u 'will see .this when you consult your 

language manual. 

In any event, renfember ^to use quote marks aroimd numerals or character groups' 
only when you mean them to be character groups, as in . 



or 





•V, 'Al^, B 















GRADE "CURLY + Q" 



or 



X ^ "k + H" 



and avoid them otherwise. 



Chapter 3 
.BRANCHING AND SUBSCRTPTia) VARIABLES 



3-1 Branching . ^ " ^ ' 

So our. flow chart, tools and techniques include input, assignment and 
output boxes / ' 



and the idea of a loop such as: 



a 



With these tools ve have seen hov ve may make flov charts for algogithms which 
call for many repetitions of the same calculations with different 's4ts of data. 



In this chapter we add -^two new tools to our kit. Jfeed'^lh coinbination 
with tl^ose we already have, these new tools^ enable us to construct flow charts n 
for algorithms of any degree of complexity, The first of these 'is »*branching" 
-which gives us the ability to choose a new path (or branch) depending "on 



whether a certain condition is • satisfied. 



Branching^ i-s^^ indicated in ^f low charts' by a "condition box," oval in shape. 



( ' \ FALSE 



TRUE 



t 



YES 
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.9 1 



•J ■ 



diff( 



you can see, a condition box has two e:^its. In this way a condition 
box differs from all the othei: boxes we hg-ve met in flow- charting. Here is a 
non -mathematical analog of the use of the condition box. The University 
president has announced that graduation ceremonies will take place in the 
stadium unless it rains, in whieh case they will be moved to the auditorium. 
^ flow chart of ouB*^behavior in attending the graduation would include 



NO 



["go to . ] 



IS IT RAINING? }^ M STADIUM 



_ J 



YES 



' ' GO TO. ] y . 

^ • ' ! AUDITORIUM I 

I J 

1 

r ' ' • 

To illustrate the use of branching in computation we offer the following 
story bopk problem. ^ 

ExayplQ ; The Rviritanian Post Oj^ice ^epartment has Just announced the 
regulation that no packages will be accepted for mailing which are greater 
than 29*' inches in diameter. [By the diameter of a package the Ruritanians 
mean the maximum of' the distances between pairs of points in thfe package. For 
a rectangular box the diameter is the length of the interior diagonal. ] A 
, wholesaler with a large number of boxes packed and ready for mailing must now 
see which packages cqiifply with the new regulation and which will hav^ to be 
repacked. He has no way of directly measuring the diameter but he can measure 
the three edges i » * <^ 

A'conrputer prograimner' tells the wholesaler to write an identifying niojnber 
on each package and to prepare for each package d Hollerith. card. ' The card 
is to have punched in it the idfefitijying^nimiber (n), 'and the lengths of the 
three e^^s (A, C). The ccanputer will then^be instructed to , read^ these 
ctods and to print a list of the numbers of the packages vrtiich comply with 
regulations, fere is the flow" chart.* / ^ , 
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It will be of interest to know that ve could, if required, * replace the 
condition box^ by any of the following. 



' 3 1 • 3 I .. 3' t 

.Q D>29 V-"- f-D^ - 29}^^ • T-D < - 29 



By saying we can replace one box by another we mean that entering each of 
tttese boxes with the saJne value of D we will always come out in the same 
direction. This is another thing for the student to check. 

We see, then, that It would be possible to restrict ourselves to the use 
of just one of the four inequalities <, But we ^o not make this 
restriction. We \)rite our inequalities in' condition boxes ip whatever form 
comes most naturally to us. * • ^ ^ 

A choice is also available vhen two values are conipared by .|inplpying the 
" ^ " and " ^ " symbols. For example, ^ 
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In oitf r61atively informal flow chart language we permit just about any 
form of question or assertion in our condition boxes. As an example we could 
insert the condition box 



Any more values of \ yes 

_ A, B, C? 



NO 



into the last flow chart to obtain 




MORE VALUES^ YES * f—^ ! - | / "o q | > . 

N,A,B,C? y ~ ►^(M^B^Cj— " ^D < 29} 



NO 



^^OP^ 



■ 5 



/ 



Figure 3-2. The Ruritanian' problem solved 



In our informal flow 'chart language we could as well have written ^or' 



box 1: 
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ANY;MORE GASDS^lfflk 

t6*be read 

"x ■ • 



or 
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_V'any mork a 
~\ ^input data j 
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Box 1 is not a logical necessity in Pigur^i'-2 sijci'^JJl^we adcJp't^d the ~ \ 
convention in^ Chapter 2 l4at gtn input box jjeti constructed 50"^ to stop the 
computation *-when ;iothin/^.s left for input. Nevertheless,* "it is good pr^'ct Ice ^ 
to include such a b6x and we shalJ, usually do so. Some reasons for doiug so 
are: not everyone follows the% above-mentioned convention; if we wish to usfe^ ^ 
the calculation of Figure 3-2 as a part of a, larger algorithm, we are all ^' 
ready to branch to siiother task rather than •stopping; explicitly exhibiting 
the command to stop makes it easier to avoid "endless loop^." ; *. 

One obvious example of the^use.of decision is in determining and printing 
the larger value ot a pair of < numbers.^ Here are two ways ot doing this: 









0^ 


2 



*(a) First Form 




1 , 
























2. 




it 


. 9 




(b) Second.JFoi7& 



Figure S^3*yT\io flow charts ,»f or larger , ^ ' 

There is a valu€i^le lesson to be leanied ii\ Figure S-S^' ^Several quite , ^ 
different flow charts may represent the same prol)lem,« Each' of these flow charts 
may have both advantages and disadvantages relatil^e to the others. One advan- 
tage to the first fdrm in Figure 3-3 is that it is ;possiHle to determine which 
variable has the larger value. By ^'larger" here^l^ really mean greater than- or . 
equal to. figxire 3-4 illustrates this idea. ^* ^ ? ^ ^ 
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"A IS THE LARGJlR. THE 
VALUE OF A IS", A 

1 > 



A. < B 



F 

3 ' 



"B IS THfi. LABGER, *THE 
•VALU^OF B^ IS^'^'^V 



3-1 ^ « 



Figure 3-1+ . Output with identifviKgremarks 



In the output boxes^3^..<and h, anything enclosed in quotation mark^is 
t6 be printed just^.as'^ appears . Variables not enclosed in quotes will have 
their^^cuirj:^^ printed.^ Individual output items are to'be separated 

commas. ^ ' . * 

An advantage^to the second f om in Figure 3-3 lies^jln tl^ ease with which 
we can generalize it to more variables. We give two 'flow charts exhibiting i 
-this generalization. 



a. 
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, 1 






f 2> 




(lrqst 



< C 



7 




LRGST-^C 




"»EHE LAKGEST 
VALUE IS", 





1 


f A,B,C . 






LRGST*-A - 




, 3, 



2^ 



LRGST 



LRGST 



LRGST < 0 



LRGST^C 




"TfiE LARGEST 
VALUE IS", 
LRGST 





. (a) First Form 



(b) Second, Fomf 



Figure 3^5* -^Two flow charts for* selecting the largest 'of 
three values • ' , 
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The second form of. Figure '3-5 an.advantage -over the first form which we 
cannot fully appreciate at this. point. This advantage lies in- the uniform ' 
format of thfe.. comparisons; /jfe will understand the sisnific^ce when, we study 
subscripted variables late/ in the chapter." - , ' 

,A flow chart for the same problem' \^ich generalizes t^ie first form in 
Figure 3-3„is^ ^ ^ ^ . 




A < C 



"A IS THE LABGEST. 
THE VA]j[JE'IS% A 




( A,B. 






' 2 




"C IS THE LAiSJEST. 
THE VALUE I^" , C 



"B IS THE LARGEST. 
THE VALUE IS", B 




Figure ^3-6. Flow chart 'foi* "largest" without use of Auxiliary 

variables . • * * * ^ ^ 



The next flow chart--the last of this section--shovs how a cojnputer ma;y 
be used to tally data read from n cards. Here the input variable^ T, - 
represents t^st scores' punched on cards*. It is desired to know how many 
scores fell in the low range ,(0 < T < 50), * how many in the middle range ^ 
(50 < T < 80) and how many in Ihe high range (80 < T%< lOO)* The variables 
low, mid and high act a6 counters". For each input' value of T one of the 
three counters clicks up one notch ^ The initial ^signment box sets these 
dounte2:s to zero.- Another counter called "coiint" keeps a tally of the number 
of data valuer read -thus far* When count reaches n, which is- input at 
Box 1, the printout at Box 11' is executed* . ^ - 



; couni) 


^ 0^ 


low 


^ 0 , 


- inid 


*= — a ' 


- high 





high*-high+l 



count ^ coun^+1' 



Kiount. < ^ J 



NO 



/ 



* 4 



low <-lov + 1 



4 10 



mid <-mid+l 



11 



"Values of count,' low', mid 
and high are", count, low, 
mid, high^ 



3 




Figure 3-7. IliustrAting use of two million dollL- ccfiiputer 
. • , , for tallying , • , - 
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Exercises 3-1 Set A ^ : • >s ' ^ 

In Exercises 1'- 3^l3e''the flow chart , in Figure 3-3(t>) but replace 
(mental3^) the coivdijtion in Box' 2 -by ^2A ^ B«. Give as^ output the 4alue" oS . 
-A' 02^ B selected by **this criterion from ih^ input indicated in the e^jercise. 

3. A = 10; B = 5 ^ ' . ' ' ^ • ^ . * ; 

k '^6. Work Exercises 1-3, but use the conditioa »A - B < B ? in Box 2. 

Draw flow, charts for the processes specified in Exercises 7 - 9* Begin 
by reading as inpa^ values of b, c, d, ^d x, then print these values as 
\ output. Then ^mplete the process indicated' 

7. If b is greater than c, ' output the value of d. Othei^se, output 
( ' the 'value of x. - 

8. ' If d'< c, output the value of 'c X b + d X x." Otherwise, ^output the 

valu^ of d' - c. Hint: You cannot J)rint the value of any expression 
like c X b + d X X without first evaluatii^ it and assigning It to a 
variable. ^ ' ' ' , 

_ .9., If (b. + c)^ + > b X e X d, output the value of b +*c + b x c x d. 

2 2 2 / \8 

' Otherwise, output the value of b X c X d and *(b + c) . 

10. Prepare a 'flow chart for an algo?it^ Vhich i^p^uts yalues^ of J, m, and 

^ n, determipes the sum of j and the larger, of m and n and outputs 

,the values of J, m,.n,- ^d'the sum.- The last step Is to return to the 

beginning to input more values of j, m, . and n. . , • 

» » » » 

11., Draw a flow chart to irjj^ values o£ b and c, , output both values 
iinmediately, and then perform ^he following: 

If b = 0 ^ and c Q output **bx + c = 0 has no root 
^ ^ Y^}* )and^ c ' J'o ^ Q ^tp^A ^ "every, r^a/l number satisfies- ^ ' j > 

% bk +^c = 0*'. . • . ' < * 

' , . ' If 'b'fi^O compute the root t)f the equation bx + c'<= 0. Output 
"the roo-^'of bx '+ c = 0 is", followed by the. root^ 

' ^- < ^ ' ' . ' ' ^ ' ' ^ '^ ' ' 

finally, return to the input step for more data. . , • 
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Exercises 5-1 Set B ' - "* 

. In the tallying problem^ Figxire 3-7, ye saw how a coniputer might'be as'ked 
^to exaiaine and tally a series of values foi^ ^ T th^t^'are inpuli from, data cards. 
There are. many similai- thingb we may want to do with *a series of , ^input values. 
For example, we may ;d.sh to sum all^the* vaiues(?of T, or sum the squares of 
T, or 'sum the absolute values of T, etc. In the following exercises, 
1 develop a flow' chart for the described ^operation on a series of input values 
for T. Always print some^ appropriate message" vrti^ch identifies the numerical 
result that is also to be printed. . l^e basic ingredients for thelesired ^ 
flow chaTt's can be fovmd by re-studying Figure 3-7- ' * » 

1*^ " Sm 100 values of T and print o^t the sum. Call this sum- SUMALL. 

2. Sum thp cubes of, 100 values ot T. Call this SUMCUB. 

3. Sum only the negative values found in 100 input values for T, , . ^ - 
Call this SUMMEG. ' . ' 

\. Without heading the input values mote than once, develop all three sums; 
SpiALL, SUMCUB, and SUMTJEG. , /' ' ' ^ \ ^ 

5* For each 'Of -the 100 vaiue^ that are input, print the *<5umulative sum l^o 

that Roint, Call it ^CUMSUM. Thus, after reading the 5th value for T, 
we print the sum of the first 5 :*\fiilues. After' the 6th value of T 

has been rea^^ .we print the' sum of the firsf 6 terms, etc. / . * 

6. ' Think_of the. hundred input values mentioned in the preceding exercises as 
^ ^ . representing the plays of a game which ^has two players. If a number is • 
, > GT dt means player A has won that play.^ If^ the number is negative, 
player ^as won that play. Now suppose the gamt> is scSred as follows 
. .(like .badminton or volley ball): Player A begins by serving^' If the 
server wins a play, a ^oint is ad^ed to his score. If the server loses 
ajplay, the other *player becomes server and the score^oes not change.^' 
Prepare a flow cliart to print which player wins and the 'score aft^^ 100 
. plays. 
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3-2 Auxiliary Variables • - * * ' 

* In .the previous section we saw the introduction of "au:?illary variables" 
into' our flow charts* 'By auxillHry variables we mean variables not^ obviously s 
involved in the phrasing of the problem. We- used these 'var.iables onJ.y for 
convenience. In this -section we will see some rather unexpected uses of - 
ayxiliary variables. " * . * . ' 

Consider the. Fibonacci Sequence . ^ . . 

1, .1, 2, 3, 5, 8, 13, 21, 3^^, 55, 
where we s^art with two I's and then form new terms, according, to the rule 
that each term is- the sura of its two predecessors. , We" will construct a flow 
yhart for tioniputing "tlae "first thousand, terms of this' sequence. ' 



Instead of presenting you with the Cinislled f l^w chart we will hav^ a 
lo^k at the process of its cgnstructlon.- ^ What w§ want„to do is to grind out 
*the t^nns of the Fibonacci Sequence_and Jo print the„latest term as we' compute 
it. For .ease of recall let us introduce the valuable - ^ . 

to represent the Latest TERM . We viH then want to have^in our ^low bhart fi- 
print .Instinaction^f the form: - ■ \ _ . 

I 



I/CERM 



J 



To compute the next value of LTERM we need to add^Jhe ^pres^nt value of 
LTERM *to the value of the Next t6 Last Tersi.. which we call 

The Amdamental step in this* i^ogram will be the ccMputatl^ of the he^Tyaiue 
"of LTERmV and the assignment of this value ^ the v^rsiB'le^ LO^ This st ep 
^ is in^ica^ed byj ^ - « 
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At the same, time the previous value of LTERM gets demotea'to second place, 
that is, to -ifcT. This«is indicated by the box 



NLT LTERM 



?ut which of -yiese two ^signm^nt s.tatements should come 



firsip?- 



Let u^ test 

this by going b'ack to our window boxes.- Let us take thej poknt in constructiijn 

nJjT "^as the value ' 
value ,1B while 



of the s^dries at. which LTERM has the value 8 so tha 
5- After all the_ switching is done -LTERM should have/ the 
KLT has the value 8, as sug'gested -in Figure 3.-6. 




Before 

Figure 3-8. Desired effect of assig 
^ above discus 



First ve will try 



LTERM.f-rLTERM + 




•- ^ie-e ff ect of )>thls; is - 5hown "Hi Figure g^ yr 
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NLT*-LTERM 



Figure 3-9. First effort* to attain de'sired effe'fet 



No, 



goodl ^So, we will "try the other way around. (Figure 3-10.) 




NLT <- LTERM 




Figure 3-10^. Second abortive effort * 

This is fcruly a shattering blow! Is there no way to write a flow chart for 
bur intended eelgorithm for the Fibonacci Sequence? ' 



9 
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\ ^ It IS important to subject our failure, to analysis. Wliat we vere really • 
* thinking was somewhat -as follow, i Consider the two 'assignment statements 

NLT LTEm . ^ 

Pirst, evaluate , the ^ right hand sides of both with th^ original values of the 
variables, say 8 ' for* LTERM and. 5 fc5r NLT. .Next, simultaneously make 
the indicated assignmehts. The desired ^lues are now eviderVtly assigned to 
^ th*^ variables. But an 'algorithm is a plan for carrying out a' pr ocess in a ' * t 
finite number of^ steps and with a pomputer every s-fep must be" carried out in 
a definite sequence--«dt simultaneousry As soon as we assign a new value to 
a variable, the old value is lost f-orever- -unless have had the foresight 
to- make a copy of it. Therein lies the solution to our dilemma. We introduce . ^ 
a neV variable COPY, and consider, in order, the following as'signment steps: ^ 

^- ^[ \ ^ COPY LTERM • " \ ^ 

, ; ^ ' . ^ 

LTERM LTERM + NLT ' ' * 

^ . .'NLT <- COPY 



^^*ollowlng as before with mndow braces^ yields thl results shown in 
Figure 3-11."^ • ' * ' * " 



I 
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lir is not hard now to put our flow chart together. (Figure 3-12) 



[start j 



• LTERM 

mm ^0 
» * 




2 






COPY I/TERM 
* I/TERM' ^ LTERM + HLT 



Figure 3-12. First flow char& j^or Fibonacci Sequence. 



This flow ^ciiart has two defects; first, the flow chart, shows no way to 
stop; second, if we wish'^to toow^ the o5Jih Fibonacci niM)er„ we will be^ ^ ^ ^ 
forced to' count down' tq tiie^ 657th in the output list. Both objections' , ' 
are corrected in the Figure 3^13 flow chart where .we introduce indexing or 
counting, variable, I, and branch to a halt when I assumes the value 1000. 





LTEBM ^ 1 
iSfLT 0 
I ^1 



I, LTERM 



1 < 1000 



> 



NO 



YES 



COPY LTEBM 
LTEHM <r- LTERM + NLT 
KLT ^- COEY ' : . . . 
I I + 1 




■ ■ \ 



Figi^-e 3-13. Final flow chart for Fibonacci Sequence 

We have spent considerable time on this simple example to show how a flow 
, chart can be built up. piece by piece. Moreover, the important idea of a 

copying variable has been introduced and you have- been graphically reminded of ' 
the destructive nat-ure of^ assignment and of the vital iraportaAce of order ih 
computer, algorithms.' . ' • 

'^^ ' The student 6hould~ clie^clc that ^he box k-. could be replaced by ^ ^ ^ 

i ■ 



COPY <r- NLT 

MLT^*- LTEBM 

LTERM <r- LTERM + COPY 

I 1 + 1 
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Ejcerolses 3-2 Set A , . , v 

1. 'In Figure 3-13^ why do we choose to assign zerp for the initial value 
^ of NLT' instead of one?' . 

2. ^^Prep^e a. flow chart to prinr only the three right-most digits of one 

. hundfed terms of the Fibonacci Sequences beginning with the 17th term/. 
Make guesses at how^many of these hundred nunjbers will be even, how many 
» greater than 5(X), how many between 30O* ^d hOO. Save these guesses 

to stee how they compare with>results when you nin the program on a 
, computer. ,(fiint: use the Greatest Integer Function. ) 

In Exercises 3-1, Set B a series of 100 values of T were input f rom • 
data cards. Ii; the foXlowi-ng exercises develop a* flow, chart for the described 
c^eratfon 6n this same series of input Values of T. Always priat some 
appropriate message identifying the numerical result printed. ^ 

\^ 

3/ For each input value after the first value sum and print theStwo most 
recently input ^ralues of T ^and their sum. Call 'this sum OTOSUM. . - 

h. For each input value ^ after, the second, sum the most recent value and the*, 
value two positions * earlier in thfe series. Print the sums/' . - 



5* In each input\alue after the k^^ (where the value of k is itself 

supplied as data\nd where 3 5 k < ioo) jfrint out the average of either 
the most recent three values or if th^ most recent value is lower than its 
predecessor/ print the av^age of the preceding two values (omitting the 
most -recent on6 from this average). » 

✓ . * 

6. . Prepare a flow charj? to calculate and print the first 15 rows of a table 
according to the^ following ruJLes: * 

1. * The. table is* to have four ^columns called N, A, B, C. 

2. The values in the f ir^t row of the table are 0") il^^ 1, 1. 

3.. The value of Is^one greater than its value in the pr^eding »row*- 

-Ohe value ^6dP—TA is one greater tAn its value in the preceding row/ 

5. The value of ^ is one ^greater than the sum of the values of A ~ 
. * "to and including the preceding row." 

'6. ^The value of C is one greater than the sum of the values of B 
to and including the Preceding row. 
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This table of consiiaerable mathematical interest because A is the 
nijmber of line segments into which a line is divided 'by N points; B 
is the number of regions into whiQh a plane, is divided by N lines; 
C is the number of regions into which space is divided by N planes. 



\ 

The Euclidean Mgorithm is a process for finding the greatest common 
divisor of two integers. ' , <^ 

This algorithm is of fundamental importance in. mathematics and will be 
used fre({uently throughout the bCf^jjl^rom this point on. ^ ^ V 

•'An integer C is a camnon "divisor of integers A and B if it a,s a 
divisor of both A and B, "•'i.e., if for some integers m and ^ 

A = m ' C and B ? n • C . 

The greatest common divisor of A and B is the greatest of all their common 

i a' > 

divisors* 

'"When we' do a long divis^oju^oblem, say dividing 3214-17 by 1309> oUr 
work looks like this: , ^ ► 

^ 1309 I 32^17 

2618 
' ' T237 

,v ^ • ^ 5236 

^ * - -1001 

We recall these** nai;^es for the numbers appearing here - 



dividend (B) 3^1^17 
divisor (A) 1^309 
quotient (q); j 



remainder (r) 1001 

..The._quo_tient and the remainder _are comple^^ determined by t he d ividend and_^ 

(iivisor. In fact, in terms of the greatest* integer fianction 

<■ 

, - 4 < ' ^ 

q = [j] and r = B - q* A . 

This last formu],a shows us that given whole numbers A and B, there are 
whole numbers q and r so that * ' 

' (1) B = q ' A + r . ' • . 

m 

'A 

110 



And if^the condition r < A *is i3i]^osed,>then q andT r are. uniquely deter- 
mined. » . • ' * ' , ^ 

Now if. A, B>. q and r arV ^numbers satisfying (l), we will shov that 
the comon divisors of • B and A are the same as those of and r. For 
if C is a common divisor of A * and r/ (i.e.,-> A = mC and r*»= nC w?Lth 
m €uid n integers) then ^ 

' ^ B = q • A + r » qraC.+ "nC = (qm + n)C . 

' ^» ' \ ^ 
Of course,-^ qm + n is a whole number so 4:hat C is also a divisor of B. If 
D is a divisor of B a^d A, i.e., B =' sD and A = tD, then 

^ — ■ — — ' ^ 
. ^ r =.-B''- qA'='sD ^^qtD^= (s - qt.)D^' 

so that D is also a divisor of r.^ ^ . 

In the last* paragraph \^i was shown that any common divisor of A and r 
i&' also a divisor of B, and is then a common divisor of B and A; con- 
versely, any common divisor of B and A is also a divisor of r, a^nd is " 
thus ^ a common divisor of A and,- r. Hence, as we have set out to show, the ' 
common divisors of B and A are the common divisors of A and r. 

;*--^We see then that in the problem, of finding the common divisors of B and 
'A we may replace B by r without altering the common divisors. Vhat is 
gained by this?' Singly that we have swapped the original problem. for one in 
which the numbers are smaller, but the answer. is the same.--- We suspect that 
this swapping process can be repeated, but when does it come to an end? Let 
us carry out,-^lie process con^letely on the preceding example, but without 
showing the long divisions. Notice in the following example the pair of 
valuer for B and* A on the second and succeeding .lines are the valued of 
A and r from the immediately preceding line. * • 




And now the process must^ terminate because another go-around would call for a 
division by zero. Each of the following pairs of numbers has just the same 
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coristtan divisors as the preceding pa,ir: 



\ 



321^17 


and 


'1309 • 




1309 


.and 


1001 




lOOi . 


and 


308 




308 


and 






^ 77 


and 


0 






since all 



The conmon divisors of 77 and* 0 *are just the divisors of 

* * c 

numbers divide 2e!ro)^and the greatest 'of these common divisors is 77 Itself. 

Thus^ 77 is the greatest comrnQn divisor of 32417 and I309. The common 

divisors of these two numbers are ^ just the divisors of 77 • 
< ■ ' 

Flow-charting this alg'orithm, is now quite simple. Given values for A 
an^ B • 3 * 



V 



we compute the value of a* by 



1— H.r «-B . [|3 X^A 



We then replace the values of B and A by the values of A and r, 
respectively, ^ ^ 

, . i 



B ^ A 
A r 



and prepare' to^ repeat the^roeess. Except thaj^if A = 0, we print out the 



value of B and terminate the process. 

i 



V 




These are all the components of the flow chart except for a preliminary che^ck' 
that A < B and^or a labeling of the' result. We now exhibit the assembled 
flow chart. IJote that, r plays the role of a copying variable when we need 
.to interchange A and B. 
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1 4 



3r2 



STABT 







t 


1 




( 


B 




• ♦ 










"THE GCD OF", 
"IS. " 


< 




f 3 





/ 



-G 



B A 
A <^ r 





1 



Figure 3-ll|.> The Euclidean Algorithm 



There is pother way of flow-charting' the Euclidean Algorithm whi^h is 
less efficieilt than the above for actual computing, but which haa a special 
charm all of^its own. This method depends on the fact that division^as we 

^ ^-.cari7„it_qut^_is.xepe^^^^ -TheV.ranainder r— 4nr - B ^ q-X-A^-K-r^- 



we have seen to be B - [b/a] x A. But" it can also be obtained by subtracting 
A from B en(5ugh tijues (i.e./ B-A-A-A-A-A-A-A-A-A), This 
^repeated subtraction -wilf be indicated on the flow chart by repea^edl^ passing 
through the assignment box: 



t 



Bj <- B - A 

1 
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' ^"Before eaclj execution of tMs box ^e must check, whether A is still less than 
B. 

. 1 

(is A < B^y 



YES 



If^ ijot, then we. intercha^e or flip the values of A and B and continue 
" • as before. 



COPY B 
B A 
A COPY 



Now we have only to put the components together, with one eye on t)ie jprevious 
flow chart for this problem. For added interest in Figure 3-15^ have 
included a little fancy prin'ting for you to study. • ^ 
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/ANYMORE VALUES A NO 
^ OE A AND ^ 



YEg 




'A,B 



"GREATEST COMMON. DIVISOR 
0F% A, "AND", "IS" 



6 



B «- B - A 



COPY <- B 
B <- A 
A 4- COPY 



1 



Figure 3-15 • Flow chart for Euclidean Algorithm without 
division \less efficient than Figure 3-1^*-) 
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Numerical eyaiaj)le : 

Find the g.c.d* ' of l6 and 
A =r 16 and B = 56.' 



55 using the> algorithm of Figure 3-^5 • 



56 

- 16 ■ ■ 
~5o 

- 16 

\ 

- 16 
— 5 



'r 



Since B < A, we interchange the values (making A =^8,; B = \6) . and cAiti^ue: 



r 



16 

8 



4?' \ 



This time we? flip the value of Ik which Is 8, with B Vhich is 



Note' 



that now A = 0, 



the value of B, , is the g.c.d. 



Tracing 

The Figure 3-15 flow chart is relatively easy to follgi^ once the student 

knows what' process it is supposed to represent. The reverse ^prol5Xemf is often 

more difficult; that is, one is given a fairly complicated flow chart and^is 

/ • *^ ' * ^ * 

asked to figm^ out what it is or what it^does. * ^ , - • * ; 

' 4 ^ ' ^ ' \ ' ' 

Certain techniques for analyzing a flow chart are therefore frequently 

indispensable. One 6J41ed "tracing" is illustrated^ in Table 3-1- 'It shows 

one way we might record vital information abput Figure 3-15 as we "trace" ovQ: 

way through (or "execute") the algorithm. This is done here fpr a particular 

€et of input data, ^^g-; A = 16 and B = 56. . * ^ 



It is a good idea to work through this table line^by iijje 
we have chosen to recoil key -events as they occur. 



serving how 



, T^ere are_m^rly_-V^s~ to produce_.and show a trace. , When, searching for the 
flaws in a really complicated algorithm, either in the flow chart or in an * 
equivalent cpmputer program, professional programmers often trace the algorithm 
or at leasi the section^ under question. Once the algoritgjj^as "Ijeen connected 
t^^ computer program, there are generally easy waj^s to do tliis. We' can make ' 
the computer assist us in tracing by prfnting out certain vital infortnation^ 
at selected places, while it is executing the algorithm under test. 



• Tabl6 3-1 



•Trace of the g.c.^ algorithm *in Figure 3-15 
for the extople where A = l6 and B ^ 56 



After execution 
of 

inaicated box 



/ ^ ' 
V^lue of 
/ B . 



Value of 
A 



A < B 



A > 0 



g.c.d. result 
printed 



♦ 2 



6 
8 

6 
8 

'\ 
6 
.8 

5 
6 

8 

1+ 
6 



1+ 

5 
6 

L7 



■56 



21^ 



16 



16 



true 



true 



true 



falsa 



true" 



false 



true 



true 



true 



true 



true 



fal^« 



Exercises 3-2 Set B ' 



1. Box \ of Figure contains three assignments. 'What change 'can be-., 
made so that two of th/se assignments c^» be elijnfnated? • 

2. Draw a flow chart wl^ch inputs two non-negative, integers C and D 
- [Hint: K:M(C,D) = C >^D/CK^^ . / : . 



ERJC . 



-"^^117. 

>^ 1 1 .9 



3-2 



Exerciser 3-2 Set C 

In these^eight exercises (xl,yl) and (x2,y2) ar^ to be regarded 
the given coordinates of two distinct points P and r^^ectively, neither 

of which is the origin. Each exercise involves either a straight line passing 
throxigh the points P and Q or a straight line' -Segment whose endpc^n-ts are 
P and Q. It will help you to know a useful formula for a non-vertical 
straight line passing through two known (distinct) points P and Q. - It is: 



/ 



yi = ( 



y2 - yl 
x2 - xl 



) X (x - xl) 



^ the slope 

Values of xl, yl, x2, and y2 are to be read as input in that or^er 
'and then printed back out in the same order. Then the task. given in the 
"exercise is to be ;|performed. Draw*a complete flow chart for each exercise, 
including all input and output. Whenever the value(s) requested as output do 
not exist or fail to be unique, print an appropriate message. In all cases, 
your flow chart should show a loop to read in more input data, 

i. . Coinpute the length cff the line 'segment PQ aigid output. that length 
preceded by "the length of PQ Ts": , ^ ^ 

2* Determine whether the slope of the line is finite. If it is, output 

that slope preceded ^by the message "the slope of PQ is". If PQ is 
parallel to the y-axis, print out ^ message to" that effect** ^'^^ 

3. Read as, input ^ and print a value for a variable delx* Coiii{)ute and output 
the vfiClue of del^ (if any) for which the point ^(xl + delx, yl + dely) 
lies on the line (not the line segment) PQ. (See Figure 3-l6.) 





IV — 


< 


^ a 


■p' 










# 


\ 
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Figure 3-l6. Collinearity of three points 

<. Il8 
1 U» 



k. 

6. 
7. 

.8. • 
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Read as input and. print a^nuniber deiy. Compute and ^output t^e value of 
de]x^ (if any) such that (xl + d^ixf yl + dely/' lies on the line PQ. 

J^ead as input and print a number #x. Compute and output the Value of y 
, (if any X such that (x,y) lies on the line PQ. * 

Read and print a number y. ^Con^ute and output the value pf x (if any) 
such that (^c,y) lies on the airie PQ. . • • ^ 

Compute the x-intercept^ and the y-intercept of the line (not th^ line 
segment) PQ. Output both numbers (if any). 

Compute and print the x- and- y-intercepts 'of the line se^ent PQ. 
Print appropriate messages ±f>the line segment PQ does not intersect 
the X or 'the' y-axis. . ^ '' ' 



f 
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3-3 Compound Conditions and Multiple^ Branching 



Often one, may encoiutter or wish to write condition boxes such as : 



i 



.> The statement appearing in this box is callef a "compound". statement and is ' 



obviously e(^/^lent to 



■ 



iic AND X < 5 



Thi^s means that we leave ^ the bottom if' both the conditions 2 < x and 



X < 5 hold* Othepw^ef^ we 'leave by the side. It is important to see how to 
expres'S this compound/conditiOn in terms of the simj^ler components: 

-A . . . - 





In^this way we will be able to make flow charts more readily translatable into 
computer language, 1^he reas9n being that each condition may have to be tested 
in a separate step. 
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Since the compound statement is true only if both sinrple , relations are 
true^ and is falb^ if eithe^ ! simple relation is false ve ;can clearly ponnect the 
.^sirrrplLe conditioji jiox^s^ as iA Figure 3-|l7(fb). • 



a 



2 < X- 



('2 < X AND X < 5 



-<D 



• X < 5 



6 



6 



(a) Compound _ (b) combination of simple 

Figure 3-1?. Compound condition box and an equivalent , 
combination of simple boxes , ' 

In any flow chart in which it appears, the box in Figure 3-17(a) may be 
replaced, by the combinatiorj in Figure 3-17(b), the connections being made a^s 
indicated by the arrows. Neithe/ (a)^nor (b) is the "more correct.'" The 
combination in (b) is the more detailed and hence the more readily translated^ . 
into machine language. In .that respect (b) is better. But on the other hand, 
the single box in (a) is more easily scanned by a reader who wishes 'feo know 
what the flow chart is doingl- » ^ ' " " . 

In constrast to this example where we want to know whether both of two 
conditions are true, there ar^ places where we migtit want to know \Aether. 
either of two conditipns is tr^e. The decomposition of the latter type of 
compound condition into'simple conditions is shown in Figure 3-l8(b).. 
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(a^ Compound 



(b) Combination of simple. 



Figure 3-l8. Another corapoun^ condition box and its 

equivalent combination of* simple boxes '* . 

Clearly, 'compound condition boxes could grow to any ''degree of complexity 
demanded by the problem, with any number of conditions to be satisfied and 
any number of variables itJvolved. * ^ 

For •example, if we want to know when both X and Y are positive or Z 
is zero we can draw the compound box and its decomposition as in Figure 3-19- 



(X > 0 AND Y :>15T~ 
OR ^ = 0 



6 




Compound /• (b) Combination of sirapie 

/ * 
Figxire 3rl9» Composition of condition boxes 

Notice that*the d$cc^pOsitio(i in Figure 3-19 can be accomplished in two 
stages* We first use the method shgwn in Figure 3-l8 to decom(pose the "or" 
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statement, in 3-19(a) to obtain 



( X > 0 AM) X > P ) ^ ^ . Z = 0 ) - 



F 



Figure 3-19(c) 

^ov the method of Figure 3-17 is uaed to replace Box k of Figvire l^r 19(c) by' 
the "cloud " in Figure 3-19(b). 

A compound condition box may be regarded as shorthand for a combination 
of sljnple condition boxes. There is another type of shorthand associated*, with 
condition boxes which can 'be extremely helpful ^ the process of gradual!;/ 
tuilding up complicated flpw charts. This ^srl^^l^d tecfinique is designated 
by the name of "multiple branching." . , 

To indicate multiple branching we will draw ,eompound*condition boxes with 
several exits. Each exit must be clearly labeledUb' siiow>hat condition would 
pause its use. For example: . 



VALUE OF X ) ' and 



VALUE OF I 



1=2 I=3/i 



.Two important warnings are\ in order: ^ ^ , • i 

(1) The conditions on the exits must not be overlapping. If one exit ' 
vere labeled. "3 < X < 7" and another were labeled < X < 10", 

we come into this box with a value of X between 5 and 7, 
we will not kftow which branch to take on leaving. ' " 

(2) All possibilities mtist be exhau^tea. If the conditions* on the exits 
^ were "X ^3" ahd . "6 < X < 9" and '^"9 < X", then^if ws come into 

the Box with a value of X ' betwe^n^ 3 and 6 we will have no way 
to get but. Then >{e will really te in a boxl " * ' ^' ^* 
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An exjample of the usefulness oj& multipl^ branching is ^provided by the 
example in^ Section 3-1 of tallying ^st grades as fiov-charted in Figure 3-7^ 
The way in which this same problem )night havje "been handled with multiple 
branching ,is shown in Figure 3-20. ' We simply "collapse" the chain of two 
2- way) branches, (Boxes h and 5 of Figure 3-7) into a single 3-way branch ^ 
(Box \ of Figure 3-20). ; . » 

We should note in. passing that any box indicating a multiple branch of 

n ways can be broken down into a chain of n - 1 2-way branches. Thus 

the i^-way branch on the^ value of I may be viewed in more detail as the chain 
of three 2-way branches: ^ 



1 




F (I = 1^) 



1126 12!. 



■3-3 



il 



count <-0 
low *-0 
mid <-0 
high <-0 



^^50 Rvalue OF t\8o < t 
6 



low f- low + 1 




50 <T < 8o 



ml'd mid + 1 



8 



high<-laigK + 1 



count <- fiount ^+ 1 



.10^ 



-^ount n ^ 



"Values of count, low, mid, and 
high are"*, count, low, mid, 
high* 




STOPIA . 



-Figure' 3-20. Use of a three-way' branch 
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In the normal course of events this multiple branching flov chart wou:^.d 
have been given first. It represents our first formulation of the problem. 
After we had first dravn this flow chart we would then have given our atten- 
tion to the problem of decomposing the multiple condition box into cdmbina- 
tion of simple conditions. 



Exercises 3-3 . » 

^ In each of the next seven exercises your job is to construct the flow 
X chart equivalejit to the given assertion using only simple condition boxes. 
The "ti*ae" path of the assertion should lead to Box 20 and the "false" path 
to Box 30. ^ 

Example : ^ ' " ' . * 

The assertion is: xl is less than x2 and either P exceeds 
G or T equals S or both. 

The required flow chart is : 

1<1 



1. 
2. 



^Xl < X2'^ ^ 




Assertion 



X lies between 3 and 7j , inclusive* 

Either 7 is less than Q ot 7 is ^ 
less than R or . 7 is le^s than S. 

X. lies between 1.7. and 8.4, and 
y lies between -3*9 and +5.U. 




i 
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1^.; Given tne ^haded region inside the two straight lines whose equations are 




2 X X 



y = 2 X X 



(a) 'The point (xl,yl)' lies iuside 
' the siiaded region^ of quadrant I • 

(b) The point (xl,yl) lies inside 
the shaded region of quadrant III< 

(c^ The point Ul,yl) lies some- 
where inside the shaded region 
of quadrants I or III, t 

5v- The point (xl,yl) lies inside the 
shaded triangle in the first 
quadrant formed by the straight 
line y =: - |x + 2 and the 
coordinate axes. 





The point (xl,yl) lies in the 
.shaded area (or on its boundaries) 

formed by the curve^ ,y = sin x 

r 1 
and the ^traight,line, y = |(n - x) , 



7* The intersecting straight' liz^es 

y = k X x^^ 12' and 




y = ^ X + 16 



detennined four' regions, one of which, region A, lies entirely in the 



upper telf.pl^e. We assert that the point (xl,yl;> lies in the iQtgrior 
of region A or on its boundary., ' ' 
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For each of the following flow chart assertions, certain x, y ^pairs 

lead to Box 20. These pairs define a region in the x-y plane. Yov^s^b 
is to dfaw the graph. of this region. 

8. 



\^ ^x > 0 -and y > 0^ 



assertion . 



9. 



N 



\ 



y 



assertion 



10. Draw a flow ch|rt which computes and prints the numbers 1, 
as a message to indicate in which quadrant a point P lies 
coordinates (xl,yl) of P are given. What happens if P 
one 01* both axes? 



2, 3^ or 
The 
lies on 
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11. W6 rettmfc to the carnival wheel problem (Exercise '6, Section 2-% No* 9"), 
We supBose now the rule is modified. Recall p, the number of points 
von o» lost^ wa;#' originally a straight line function of k, the p^ition 
number in the. repeated group of four, sectors. We nov want a new point 
rule' where p is an arbitrary function of k. For example, 

' kj Old point rule New point rule 



0 
1 
.2 

3 



lose 30 
lose 10 
win 10 
. win 30 



lose 20 
lose 30 
win 0 
win 50 



Dr^iw a revised flow chart to show p as a function of the same data 
pair S and m but with the new point rule given above. (S is the 
sector position of the wheel at rest, and m is the number of sector ^ 
positions the wheel is spun. ) i> . - 



i 
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3-^ ^ Precedence Levels for Relations . * ' ' . 

jfe pause here to look in a more ^formal way at the statements which we have^ 
riting inside the oval condition boxes. When the lines e^jianatdng from ' 
^val are'marked tjrue ^or T) and false (or F) , pfrhaps a more appropriate 
/term for the statement which appears inside is an assertion . 
Consider the condition box 




(More complijCated conditions may, as we have seen, be represented'through 
combinations of this type.) The condition inside the ^above box consists of 
two arithmetic expressions with a "relation symbol" between them.. 



arithmetic expression 
4 




arithnjietic expression 



relation symbol ^ 




The complete list of "relation symbolsi^ used In this text is 

< , > ; y I , :^ 

Such a symbol together with a constant on each side amquji^Jr^^o an asser- 
tion that a certain relation holds between £hese numb^jiiffC'^The assertion may 
be either true or false. For example: 



is certainly true, while 



is oliVdr5usly false. We may also see su<^h a relation symbol between two With- 
^'^metic expressions such as: , ' ' * 

]' - . - - - 

I + 1 > N 
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34 



This states that a certain y lotion hold§, not between the expressions 
"I +1" and "N", but between their valuesT". 

Suppose we have a flow chart with such a box in it as this:- 



V 



IXiring the computation indicated by the^low chart we may pass through this 
box many times. Sometimes the assertion indicated by the "relational 
expression" in th/^ox will be true and sometimes false. And the truth or 
falsity det^mines the exit by which .we leave. 

us look at our method of deteniiinifi:g whether the assertion is true . 
5r false.* * 

(-1) '^^^ok up the ^^rent values of the variables.' ^ 

'(2) tJvaluate the arithmetic^ ejjpressions on either side of the relation 
symbol. ^ i . 

(J) ' Determine whether the relation in question holds between the 
numerical constants obtained in (2). 



V 



• It. follows, for example., that "tJhe expressi6n 

X^+2XX + 1<2XAXB 
will be r^ad as though parentheses were inserted as follows: 

\ ^ (X^ + 2 X X + 1) < (2 X A X B). 

We can convey the. same idea byT^rst^ing that when reading expressions 
having no parentheses, relational symbols have a lower precedence than any 
of the arithmetic operators. We can, expand the precedence table, Table 2-^ 



tQ include the relational symbols. 
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Table *3-2 



Precedence Levels for Relational Expressions 





,1? 

Levels \ 








^ First 


"exponentiation" or "raising 
to ,a power" 






Secpnd * 


• y 1 y - (unary) 






Third 


+. ^ (binary) 




)W 


Fourth ' 


< > >> - > i 








A 



^ ' Nothing need be said about scanning lef t-torright for symbols of the fourth 
level, since in a properly written expression there can be, at most, 6ne such 
symbol. Such an expression as ^ * ^ 



3 < X < 5 



(fre<iuently 'encountered in mathematics) is actually a compound expression, 
i.e., in this case'^ 



3 < X arfd X < 5 



We l\ave seen how-to deal with si^ch compound statements in thfe precedijig section. 

Perhaps you would be interested in seeing how a' machine might ^find out 
whether one of the above inequalities is true or false./ ^Consider^ for example, 
the SAMOS computer of Appendix A. It has only the one branching i'l^truction 
BRANCH ON MINUS. We consider the condition bo:f' at the beginning of. this 
section, , , t ^ ^ 



f I + 1 > N \ 



with the current values of the variable, given by 



. Variable 


i 

I 


N 


Cufrient value 


7 





First the values Of the variables in the condition box are looked up and the 

arithmetic expressions on either side of the relation sySSol are evaluated. 

id" \ ' 

The condiHiion box^may now be visualized" as: ' 

i 



(8 > 10^ 



is equivalent tb the relation 8-10 >/0, the expression 



Because 8 > 10 

8-10 is evaluated and we may how visualize the condition box as: 

-4 




The. machine determiiies .thfe' .truth ir falsity of the relation ^ -2 > 0 by 
examining the first character in i^he numeral on the ;Left. This 'character 



being a minus, we branch on minus 
» 

in the branching order to pick up 
fal-se^side of the flow chart box. 
branch on minus will^be Executed, 
side of the flow $hart box. 



/' that is, we go 'to^n address specified 
DU2* next instructibn^^c^rrespondin^ the 
Otherwise, the next instruction after the 
This corresponds to emerging from the1;'rue 



3-5 Subscripted Variables 



come now to the second 4«^tJ)owerful tools referred to in the opening 
•^^afagraph of this chapter- -the subscripted variable. 



admit as variables inscriptions of th$ sort: 

• <» 

♦ t 

X^, Xg; X^; Xi^; X^ . 



Here the* thing occupying the position of X may be the inscjription 'for any 
properly written Variable while the subscript must "be an integer. 

Each subscripted variable is provided with a window box as With ordinary 
variables as suggested in figure 3-21. 




Figure 3-21. Window boxes for subscripted variables 



We do not introduce these subscripted variables just for the purpose of 
haiiiiag more variables available. If that were all we wanted, we could use: 

3^1, X2; X3, X!;, X5 . ' * ^ 

The application of subscripted variables lies in our ability to write 



ejqpressions like 



in our flow chart boxes. N Is a variable which can hav^ -only an a g're^ d set 
of consecutive values, I'ike^ 1, 2, 3, ^, and 5. Let us see how we interpret"" 
such an inscription. Suppose^.;^^^^fjjnd in ^a flow chart the assigrjment box 



Evidently, we are .supposed fo put 19 somewhere. -S«|.'"where^ If we look 
at^th^ <^indov boxes oi Figure 3-21, w^fiijd boxet labeled X^, X^, X^, X|^, 
and X^, but none labeled X^. We do the obvious thing. We lopk up the 
ci^rent value of N. Say it is 4. Then we interpret the assignment box 
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shown above to mean 



19 



* 

Thus Xjj is a subscripted variable which unambiguously designates one 

Vl/^V -Pt^t^-m 4-^^ ^^4. .-tit.. ^ 



X^. Which window 



'window box from the set inscribed with X^^, Xg, X^, Xj^ or 
box is designated depends on the current value of the variable 

The domain of pemissable values of' the subscript can^ of course, 

■be as large as is necessary. Generally we wai limit N to^the non-negative 
integers. ,.mie real power of subscripted variables becomes eviirtt^when we . 

.consider problems having a large number bf related variables. The next. exaiBple 
begins to .illustratf the poffer of this notation. 

Consider the problem of finding and pointing the largest value of six 
input ^variables. We treated this problem vkh three input variables ill 
Section >1. The flow chdrt we will g^nei-ali^e is given in Figure 3-5(b). 
We give the generalised flow chart in Figure 3-22(a) with no further explana- 
tionl 



Ir.- 




■^f ~ ^ 

Note that Xjj is a- vferj;- different "an-imal" from XN., Kie latter c%^e can onl^r 

designate -one windQwW--that-'inscribe(i with XN. 
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(MORE VALUES 0F\ 
A,B,C,D,E,F? 

* ^ YESh 



NO 




A,B^C,D,E,F 



LRGSOl.-e^ A 



10 



LRGST < B 



U^ST <-B 



11 



LRGST 



/6 



12 



LRGST <-D 



\. Z.-^ 

13 



^LRGST < E^^^ 



LRGST <-E 



" Ik 



) 



LRGST < F 



LI^ST <- F 



"THE LARGESTs 
VALUE IS", 
LRGST 



\ 





_ NO . / MORE VALUES OF^ ^ 

ISTOP)-" ^iNPUT variabiles; 



YES 



K f-1 



^GST < A^ 



LRGST 



K 



8 



-F. 



K<-K + 1 



"THE LARGEST OF"^ 
Ag, "IS", LRGST 



(a) without 



(b) with 



Figure •3-22. Flow chart for finding largest of six numbers 
Without and -with subscripted var-iables 
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see a certain monotonous repetition in, this flow chart. Think how mvich 
worse the situation would have been if there were a hundred input variables 
instead of only six. The problem wooild get out of hand (as well as off the 

36- 



isr, 



paper). 

We will now see how to treat the same problem with subscripted variables. 
We let the input variables be 



; ''^i^ \> ^6 *- ' 

We have put a dashed line around one of the 'blocks" which go into making up 
'•this flow chart. Till general form'o:fir such' a block in our subscripted variable 
notation would be: ' ^ 

» f LRGST < -y 



LRGST <-^A, 



With suitable values assigned to K this configuration can represent any 
of the five >locks" in Figure 3-22(a). But how do we get to the next step? 
Clearly, unless K already has .the value 6, we aiigment K by 1 and come 
back to^he top of the block. So far we have: 



c 



LRGST < 



C 



LRGST <- A, 



K < 6 



K K + 1 




Figure 3-23. Partial flow chart for largest of a set of' 
numbers 



What ve have so far described represents 'the body of the flow chart. All. that 
remains is to attach the head and tail. * \ 

To atart, we must input the data, assign ihe initial value of 1 to the . 
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variable K ap^hook in at the top of Box h of Figure 3-23. If ve\ieave 
Box 7 at F we print the current value of LRGST and go "back for more data 
(if any). The corapl^t^ flow cfcart is giv^rin Figure 3-22(^1 )• 

Careful study of the development of the flo^ chart in Figure 3-22('b) and 
**-^comparison with that in Figure 3-22(a) will show "better than any niimber of 
vor&s the Importance of subscripted variables and the way we use them. 

An important thing- to observe ^bout the flow chart ^ Figure 3 -22(b) 
is that it would only be changed in the most minor way if we had 30 input 
variables rather than a mere six. In Box^T^ the 6 would be replaced by 30- 
/In the input and output boxes, 2 and 5> A^,' A^, A^, A,,, A^^ A^ would be 



\f 



replaced by 



^1' ^2' 



"^3^ ^l^^ "^5^ ^S' 



^Ig. ^ly; A^g, A^^, -.gg, 

We can avoid all of this writing by introducing a more compact noi^tion. 
The real point is that the structure of the flow chart, i.e., the way the 
boxes are connected, does not depend on the amount of data . ^ 



^2y ^2h' 



^25^ ^26^ 



^11' ^12 



Agy, A^ A^, A^Q. 



In the input and output boxes we are really dealing with a set of 
variables and there is a cinvenient notation in common use which we can 
adopt. The nota'tion: ^ ' 

[A^y X = 1(1)30) 



^ is a shorthand equivalent to listing every element A^ 
tion of this notation is given below: 



throiigh A^Q. Explana- 



initial- value 

of subscript. 

- s 

I 



l(l)-30) 




amount by which subscript 
is incremeMed (i.e., 
size, of steps) in advanc- 
ing from element to 
element in the list. 



, cut-o!ef point. 
No subscripts 
.larger, than this 
^ allowed. 



Exaniple : The notation 
denotes 



'r:- {Aj, J = 7(5)23) 
t 

^12.^ "^17' "^22* 




This notation may be used either in an input or in an output box. In 
most uses in this^ext, the initial value and the increment will both be 1. 
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The Input and output boxes, . 2 and 5 of Figure 3-22(b) could be replaced by: 



2 






= 1(1)6) 



"THE LARGEST OF", 
[A^, K = 1(1)6), 
"IS*^ LRGST 




Exercises 3-^ Set A 

Problems 1 and 2: VHien we revised the carnival wheel problem in Exercise li, 
Section 3-3, we employed a raulti-vay condition box to model the new point 
rule. In Figure 3-2i^(a) you see one way to achieve that X)bjective. 

A student now proposes an alternative solution shown in Figure 3'2k{h). 
He claims it is simpler, equivalent, and an inherently more general solution." 
, Study these two flow chart? carefully and an^l/er the two questions given below. 



1. Und^er what circmstances are the flow charts equivalent? 

2. In what sen^e'^can, (b) be construed to be more general than fa)'? 



(a) 




(b) 











2 


<- M+S - 








k 








(a) Carnival wheel with a 
conditional 




(b) ;»Carnival wheel 
' with subscripts 



Figure 3-24 
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Problems 3 thorough 7: The flow chart in Figure 3-25 is an algorithm vhich 

* * ^ 

accomplishes the following steps: ^ - ' 

(a) Inputs a number c 

(b) Inputs 100 nvimbers b^, b^, ...^ \oO 

(c) Determines and prints a list of the b^ which satisfy the relation 

' >A 
' 1 — 

—* f» 

J 

Study the flow chart 9arefully and answer the following qifestions, 

3» How B^ny^ times is Box 6 executed? 
k. How many times is Box 8 executed? 

5. Under what circumstance will Box 10 be^p£eT5uted? The remark is made 
that ANY is a "switch variable "j^tfiat is, it is used like railroaders 
use a rail switch* « Explain, 

6, Is it "really necessary for there to be more thar> one value of b in 
memory at any given time in order to achieve the same output objectives 
for this pro-am? Another way of asking this question is, "Are subscripts 
xeally necessary this algorithm?" If your answer is no, redraw -fhe 
flow c^rt accordingly putting a check mark. next to each box you change. 

?• How^oiild you modify ' either Figure 3-25 or your modified version, result- 
-^^jpg from 6, to generalize the flow chart so that instead of reading 
100 elements for b we read any given numtber n of them? 

'I ' T 



■I 



i 



\ 



EMC 



id 



4 



4 





Figure 3-25. An algorithm to. study 
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8* . Draw; a flow chart for inputting n and a vector a^, a^, a^. The 

a*s are considered to be the coefficients of the polynomial 

^' ^ 2 ^ ^ n - 
^0 ^1^ ^2^ + • • % + a^x 

and n is its apparent degree. However some or all of the coefficients 
may be zero. Construct a flow chart to determine the actual degree, m, 
of the polynomial. Of coig:se m < n and m can be" determined by 
searching the set- of coefficients for the non-zero elemeat with ^he 
highest subscript. Output m and the coefficients from a^ through 

inclusive, If all the coefficients are zer9> don*t print any 
coefficients but let. the printed value' of " m be -1, 
— ^ , ^ 

Additional remarks on subscripts 

As we have said, we view 1^ as designating one of^a set of window boxes 
inscribed with X^, X^, X^, • . • ^ Which box is designated depends on the 
current value of the variable N, Now, what do, we mean by X^? By the same 
reasoning, designates one of the bpxes X^, X^, X^, depending on the 

ciirrent value of the ^variable I, X^^ and X^ may designate different boxes 
(if N / l) or may designate the same box (if N = l). • 

Now, what do you think X^^^^ shouid mean? Apparently it shoul^L desig- 
nate one of the boxes inscribed with X^, X^, X^, ... . Which of these is 
designated should ^epend on the current value *of the variable N, Suppose 
the value of N is 3, Then *N + 1 is h and Xj^^^ really .means X|^, 
From this Example you will correctly guess that arithmetic expressions can be 
used as subsci*ipts,»s However, ]^)cedural languages sometimes place limits on 
the complexity of expressions used as subscripts (see yoiir language supplement) 
In this text we will normally avoid expressions more complicated than 
H + 1 (or N ^ K) as subscripts. 

In suimnary, if the subscript of a variable is an expression, it must be 
joossible to compute the value of this subscript each time the subscripted 
variable is encountered in a flotf chart box. The subscript expression rafust 
be integer -valued! ilike any expression, a subscript expression is "comgpvitable" 
if we have previously assigned values for every variable that appears in the 
subscript expression. 
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Sorting Example 

Frequently in computing ve have to put numbers (or other things, like 
names) into some kind of order. This, ^'sorting", seems like a. very slncple 
thing but the problem aris^es so often as part of larger problems -that much 
effort has been spent to be able to do sorting afe effi^ciently as possible 
Many algorithms have been invented and many refinements made for this 
Now ye will develop one of many possible algorithms' for S9rting. \IeJ^lh 
study other sorting algorithms later. 




In sorting the problem is this: If ve in^t a set of numbers: 



/5 7 2 6 5 9 



we should output: 



2 5 5 6 1^ 9 
Conaider a list of input variables with values: 



^^1 


^2 


^3 


\ 






5 


7 


2 


6 


5 


9 



Scan the values from left to right until we encounter the first place where 
the v^al^s^ decrease, (if there is no such decrease, then the'values ar^' 
already in increasing* order. ) In the above example,, we find this first de- 
crease vhen going from to'A^. Interchange these values: 



^1 


^2 


^3 


\ 


S 




5 


2 


7 


6 


"5 


'9- 



What next? Well, we seem tp have done some' good. So, let*s treat this list 
just like a brand new one. That is, go back to the beginning and scUi ,ffom 
"le'ff to right, etc. [ . ^ , 

This almost seems too simple to work! Nevertheless, we observe that as. 
long as the list is not in increasing order, there will always be another 
interchange to do. Each interchange affects the relative order of just one"* 
' pair of values and since there are only finitely many such pairs, the algo- . 
rithm must terminate. Perhaps you^d like^to try the process with some playing 
cards, • ' >W 



Next, to put this algorithn on a flow chart. The basic idea is the Inter 
change of Aj^ and A^^^ which, .experienced as we have become, ye know to . 
represent as * • " 



' COPY 










COPY 



We execute this interchange only if •^^+1* T^^s, the <Jondition box: 









1 

on in 1 

> 1 


:he list 


K K> 1 



and repeat* the test (i.e., return to t|ie' cbnditJ.on bgx). On emerging :^om , 
the interch?lnge box, we set badk to 1 .and s:^^t. oyer. We now have»the 
skeleton of' Figure 3-26. , *- V ■ ' '< ' • 




A'' 



COPY - 
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^ ^ o " 

Figure 3-26.- Skeleton of a sort- — 
* 'll^U 

^.. ■ . 146'. . - ■ 
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QnlyinpuV output and stopping mechanism are needed, We should also, 
decide on how large a list of nvuribers the flow chart should •be set up to 
handle* One^ time we may want to sort I3 nvunbers, another time 200, or 
perhaps 1000. Why not let the variable N denote the length of the list? 
This is all put together in Figure 3-2?. 




f MORE INPUT \W0 
\ ^ LATA? ' J ~ 



YES 




N,{Aj^,K=l(l)N) 



K ^1 



F 

6 




K <- K + 1 


7 














F 






8- 












K = 


l(l)N) 













Figure 3-27. Sort' 



i 



Before we leave this section there is a terminology we should like to 
introduce in connection with subscripted variables. Let us suppose we have 
a subscripted varia*6le such as ' > 

1 • ' < {X,, 1 = 1(1)6) ' - 

It -is then customary to refer to the list (or linear array^: 

^1' ^2' ^3' ^6 

J ^ ' * - 

or the list of values of these vai^iables: 

7, 9.2/ -32, 17, -2.73, 0 

as a " vector *" The individual entries^»(ythi§ list are referrd& to as the 
" components " of the vector. This is in a^i^eraent with mathematical usage. 
Engineers and physicists often speak of a vector as having^ magnitude and 
direction but that view is really just a special example of our mathematical 
^description of a vector. 

Mathematical notation requiieo Lhdt olu \^ectjrs be enclosed in parentheses" 



as 



^^1' ^2' ^'^^^ V - 



We will not insist on these outer parentheses in our computer^ work* 

A 

.We will frequently 'use such terminology as, "The vector X," to desig- 
nate the, list, ' ^ 

\> ^6 ' 

Exerci^ses 3-^ Set.B 

This group of exercises concerns the sorting algorithm given in Figure 3-27. 
1. Suppose you wanted to test the algorithm by determining if the list 
~ , ^ ^ ' .72-5^ 

will be properly sorted in ascending order, i»e», ^ 
. • - -5 2 4 7 

' (a) What are the values o'f the input data at Box 2? 



(b) With Jbhese input data -^race through the algorithm beginning at 
box 3^ shovrLng the box numbers in the sequent5fe<^ihey are actually 
executed until box 8 is reached. Use a table like "tShe one given 
here. It is partially filled £ofl.this. problem to help* you get 
started. « ^ * 



^^"^^^ox 
sequence 


<> 

3^+5678. 


assigned 
vaxue 01 
K 


1 


y ' 






- 






1 


2 




/ 












' 3"T 
















h . 
















5 














\ 


6 














2 


7 
















\8 ' 
















9 






































































i 











Scratch pad"* 
for a vector 



/ 2 



^ 7 



-5 



(c) Hov many times in this sequence has a flow chart box (including 
box 8) been executed before returning to box 1? . ^ 

(d) Hov many times is box k reached? 



,2. ?y^now you should be thoroughly convinced this algorithm will work * 
every time. Suppose the values to be sorted are 

.9 5 ■■ 9 12 

That is, they are alrea^ in ascending order. How many times will box k 
T. be executed before box 8 is reached? ' 

3« What if the input values are already sorte^but in opposite order, say ' 

' "12 , 9 ^ «9 

How many executions of box 4 ? * 

Save your results for prablems 1, 2, and 3. In, the next chapter we will 
look at another sorting algorithm and will wish to compare with corresponding 
results of the new algorithm. ' . - - 



Exercise 3.-§-^Set C , ' - : 

There are 101 members in a youth symphony orchestra about to make a 
concert tour. A reporter asks the conductor, "What is the median age of 
your members?" He replies. "I have a list of the ages' of the players. Will 
that help you?" '(The median of an ordered set of numbers ji^^ou recaliy^^is^th^ 
middl? number,- if any. ) 



(a) Draw a flow chart to find the median a^ of ,the 101 players if 
the ages are t^ken in order from an alphabetical listing of tbe 

"flayers. Can you solve this problem without using subscripted 
variables? 

(b) If N is even, there ife no middle number in a set (^f N numbers. 
How would you ex-^end the idea of laiediaa to an ordered -set of N 
numbers if N is evefi?. Incorporate thisyidea into your flow,, chart 



which found the median of a set of N .^d) numbers.' When revised 
your flow chart should output the njedtoi of any ordered set of N 
numbers (odd or, even). ' ^ ' ' 

* (c) Now the reporter, wanting to be prepared for the next orchestra to 
come to town, asks_fo]: a flow chart to give, him the mediafi age of 
* I any size group when the ages are given in arbitrary order I"^ He 
would also like to know the ages of the oldest and youngest in the 
group • Prepare the ^flow chart. a 
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3-6 Double Subscripts * ' . . V 

- Oni:e yoi^ have mastered* the use of .subscrijpted variables in computing you 
will find^tliat double subscripts offer very little additional difficulty. 

In matbematics kata often come to us in such ^ "rectangular array" of 



rows and columns asj 



\ 



5 
9 

6 



2 - 7 



\ 



• k 0 

, 7 ' 3 

Figure 3-28. Matrix 



1' 
2- 
2 



^e matlje^tical term f or ^such a rectangular array is " matrix ." How 
often -bhese mat Aces crop u]j you would have to see to believe. < 

One >way iri" wh|^fer-su^^ a matrix as the above might occur is as the 
"coeff^ieni^infi€rix\ of a^^system^oT equ^iohs: 



5W 2X + 7y = 1 
9W - + 0Y\= 2 



» ' 6w + 7x + 3Y 



Th^ 
^array are 



jve matriAhas three rows and fou^ columns. Columns are vertical 
\ . \ 

IS on a (Sreek temple. The individual numbers .Appearing in tl?e . 



position, yo^ j^aK 
rfeXsee tl 



id "entries." When you want to discuss the entry in a certain 
specify th^ poisition by giving the row and the column. ^ 

atrix is essentially^ a "table." 





1' 


2 


3 


k 




5 


2 


7 


1 




9 


-M 


0 


2 




'6 ■ 

> 


. 7 


3 ' 

• 


-2 
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Double subscripts make their appearance when we introduce , the notation 
used in talking about entries in a ijatrlx. »We use a variable with two 
subscripts ^ . . , <, T 

to indicate the entry in the I row and the J column. , The roV is always 
given first amd the column second . %^Fhus , if we let A represent the matrix 
at the beginning of this section as tabulated in Figure 3-29, then the value , 
of A is 0 while that of A is 7- 

As in the c,as^ of singly subscripted, variables, ve consider ^that th^e is 
a window box associated with each of the twelve variables A, 
SO forth as suggested in Figure 3- 30. 



A^ ^ ,'and 



i 




Figure -3-30. Window boxes for subscripted variables 

If we ^wish to input a table into these window boxes, we could indicate -s 
this on a*flow chart ^by the input box in Figure 3-31. . ' 



hyV \2' \3' p^yh' 
^ ^271' ^2,2'^ ^2,3' ^2,4' 



Figure 3-31- . ^nput Box for. Subscripted Variables 



It wbuld be good to- have some notation (as in the lag^t section) ^to refer 
to §in 'entire matrix or to portions thereof. An extension of previous 
notation is ^IjLOwn-in Figure 3-32. ^ ' . J ^ 
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15P . 



■J 



•t ' 


|{Aij,j=i(i)4}. ; 1=1(^1 - 


* 






• ! y 

1 this much means elements 
^ • 1 order 







means: what is inside inner, 
brace is to be repeated for a'll ' 
values of I, in order ^ 



Figtire 3-32. Abbi^eviated input statement for doubO^ 
subscripted "^&riabl6s ^ 



This notation is an abbreviation for' what appears in Pigure'3-31. Ma^fife. 
maticians and computer prograjnraers like to use such notation tuecause it^ allows ^ 
n^ing particular ordered >«ubsets of matrix 'elements In an exact way- Thus, the 
T/ay the Ijraces are used in Figure 3-32 indicates that each row is reeid in com^^ 
-pletely (le*ft to right) before, going j on to the next row. This fcoiid be Ijnpo^tant . 
to knoTi if ihe table is too l^r^ge to put <<?rito one card. We would* then pu? 'each 



^-row^ (T:^thei^" thto each column) ' on. a separate card. FoiHDur flow chart language 
h'owever, this information is quit^ superfluous. All we need to' know is that* 
an input box like that in Figure 3-32 will cause entries of a matrix like that 
in Figute 3-28 (or ;Figure 3-29 )p to be assigned to the appropriate^ variables 
Trepr.esented in Figure 3^30. ^ ^ . ' ' 

f Sj,gnificant com^putations with doubl;y subscripted variables usually involve 
CGnplicated looping and will'/ therefore, be left to the. next chapter^ 'We con- « 

tent ourselves, here with a very simple exatiiple-lllu's tr atlng ^the- i:i^e -of-double " , 

subscripts in fjov charts. ' " 



Examrple: A aero siam game 

- We are. given the snatrix:^ 

6 

' 1 



^ 2 
0 
8 
3 

2 



5 

k 
1 



3 . 

k 

3 



1 
6 
1 

3 
2 



r 
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>iJ^^ov describe a game eiffEjloying this matri^. We have two dice, one 
green and one red* We roll the dice and let K denote -^Ij^. nu^iber on the 
green die and L that on the red ^ie. Nov ve increase our score by the sum 
of the entries in the Kth • row arid we deduct from our score the sum of the 
erfbries in the Lth col\pn. Can you see why this is called a "zero sura'** 
game? HiS: Around what total score will the game hover after a large mjmber 
of rolls of t>«^ice? ' ' * » 




We will construct a flow chart for this game. An outline of the steps 
invoiveiM.n the problem is: 

1. Ihput the_given matrix. 

2. ' Input ^values for K and L. 

3. Calculate -the sum. of the entries in the Kth row. 

Calculate the sum of entries in the Lth col^mm. * 

^ * 5- Compute the difference of thfe values in Steps 3 and \. 
« 

6/' Print out this difference. ' ^ . 

After, a detailed analysis of Step -3, the flow chart should offer little 
'difficulty. The analysis gf this deta-il is given in Figure 3-33« 



WIN 



tr <- 1 



WI^ WIN + A^ 



7^ 
T ^ 



■ J + 1 



F . 



\ 



, "Figure 3-33, Detail of zero*?^«m game 



I 



You shou3^ se^e that when we ^f inialiy come out of this loop th^ value of 
WIN is the sum of the entries in the Kth row of the matrix. ^Notice that 
tlje value of K which determines the row in which .entries are stmimed, remains 
the , same during-'any one execution, of the Ibop. ^ / • 



, " W6w we exhibit ;the entire flgw chart for this game in Figure ^'s-S^^-. 




START • 



((A^^j, J=1(1)6},I.1(1)6} 



WIN 


^0 


LOSF 0 


I 


<- 1 


J 


<- 1 " 



(j <6) - 



WIN <- WIN •(»* 
J <-J + 1 





T ' 

7 




LOSE LOS]E + ^ 
i>L 

I I + 1 







NET '^t- WIN. - LOSE 



NET 




Figul^e.B-Si^.^Flow chart for the game-^ 



It may be well to point out for contrast an alternative flow chart to 
Figure 3-3^/ which makes a sensible use of subscripted variable methods/*for 
this problem and leads to a simpler program. , 




1 ^: 



NEC 



Figure 3-35 • Less instructive alternative 



However, we lose some potential generality with this approach. Notice 
tl^t in principle* this game could also be played using larger matrices, say 
8 X 8, 10 X 10, etc. Of course, for each nw size we would need either dice 
with more faces, like octahedrons, or some other device for generating pairs 
of numbers. To generalize Figure 3-31*- for any size array we need change only 
the 6*s where they apj^ear in Boxes 1, h and 6 to N and add a Box 0' to 
j^he flow chart at the start to read in this value of ^ N--which could vary fron 
game to game. Such generalization is not possible with the approach used in 
Figure 3-35. In short, while TCpducing a shorter program. Figure 3-35 captures 
less of the spirit of our algorithmic method. 



Exercises 3-6 ' . 1^ , > 

In each of the following exercises, assunjp that ^values f or^ the variables, 
or Beatrix entries which are mentioned aie already assigned initial values. 
Your job Is to flow chart the action described. (These are some of the 
elementary operations often performed with matriceiS. 'They are usually pieces 
of larger problems.) . , 



10 0 



i 



i 
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, ^For exainple, the matrix P has 22 rows and 2? columns!!^ Fir.d, the sum 

of the absolute values of all entries in row L> where L has already been 

assigned a suitable value. ^ \ 

' A suitable answer is: " - * . 



5 \ 



ROWSUM ^^0 



J <- 1 



RQWSUM <- ROWSUM + [P/ _| 

Xjy%J 




For the same matrSc"^ P, find the sum of all but oAe of^ the entries in 
the ' Kth column. The exception is the entry in row 12 of that column. 
Call the sum^^^^ieing generated COLSUM.^*' . - 

For the same 'matrix. ,P,, .^dd to each entry in row L the value of the 
corresponding entry (same column) of row M. As ani^actual example with 
a much smaller* matrix, i/e- would haves , 



Row L 
feow M . 



k 
9 



before 

2 5 
1 2 



after 

.1 1 2 ■- 3 
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For the same matrtiT P, 'add to each enti7 in rov L, except in the Kth 
entry7 2 tlines the corresponding value of the Mth row. 

For the same matrix interchange rov L with, row M. 

N 

S 

For the 'lame matr ix P. find the e^i^ ip^row L having the largest 
magnitude. Divide every entry in row L by the enti7 of largest 
magriitude. , ^ ^ 

^ \ - c> ' ^/^^ 



Chapter h 
LOOPING 



^-1 Looping • ^ 

With the introduction of the concept 'of branching in Chapter 3 we have . 
been' able to develop some fairly complicated flow chaiiis involving looping* 
"Looping" refers to the kind of "connections" which result in passing through 
the same box twice or *many *times during the co\irse of a computation. 



In this chap-Ker we will study looping^in more- detail. Then we will develop 
a systematic way d€ treating one very important kind of looping. 

We commence by putting down side -by- side- in Figure k-l two different flow ^ 
charts for the Fibonacci Sec^uence p'roblem of Section 3-2. Remember that the 
Fibonacci Sequence, 

'h h 2, 3, 5, 8, 13, 21, 3h, ...^ 

has the property that each tera (after the two l«s) is the sum of its two 
immediate predecessors. * - . 




LTERM <- 1 
NLT «-0 

3=: 



LTERM < 10000 ]FM STOP 



i 




LTERM 



COPY LTERM 
LTEEM^ <- LTERM + NLT 
NLT ^ COPY 




(l < 1000 } . ^ 
It 1 I 




I, LTERM 



'5 




COPY V LTERM 

LTERM <- LTERM + NLT' 

NLT <- COPY 



(a) No-Count FloV -Chert 



' . (b) Ancestor of Iteration .Box 



\ Figure Two Flow Charts for Fibonacci Sec^uence 



1^-1 



The -flow chart in Figure 4-l(a) represents an algQr4.thm for computing 
and printing in-order all terms* of the Fibonacci Sequence which Hve less than 
10000. The flow chart in Figure 4-1(1)) represents an algorithm for computing 
and printing a numbered list o^ the first 1000 terms of the Fibonacci Sequence 

We can see that Box 5 1s exactly the 'same in e^ch flow chart,. This box 
contains the fundamental computation in this alrgorithm. 

Each flow chart has a loop, i.e., Boxes 3, h, ^ in the first flow chart . 
and Boxes -3, if, 5, 6 in the second. These sequences of box^^yjp pa:ssed 
through (or "executed") over and over again. Each loop i^T^iipped with an 
absolutely certain exit. In Figure if-l(a) we .exit or branch out of the Aoop 
as soon as the'variable LTERM exceeds 10000. In Figure l4.-l(b) we exit 
when I exceeds 1000. In Figure if-l(b) the loop will be execiu6;d 1000 
times. In Figure i^'-l(a) it is not at all clear how^many times the loop.^willr 
be executed. 

The reason that we can tell the number of times the loopi will be, executed 
in Figure i|-l(b) is that the loop is controlled by a counter ,! whereas this is 
ot the case in Figure i+-l(a). The variable , I , works exactlif like a cpunter. 




-Figure The' Variable I 



It is augmented, stepped-up, "or incremented by 1 each time we pass through 
the loop* This is represented by Box 6 in Figure 4-l(b) . Furthemtore, Box 2 
in this figure sets the counter to 1 at tlie start. Ti^, the value of- 
gives us the number of transits thijough the loop we have made (including the 
one we are currently^ making) . 

In' addition to acting as a counter, I has one additional duty; it con- 
trols./the exit switch. When I counts up to 1000^ it throws the switch 
allowing us to exit "from the^oop. Here we 'exit to d — "^0^ but we could 



as well ;iave gone to some other taskr. This "controlling" duty of the vat^iable 
^ I is seen in Box*^* ' • * ' 

To emphasize the distinction,^ we present still another flow chart. 
Figure k'^, in which a counter has been added to Figure h-l(a) to print out 
- a numbered list . - , - . * 



I <- 1 + 1 



LTERM <- 1 
NLT <- 0 



I <-l 



^LTKRM < lOOCto^ 




I, LTERM 



COFf <- LTERM 

LTERM LTERM + NLT 

NLT <- COPY 



Figure Non-Controlling-Counter 



We see that the variable I in Figure 1^.-3 has the same counting duty as the 
variable in Figurfe ^'-^^l' control the ex^t switch.. 

. We see then that the variable I in Figure 4-i(b) has both counting and 
switcjjing duties. You can conceive of I a6 a switchman who has been given 
the instructions, "Let the first 1000 through' and then throw the switch." 

The situation within, the dashed lines of Figure ^-l(b} occurs so often 
that we introduce a special box to 'do the work of all three boxe^. 
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" Initialization" or 
setting the counter 
to start * 




And now! ^ 



Figure If-lf. Bfnbryo Iteration Box 



entry into 



loop 

\ 




I < 1000 


I 1 + i 







Computation portion 
of loop 



/ 



Figure 4-5. Birth of Iteration Box 
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The three- compa^rtment box in ^'igur^ 1^-5 is shorthand for tjie three boxes in 
' Figure J^-U. Sucjh a box can be used whenever a counter controls (the exit 
'^switch for) a loop. The exits from the two compartment^ on the left lead 

•into the larger, compartment on the right. ^ We draw a schematic Iteration box 

to fix the njjB^pf thQ compartments. * * 







- initialization 










Test 




>■ 


Incrementation' 














f^Eetumipg to ^ur|example ,ojf the Fibonacci Sequence we find that .Figure 4-1 (b) 
can be replaced by Figure* i^--6. 




LTERM <-l 
NLT ^ 0 



'I <-l 




, I <-I + 1 


I < 1000 




'^I, LTERM 



^ftoPY ^-^TERM 
LTKRM <- LTERM + NLT 
NLT COPY 
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Fig\^e, i|--6. Fibonacci Sequence Algorithm with Iteration BqJc* 



In Figure 4-6 Box 2 replaces B^^es 2, 3 and 6 of Figure 4-l(b). If 
you have understood whatsit is that an iteration box dofes, then Figure k^6 » 
should be easier to r^ad than ^^ne i<-rl(b). We'll soon see that iteration 
boxes make flow charts easier to write, too. For, whenever we real:|ze (or 
even suspect) that we have a feop controlled by* a counter we draw the iter^t^on 
box and t3?y to hang 'the Iqop.on it. 

We must remember that the heart of the loop is in t^Jj^^ompufesf^ion portion. 
The,lterat^ion box merely represents the in and o\x^ mechanism. However, such 
a flow chart as the following is possible. 



START 



1 L 










I *-3 


I < 700 






I I + 5 






















Figure h-l . The "Little Dandy" flow chart 



The best that can be ',said of this ^'algorithm" is that ^ having no output, 

it saves paper. This flow chart does show us that we can initiate with 

integers olher than 1, increment with integers othe§' than 1. and exit on 

* 

integers other than IDOO. We give below a diagram showing the most general 
forms of iterfiltion box generally -used in this, cov^e. 
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^ Exel'cises ' h^-l 

~ • . ^ ^ 

1* The instructor who gave our first .problem for coi!5)uting and printing 

, no^re^tates iile>probleni this way: "You are given 50 different sets Qf 
- data consistijlg <5f four items? each: An identification nuniber ID, A, B,' - 
and CjU?Mducfe*-ch-gslnted^ five columns of numcers: ID, A, 

B*- C, and the computed value of t). . 2&ch printed line in the table is to 
correspond to one input datta set»arsd.the computed value of D/'. Your jbb 
in this exercise is to draw a iflow, chart for this computation.. Use an 
^ itex^i^n^ox. ^Plily four f:^V ^Jart boxes are needed' (nqt countitig 
. * BTAR^ and . j^TO]^ ) . ' . - * . ^ * 

2*. Redraw the/flow chart you made in Problem 1 to achieve the following two 
improvements in the algorithm simultaneously^r-^ , ^ 

(a) HaudTe ' N sets of "^t^ta where N is any integer (within reason). ^ 

(b) After printing the ^able, print out a message ^'ENJ^F TABLlK*i.Qp^ 
return to^c^cept another group' of N* data^se^s vhere N may^now 
have a .different value. * - \ 

la Figure^ 4-6 we studied a way to generate the tems of \he Fibonacci 
Sequence . Now you are to flowchart a related algorithm: Generate .both 
the Fibonacci Sequence and its sum sequence. Let F^ be the ifth — term — 
of the Fibonacci Sequence. Thus, F^ is 2, F|^ is" 3, F^ is 5,^etc. 
Le^ Sj ' "he the sum of all teims of the Fibonacci Sequence up to and 
including the^ Ith^ H:eiiiK ' * ^ f ' 



^''/'" / . ^3^^ + + 3 + 5 = 12 ' ; 

I ^ ^6 T + 2 + 3 +.5 +'8 = 2p, etc/ , 

^ ' 'Each term of the S-sequence is a cumulative sum. Your flow chart should' 
generate pairs of values of these twb sequences ^nd print the pairs as 
^ * they are generated. The first pair to b^ printed is F^, Sp and the 
, - second Ts _F|^, S^, etc^ The algori|;hm should tenninate after printing 
60 such pjairs . * , * " ^ . 

As an added challenge, see if you can write the flow chart without 
using subscripts. ' < * * ^ 
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Recall Figure S-^kM which was an algorithm for computing-^e points 
won* or lost in one spin of the carnival wheel (i.e., for one data pair 
S and M). This algorithm allowed us to have an arbitrary point rule* 
by input of four valiies into veator elements P^, ^i^.* 

' Now suppose we are interested in determining our, score after a 
targe number, say N, of arbitrar|.ly chosen data pair'^ S, M. the 
moment we won't concern ourselves with where the»e data pairs came f2X>m. 
Your job is to revise ,the flow chart in Figure 3-2if(b) so that it now 
does the following; ^ * 

''(a) inputs values of for a J+-point rule; ' ^ - * • 

(b) determines a point value for each^of N data pairs S, M and, 
instead of printing these values, forms their sum in (SUM); 

(c) after ihe^^N data pairs have been "processed", prints N and 
SUM using appropriate literals to e:q)lain the significance of t|ie 
values^th^t are printed. For example, ^After 35 spins your score 
is 5^2 - poin-ts." . , , ^ ^ 



If you can't fight your way through this exercise just yet — postpone 
it until after you have done several' 6f the exercises in 'Set A of the 
next section. * ^ > ' 
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Simplified Model of Payroll Computation. 

• The worke^rs in a plant are assigned humBers.from \ N. Let T. 

be the number of hours workedyby worker number i and let be his 

hourly rate of. pay. The payroll .department wishes to input' the time' 

data from the Time-keepers** Department and the rate figures from the 

Personnel DegJWtment and output the* weekly wages ^r each worker and the 

total payroll. .Draw a flow chart to do this jo"^. " You may assume that 

the Timekeepers' data comes in the form of an ordered list of^'the T ' 

* i 
from 1 to N and that Personnels' data is~~'a s^cTond ordered list of . 

the R^Js^ ffom 1 to JI. *^ y^" 



i 
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k'2 Illustrative Examples * " * 

> — . ' ' ^ m 

* In this secti6n we wish to present a portfolio of examples illustrating 
iteration box^. We present them at a rather brisk pace and they will get 
gradually more complicated*. In order to make what we wish to emphasize stanch 
out, we will i^ually present only fragments of flow charts. Consider the task: 
Given N numbers, print out these given numbers and theiis. cubes, thus in effect 
constructing a tabl^ of cubes*! * » 

Suppose the list is already stored in the coraputer's^emory; in locations 
belonging to a subscripted variable, X^. Then we will run through the sub- 
scripts reading out of memory the values of ^ the X^, and making the desired * 
computations. This suggests the use of an iteration box with the loop variable 
doin^ the. running. This is shown in i^-8(a). In Figure l^-8(b) the same compu- ' 
tation is performeti with the da-6a stored on cards rather than in the machine. 




I 1. 




F 




I <-I+i 







J ^ 1 









X, Y 



x3 



X ^ 



2-' 



(a) From internally stored data 



(b) From external data' 



Figure Making a table -of cubes 



Notice tha-t; in Figure h'-Qi'b) the loop variable is nowhe,re io be seen in 
the computation portion of the loop. Figure 4-8(a) provides out- first exper- 
ience with a* common occurrence, that of a loop variable^ going click, click^ . 
click through the subscripts of a 'subscripted variable. ^ 
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We see this agaifl, in fact, in our next two examples:* Adding up a list 
of numbers already stored In memory, and, second, finding from a list of num- 
b^rs in>,i^emory, the maiximum of their absolute values. These are flowcharted 
in Figure If you have trouble understanding this loop, -review Figures 

3-2i4'(b)* and 3-25 where we first discussed an^ aTgorithm like this one* 



u 



SUM ^ 0 



MAX 



J ^1 


J < N 


F ^ 


J <- J+1 





.SUM <- Aj + SUM- 



SUM 



. 3 





f 2 




5 


J <- 2 


J < S 


F ^ 


MAX 


jl- J + 1 





MAX |A I 



(a) The sum o^ the cbmppnents 
of a .vector > 



(b) The maximum of the absolute, 
values of the components of 
a -trector - . 



Figjure ^^•-9' Application of iteration boxes to calculation 
with vectors (subscripted variables) « 



There is. a fundamental difference between the algorithm of .Figure ^1-9- 
and those of Figure k-Q. In aiiy transit of the loops of Fig^re h-^'no use 
^ made of calculations made in previous .transits, while that* is certeiinly ijot 
• the" case in Figure k-9. ' " ' • 

<f We find, in Figure k-lO two variants, of Figure 4-9(b); •''The' first s^ows^ 
the modification of Figure 4-9 which must be "inade if we wish to t>rint out . the-, 
value of J for which |Aj| is the maximum. The second showg the . algpritJ^ 
for finding the maximum value of . |A-|,' but over only, the ev^n values, of nJ. *^ 



k-2 





1 


1 


IN1)EX 1 






•P 


J <-2 




J<- J 1 


' J < N 



MAX <- lAgl 



INDiK, 
MAX, 




|Aj| >MAX ) 



MAX <- |Ajj 
TNDTOf <- J 





.2. 






Jf- J + p 


J < N 



MAX , ■ 




|Aj| > MAX~^ 



1^ • 



MAX <- |aJ 



(a) Output ting index • (b) Maximizing over even subscripts 



Notice the counter ve used in (b) of Figure i*.-10 counts by ^'s and not hy l*s. 

The fijft of the loops of Figure exhibits the ' calculation of factor- 

ials and the second is borrowed from the Fibonacci Sequence algorithm of Figure 
h^6. These algorithms share the property that no data is injected (stored 'or 
rnal) after first entering the loop. 



FACT. <- 1 ^ 






1 . 


K < N 


K k + I 




(a) Computation of fa<%ori^l8 



LTERM «- 1 
NLT <-0 




2 


K <-I 


K <N 


K<- K+1 



K, LTERM 



COPY <- LTERM 
LTERM <-,LTERM + NLT 
NI/P COPY ' 



(b) Comrputation of Fibonacci Sequence 



Fig^ire 4-11., Loops without data 
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Exercises 4-2 Set A 



. You have in storage two columns of N numbers each. One column is 
called P/^ 'the oth^r Q. For eacl;^ problem in this set your job is to convert 
the word statement to an equivalent partial flow chart. You should find the 
iteration box helpful. You may wish to first floK chart the computation part 
or ^ne loop, then nang it from the proper iteration box, and finally precede 
^ the iteration box, if appropriate ,^y an initializing box. » , 

Think of the I^^ value of P an^^^6^ I^^' value of Q as the pair 
Pj, Qj. Interchange the valyje^ in every such pair. 

Modify the flow charfc^-drawn for Problem I'so only even-indexed pairs are 

interchanged. ^Dc^s it matter whether N is even or odd? • 

V 

Modifi5>^tHe flow chart draVn for Problem 1, assuming you wished to inter- 
change only every third pair of values beginning with the fifth pair. 

Move the first elements of thk vector P to the vector Q. 

See. picture (Figure k-l^) . 
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N-1 












10 















Picture of memory 
before "move" 



Picture of memory 
, after "move'^ 



Figure 14.-12* Moving elements of'' a vector 



'5. 



6. 



Move the last [n/2].. elements of the vector. P to^the first [n/2I ' 
positions of vector Q. Assume N is 'even. Hint: What is the index 
of the. first element of P which^^ to be moved? 

Same problem as Exercise 5--but don*t assume N is even. 



168 



.7* Let each of the last K elements of the N-element Vector P be 

"shifted" or mov^d t;fo positions in memory to make room for the I6ter 



insertion of two new values, at positions 
.See Figure 



N - K + 1 and N - K + 2. 




Picture of Memory . Pi'ctu re , of "Memory^ 

Before move ' . After .move - 

Figure ^-13. Shifting elements --of 'a vectpr 



' ^100' 



b. - You have already, stored 100 input values .fox ei^ents , P , 

. / .•/^- . 1' 2^ 

'ifi) ^orm the sum of their cubes (in 'SUMCUB).^ -v1;> ^' 
(b) Form the sum of the negative values Ux^-'^SUJfliBG*) . 

(ti) Form the sum SUMOJB, and SJMBlG (where SUMBlQ is the sum of 

'the .absolute values greater than 50* in magnitude). 

9* Refer to the flow chart you constructed in Problem 1, Exercises 3-6. ' 
Redraw^ t£e flow chart using an iteration box (sum of entries* in the 
K^^^xiolumn of the matrix P except for e|.ement in Row 12.) 

10» Refer to, ihe flow chart you 'constructed, for Exercise 2, Section 3^6'^ 
^ Redraw the flow chart using an iteration box (replacing entries of t)ae 
^ L^^ row of matrix P "^y the sum of Row L and Row M erjtries). 
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k.2' ; - • / . 

■ • ' * 

'< *■ 

. .. * 

11. Refer to the flow chart yoli constructed for Exer^iae 3, Section 3-6. 
Redraw the flow chart using^n iteration box (replacing entries of L 
row by sum consisting of Row/L entry and 2 X Row M, entry, but leaving 
Column K entry of Row L unchanged). f 

" .I 

In each of the following two exercises assume there are N- values 
currently assigned -to the P vector In memory. - 

12. Search the lis^ in t>i^ forward direction, i.e.,>'P^, P^, P^^ exc, for 
the first value gr eater than 50 in magnitude, assigning this value to 

^ W an^ 1 to ANY.' *If no such value is found, assign 0 to ANY. In "* 
^^eii^her case now "proceed to the same point in the flow -chart. 

13^. ^Search the list in the backward direction, i.e., Pj^, Pjj^^^ ^11-2^ etc., 
for the first value greater than 50 in magnitude, assigning this value 
to If no such value is found, assign ^0 to * m eithei case, 

now proceed to a common point in the flow chart. 



'^5 

)4. Search the N elements of the P vector for the non-zero element of 
largest magnitude less than |m|. Assutoe the yalue of M has already 
.been stored in memory. Assign the value of the vector element found 
in this search" to T. if no such value is found, print the message 
"NONE" and stop. , * 

Search all, N eleihents of the P vector for the element which is the 
largest in value and is st^iXl less than the value curre;itly assigned 
to M. Assign. the value found to T. if* none is fotmd, print "NONE" 
and stop. ' - - j 



In .the following two exercises ^ assume that all entries of a matri.x Q 

'\ , ''•ft 

are stored in memory. Q has M rows and* N columns. . ' . 

. » * ■» 

th' 

16. Search the L row of Q for the smallest Value Assign this value- 
to .SMALL. , ' ^ ^ 

17. Search the R^'^ column backwards '(i,e., ,from bottom to top) for the 

first entry, .if any, that is at least as large as the cuirent value of T. 

Assign the row value for this entry to ROW and the value itself tlD BIG. 
• # . ♦ 

If no s^ch value 'is found assign, the value zera to ROW. 
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We have now seen a number of examples illustrating the use of , iteration 

, boxes. But how, in the course of drawing a ~f low chart, cah^ we tell whether 

an iteration box will be useful? The answer is thj^t. we will want to use an 

iteration box yhenever \^'have a loop controlled by a counter. Whenever th^is 

situation e^sts (or when we strongly "suspect that it does) we draw the 

p 

iteration box and try to hang a loop on it. We may draw the iteration box 
before knowing everything that goes inside it. 

As an example, consider the problem of finding all the integer factor^ , 
of a given ^.nteger N. If N is large, this task is very tedious, as "you 
will know if you have ev^r tried it. We will be very glad, therefore, to 
have a'computer do the job for us. 

The word statement of the algorithm for this problem is very simpler 

Go though the integers, 1, 2, 3^^, etc., checking 
each oi^e to determine whether it is a divisor of N, and 
'if it is, -write it down'. 

Now for the flow ch^rt. Since for each integer wje must check whether it 
^-d±v±6Bs — haver^xepetitlirenprauHSFT" H^roDpT~BecHUHe"T7e"13eTfDTm Xli^— 
calculation for 1, 2, 3, k,^ etc., it would seem that our loop is , controlled 
bx a counter. Now we draw our iteratioYi box, noting that we are not yet sure 
where to stop# 



•1 ' 


K 1 


K < 


K <~ K 




T 




Of what does our calculation consist? Of detenninin^ whether K is a^ 
divisor c^f N. But how shall we expres-s this question? Well^ for K to be 
a divisor of N means that n/k is an integer or, equivalently, [N/K]= N/k. 
Thus, ' ^ 



is equivalent to 



K is a divisor of N ' 



= K X Cn/k]. 
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Now we come to the important question of where to stop our computation. 

we couxcl go all the way to W, i.e., we could put N in the empty space in 

the test compartment of the iteration box. Then if N' were a milliony we 
\ 

would have to go through the loop a millibn times. Must we do that? At this 
point a look at the mathematics of the situation will help. ' * 

Whenever we find one integer factor of N, say we have really found 

two, because 1t/K is also an integer factor. Moreover, these two factors 
cannot both be less than V^, else we would have ^ 

' ^ \ ' N = K X (N/k) < ^ ^ H 

• . ♦ ^ ^ • ' 

-which is a contradiction. By the same reasoning, K and N/K a^ not both 
greater than t/K. If they were, we would have a similar Contradiction > 



\^ r = K X (n/k) > X v^,= N. / , ^ • 

Thus, whenever we ^ress^Jf as the product of two factors, one of these 
factors is < and the other is This, nfeans that we only have to go 

as far as in our search for factors if, in our output step, we p5:int ,put 

the value of N/K along with each factor K^ ^ « 

Our complete flow chart is then seen^in Figure k^-lk* 

y * • 



• \\\ • 




"TH^ FACTORS 
OF"; "ARE" 



K ^1 


K < BOUND * 


K <- K + 1 


. T 






"figure ^-Ik. Finding the factors of K 



We see that if N were 1,OOP,000 we would now pass through the loop 
only 1000 tim^s. , Quite a saving over our oViginal plan to pass tjirough "^he 
loop a million times! 
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4-2- • • 

The last ^example of this section is the problem of evaluating a polynomial* 

We will illustrate our methods with a third degree polynomial and then general- 

th * 0 

ize to N degree. Consider the expression: 

After values are assigned to the components of the vector A, this expression'' 
represents ^ polynomial of degree no greater than 3- Next, a value is assigned 
to X; the polynomial cap be evaluated. - , . ^ , 

We first describe "t^e usual method of performing this evaluation. We 
evaluate each term in the order written, adding this value to a cumulative sum 
of the terms computed so far. We also keep the last power (PWRX) of X com- 
puted to simplify the computation o^ the next higher power. This process is 
obviously controlled by a counter which runs through the subscripts of A*. 
But should we initiate the loop variable at 0 or at 17 There doesa^ seem 
to be much computation at 0. Our thoughts so far are shown in Figure 4-15* 




Figure i*-15. Piecei? of polynomial evaluation 



• Box 5 in Figure contains the entire loop fi^cilation. Our decision 

about \<hat initial values to C§&X^y^o SJM^and PWRX de^ideb the question 
of how to initialize K in Box h. Now we can draw our flow ch^rt (Fig. k^l6) 

(start) 



{Aj, I = 0(1)3} 



PWRX <- 1 
SUM <- A„ 



K ^ 1 


K < 3 


K K + 1 


5 


T 



"THE VAIIJE 
IS", SUM , -^TOP) 



PWRX ^ X ,X PWRX 
SUM SUM + Aj^ X PWRX 



Figure i^-l6. Evaluation of polynomial, everyday Method 



It should be obvious how we can generalize this flow qhar^.to work for poly- 
nomials of arbitrary degree. *'We have only to i^plfece the occurrences of "3" 
in Boxes 1 and h by "N^', and. input N, either in Box 1 or ahead of that box. 
,,<^nstead of ^stopping we could, of course, go back to get another value of X 



or to get another polyno^al. 



^ Now that we have solved the , problem we ask (as usukl), "Is^ there another' 
way^.to do it?", Tl^ere^'is, in fact, another .way, and ^ most 'elegant one.- We 
tkke a polynomial. • ^ • - 

and express it in' the following way. 



^ B X X-^ + X 4 B X X + B 

\ 



((Bq X X + b^) X X + b^) X X + b^ 



You will have to satisfy your^elvea that these, two expressions are equivalent. 
The second of these expressions is in very inconvenient form for all mathB- 
matical purposes except evaluation. 

In c6nstructing the flow chart, at each step^the variable VAUJE Represents 
the plumber that X ' ia being multiplied by". You might enjoy trying to draw the 
flow chaH yourself before looking at the solution in 'Figure ^^--IT* 




{Bj, 1=0(1)3) 



VALUE = B^ 



VALUE <- VAUJE X X + B, 
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Figuro,!)--!?. Evaluation of Polynomial/ Sunday method. 



Again, of course, can generalize to degree N by 2;epiaging the occurrences 
of "3" in Boxes 1 and .4 by "N" and inputting N prior to (or/in)'Box !• ' 

Now let us coxapare the two algorithms. Certainly, .the sinqjlicity of the 
computation ±tx B^x 5 of Figure 4-1? appeals to our esthetic sense, but in the - 
last analysis the key question is, *'Which algorithm use^ the least' conlputer. 
time?'' ' ^ 

To answer this, con^are 'the computation portion (Box 5). of the two lox^ps. 
In the first method there will be two multiplications and one addition for 
each transit of the loop. In the^ second method there will be bne multiplica- 
tion and one addition in each transit of the loop. The second (Sunday) method 
is therefore shorter. If the polynomial were of degree N, it would save N 
multiplications. And if you intend to use this algorithm to "'evaluate many 
polynomials, ^hen t^e secon.d method will save a number of multiplications 
equal to the stim.of the degrees of all the polynomials to be evaluated. 



Exercises 4-2 6et B 



and 



1. Given a set of N values of a vector X, i.e., X^, X^,^'.^. ., 

•given a value A, - # , " f « 

y - , ' ' * 

(a) draw a flow chart for the computation" of NUM defined mathematically 
as an N-term uroduct ; y -si 

MJM = (Xj^ - A) X (Xg * i5^>X (3^ -,A) X" ...^irt]^. A) 

'Show input and output of all required data and results 

(b) Same as (a) except that MIM has the one of thai N terms" 
omitted. ' ^ ' . . 

2. ^ Suppose in tfie preceding exercis,e you are told<,that the givep value of 

•A i^s equal .to What data value, required as input in l(b), is nd 

^ , , longer needed? ^Redraw the flow chart to display the computatJ.on of DEN^, 
which is defined the same as NUM-, excepts 3^ = A and the term 'XXj^.- A)' 
^ . is oDiitted.; • * ' 



h.2 

3- (a) Preliminary . In •Problem k, Exercise 4-1, you were asked to spin the 
carnival wheel N times. Did you finish this exercise? If not, 
do so now brefore going on to the main task (.described in the next 
paragraph . . 

(b) Main . We begin now to develop more seriously the concept of simi^lat- 
ing the flaying of a game for the purpose of predicting, w^th the aid 
of a computer, something about its outcome. It's a "spinning \^eel 
^ game". Imagine you are given an inexhaustible supply of data pairs^ 

's, m, for input. These datB are somehow i;epresentative of what a 
^ person might actually experience if he we^ to take turns spinniijig ^ 

the wheel with one or more other players. We will say that a "game" 
consists of a series of spins for a given player and terminates when- 
ever the magnitude of his score, |SUM|^ exceeds some giv^ critical 

• value. CV. We shafi. say that the "length" of the game is the number 
of spins in the ^series-. The question we really want to ask is: How 
m^ny turns "on Jhe average" can a player be "expected" to take before 
CV < |SUM{ ? ^ ' 

^In this exercfsie you are .preparing 'the groundwork to answer the 
question later. Your^ job now is to draw a flow chart that simulates 

* ofte complete game. The paragraph below contains some guidelines--to 
be consulted only after you have expeilmented with a plan* of' your own 

(1) As in the earlier exercise, fi'rst input the four Valujss con- 
stituting -the "point rule" to be used. 

(2) Next input a value fcir CV, the critical value. ^ 

(3) Then input a series 6f data pairs, a,,' m. ^ 

{k) Aft^r each data pair the new value for the net winnings (SUM) 

is computed and,va counter ^ L of the number of spins is updated. 

,(5) Whenever the absolute value of SUM exceeds the^CV^ we .print the 
values of Ii, CV, and. SUM .and then stop. 

(6)^ For insurance against an endless :iopp, we print out an error 
message and stop tf ever L exceeds : 1000. ^ 

Remember to use an iteration box where you think it can help 
to keep the flow chait i^imple in structure . ' ' I ' 
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h'l ' Table-Look-Up 

7^ ~' ' ^ ' 

J^w we begin an algorithmic investigation into the subject of table -look-up; 
the looking up values of ajtabulated function, such as when we "go to the tables" 
to find^he value of sin(.3217), or of V147.62. - ^ 

Example 1 . Table - look -up bjr matching V . ' 

Our^ first, example of table-look-up does not even involve an itera- 
tion Box^ We hsftre a function, F, and as in common mathematical notation 
we write * , " . 

_ , Y = F(X) • 

Now we have a stack of cards, each card punched with a v^ue of the varia;ble 
X and the corresponding value of Y. ^ * ' ^ 




X, Y 



^s means that each card represents an ordered ^air of numbers Cx^Y), related ^ 
by ^ = F(X). No two cards then can have the same value of X punched on them 
unless the values of are also'the same. This is >^at is meant by saying 
that* "Y is a function of X**.' The stack of cards can be .regarded as a table ^ 
o^ values of the function, F. . ' 

Now, to look up the functional value of ascertain nunibei;, one n^etfiod 
would be to go through the cards comp'aaring this numijer with 'the value of x' ' 
on each card, and, when equality is found, .to print the corresponding value 
pf Y. Figure U-l8 is a flow chart for thi's process. 
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Figure lt-l8. Primitive Table-Look-Up 
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Any flow chart to read a whole table into storage will use subscripted 
variables . We suppose that ^ have a 'stack of icardjS with two nunjibers X^, 

V 

punched on each, and with and Y^^ satisfying 

.Notice that th^ subscript changes each time a -card is read. Data from differ- 
e nt cards goes irfto (different window boxes . If 1000 ' cards are to be read, , 
then 2000 window boxes must be made available to receive the data on them. 






For our' flow chart .language we introduce a slightly different type of 
input box. 







/ ■ 

. {X^, Yj^, K = 1(1)N3 







^ , ' Vigure k^l9. An input step for a stack of N ordered 

pairs of subscripted .variables 

Though we have not seen ah input^ instruction quite like this before, it is 
clear that its effect .Is equivalent to the following combination of boxes: 




Once the table has been read in> we select value for ^^ich F is 
sought. We eornpa^^' this value^with each of the Xj. ^"^^il we find equality; 
then we print ouy the value of Y^. The flow chart ifseen in Figure 
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' ' " ' ' Figuje . Ix)qk-up froia ipter^lly stored table ; 'W ^ 

j , , ; \^ - ^ 4 ,j \' , i'' ! [ 

5 ' .^Wi^t is i?np6rtant*^e'ri il the way in^^ irfiioh the iteration box helped us to 
draw the flow ch^. Notice, however, that there is a second exit from the 
*ioop besides the* one ?ai)in th^' iteration ^ox. y . 
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In Figure* ^^-20 ve could have^^gone back for more values of A instead 
of stopping. * 

Ebjample 2. Table^look - up ; Bracketing box entries in an ordered set 

Haye you ever had to lo6k up values in a table? Suppose you are 
given a value of X, and you want to find the value , of sin(X) . What h^pens, 
of course, is that you don*t find your value of X .listed. So you note the 
nearest listed values above and below, and write these down together with their 
functional values, as in Figure h-21. 



your given 
value 
.of X 



.5836 



X 


, sin(X) 




.5760 


.51^1^6 


.5818 


.5789 




. .5836 


• .5818 




..581^7 


.581^7 


.5519 




.5876 


.5876 ' 





(a) What you see in 
the ta'ble 



• 5^95 
.5519 



(b), What you write 
down 



Figure 'Reading, a table 



1 



Nov you usually "interpolate" a ^value' between the two tabulated values^ 
of sin(X) 'in the same proportion as that interpolated between the two tab- 
ul^ed values of X. . '0 ^ ' 

We will construct a flow chart for instructing a computer to do everything^ 
except the final interpolation. It would be easy to instruct the machine to' 
pe^-orm this step, too, h^t, we want to focus our attention on the table-look-up 
problem. We- will print as output the -number whose'* funstippal value we wish to 
find, the closest tabulated values of X, above and below^ and the correspond- 
ing values of Y.^ * * * . , . 

We will assume in this problem that the values bf X are arranged (indexed) 
in increasing order. We input the table 

. tii^ % ' 



{Xj^; Yj^, = l(l)N) 
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and the value we are looking up in the table 



Our task involves comparing A with successive values of X. AgaM .ve^ 
have a loop that can be controlled by an iteration box. The coinputatio^con- ' * 
sists merely of comparing A and . and printing out the desired information 
when w^ bracket A^ between two iabulc^^ed values of X. Of coursa. if ye hit - 
A on the nose we output that infonnation, too.* The flow chart inVi^re 
is self-explanatory. 




K = 1(1)N} 



k 



1 


1^1. 


I < N 


I ^ I + 1 





< A 



— ^Xj VERSUSA^ 



> A 



dEy 



"FC',A,») is", 
Yj, •"ofi the nose" 



•8 



A^%"is not in the 
domain of F." 




ERLC 



^Fig^il-e ^-22.^ Simple scan table-look-up in , 
ah ordered set of values ^ 
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Exercise k-3 *Set A ^ ^ • 

Improve thfc f lov chart in Figure 1^.-22 so thafz in place of Box 9 we will 
print tbe^ interpolated val^e of Y (call -it YIHtX along with the value of A. 
^ Hi^i^ Figure lf-22a should help you to see how YIOT may be computed. 
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Figure l^'-22a. Illustration of straight line interpolation ^ 



'^ Example 3* ^Table - look - up - bisection method 

And now we ask the same^ old question. Can we improve on the algorithm? 
Let*s compare the algorithm with what we do in -real life* In the algorithm 
we "take a value of A and start at the beginning of the table and compare 
with each entry* Is this what we do in real life? Take the analogy ^f a 
telephone book. We want to find the number of Tom Spumoni. Do we '^t art at 
the beginning (Figure ^-23) comparing Spumbui with each entry? 




5'igurei l*-23v ^In search of Spumohi 




i 



er|c 



If .time is, short, the rest of ^Section. l^'-3 may be skipped without* loss of 
-continuity. ' ' ""'^ - \ 
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.MID <^ [(LOW + HIGH}/2] 
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—figure k^2k. 'Taule-loolv^p using bisection technique 



(Hl:ghly instructive) ' 



Certainly not! What we do is split the book in the middle and check to see 
which "half" the name is -in. Then we split that "half" and so on. ^Just as 
this is a faster^way for you to look things up, so it is for a computer. 

The flow chart for this algorithm is presented in Figure k'2k. •We use 
two auxiliary variables, lk)W and HIGH, to indicate the lower and upper indices^ 
of the part, of the table we are currently ;conf ined to . ^ 

6n each loop .we find the midpoint of LOW and HIGH, t>iat is 
J [ L 

r 



MID«-[(LOW+ HIGH)/2] 



and test to see whether ' 

If sc5, MID becomes^the new HIGH (Box 9) and if not, MID becomes the new LOW 
(Box*'10). Box ^4- determines at the outset whether A is in 'the range of tjie 
table. Box 6 is the stopping mechanism. When HI - LO = 1 we know that- A 
is bracketed between twcT table entries with consecutive subscripts, i.e,, that 



The computation portion of|jthe loop (Boxes 6 through 10) exhibits the . 
'"bisection technique". Study this computation until you are sure you under- 
stand it. The idea o<?curs over and over again in computing and often rep- 
'"resents maximum efficiency. You '^11 see bisection again in Chapter ?• 

It is interesting to compare the efficiency of the algorithms in Figures 
1+-22 arid h'2k. The loop ^ Figure U-22 (Boxes h ani 5) will be passed through 
N/2 times on the average. The loop in Figure .U-2U wiAl be executed a' number 
of times equal to or one less than the number of digits required to express N 

in the binary system. .For example, if N is 1,000,0QP, Figure 4-22 requires 

' f 10 6 20 ' ' 

19 or 20 transits since 2^^10<2. . 

There is no iteratiojp^box in the flow chart of 'S^QXX^ ^^2h. The reason is 
that, the loop in this algorithm is not controlled by. a counter. . There is ^ 
valuable lesson here: You should not iiy^to force algorithms into iteration^ 
box form yixen it seems difficult to do so. Iteration boxes are not useful in 
all loops*. They are useful, onlj^.when the loop^ is controlled by a simple 
counter. ' * . . - * * ' . * / ' 



• • ' ' ■ M 

'Exercise 4-3 Set B ' i 

~* \ '• 

You may have noticed that the algorithm in Figure k'^2k lacks one feature 
- exhibited by the one in F^re That is, in the latter, if. an exatit match 

•.-.,fis found^ message lik^ .■ 

- "F{24.2) is 39.2^ on the nose" 
is printed. * • . . * 

^ 'Your Job in this exercise is to redraw Figure ii-2l^,or whatever portion is 
ne^ese&ry, with the "on the noseV- feature added*- 



^ ^Example kf Table - ^look -up in mi unordered set of values 



Suppose that the values of had^ not been> i;idexed in increasing order. 

This sort 'Of thing might happen if the table were constructed out of empirical / 
data collected .by a number of investigators . " • v 

VThere are two'different plans we could follow: « ^ 



— 1. We -could look up our value in trie tabl(^-as"it stands. — 7 X 

2. We could first sort -the Siata, accordiig to increasing, values ^ ^ * 
of and then look up in the** sorted table. 

The first plan wojild be followed '^iy to^ook up a very small number of 
values in--tlie table . When many values ai'e to be looked up', the 'second plan is 
much shorter^ ' ^ - C ' 

If- we sort the data first, ^ the sorting procfess yjpuli be ^follqwed "^jy a bi- \ 
section look-up algorithm as in 'Figli^ k-^^^i Sort^Has already >een discussed 
in Section 3~5 ^and will be "di^cussed'^urfher An Section h-\*^ We turn our atten- 
tion now io'^the "first plan. ' '>^v;*''\ '^7.. " V 



Our. goal here is thfe same as in'?ffij^^^g^^ Fi^jure to squeeze 

as^tightly a& possible between two Wiili^^ values of . X^i • , 



■ : t- 



' The difference here. is that we will know tljft ''yje have* atjbained our .rfe suit / 
* 'onlj after we have soenned the ,entire table ..'^J Fbrtiiermc&e^ lio bisection tech- • 
nique can be used here, since the , values of:^^^aie not jLnd^eji imaijy Qr^r, ({ 



If ^ime is short, this s^ctlbn ^ah be 8kii>S*^dV without loss''of continuity. ' 




.mum 



In constructing this algorithm it is assumed that the maximum and mini 
. values^of^ are known and are input as X^^ and X^^. Now we know 

We proceed to scan^the table replacing the value of LO with that of I when- 
ever we find ' 

Similarly, we replace HI by I whenever A < < X^^^. Since we are scanning^ 
the entire table we clearly have a loop Controlled by a counter arid hence an 
. iteration box. The algorithm is seen in Figure 
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Nested Loops ' 

By; the term "nes^d loop" we refer 
to algorithms which SIve, like the 

/ < o 

silhouette shqwri^ in Figure i+-27, 
loop within a loop. In th^p silhouette 
Boxes 3 through* ? constitute a loop ^ • 
while Boxes \ and 5 form an inside ^ % 
Ipop; Remember > in a flow chart, when- 
ever an arrow goes back to a box already, 
passed through, then you have* a loop. 



, 5 

7 



3 



Figure 1+-27. SilhbuAtte of nested 

r!W|i,agre already, seen numerous examples of nested loops of a rather ^ 
trivial kind in which the. "returrf^on the "outer" loop merely involvjsd coming 
back for moffe data as iiOhe next silhouettif (Figure i|-28). Here the inner 
4 loop consists, of Boxes 3, \ and 5- 
Box J- is an iteration box. The 'out^r 
loop consists of Boxes J, 2, 3^ ^ 5» 
Clearly Box 1 is supposed to be 
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•{more d^tRDsV 



I YES 

and the return on the" oulJfer ipbp is 
merely for the puiT)ose <5f *coming back 



>urer jiPop 



t 



repeat th^e same Calculation with '/ 
ew sets of data. 
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Figure 1^-28. Silhouette showing nfesting 
8* . formed wjien returning for 
- _ more data ' . 
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The sorting algorithm of Secti«)h ^-5 had a non-trivial use of a nested 
loot) although ve did not call your attention to it at the time. It is quite 
pcttf'Sible to construct valid algorithms containing nested loops without being 
conscious of the existence o^ this nesting. But when both the inner and* outer 
loops are controlled by iteration boxes we. will usually be' cohseious jOf the 
♦ne^sting. The njosV natural example of this ife some systematic processing of the 
entries 'ia a matrix. Suppose we wish to find the sum of all. entries in a ' 
matrix. First we add up each row, and then add the resulting sums. 

) ' • ♦ ' 

In this example we can mentally sejJarate the calculations in the two loops^ 

The. inner loop, -adding up the entries in a given row , sa^^the 



would ^e 



given by 



J 4-1 


J < ^ 


J<-J+l 





\ 



And then the outer loop 
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The dotted line is to be filled \n with the inner lobp. There is nothing teft / 
. to ^ but to input 'iJhe matrix, ' initiali ze the various SUM's and TOTAL to zero _ 
•^nd "output the final answer. TJie flow, chart is Fi^re 1^-29.. Hie' return pyo;f ^ 
for tlk' iriner loop gpes .from Box 7 to while that for the outer loop -goes ' 

from Box 9 Box ^. ' 

Many computations that invblva^trices have ^similar flow charts, ^everal 
will be seen in the next set of problems. ; ' \ w'. , , ' . 
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of iteral^l^ Box k ' ' 



Figure i|-29, •The sum of the entries of a matrix' shoving 
nested iteration boxes — ^ — , 
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ExercAses k-h Set A 



In iKe oUwing exercises you. are^ to ^drav a 'flow chart equivalent to 
^each word pisoblem. Each'^involves a nested- loojp, and you will f ind ""itejjation 
boxes helpf\il< - Assume in each case* that the matrix j- having M rows and 
N columrts, is already stored ir\ memory. . ' » 

1. ' Search* P for the element of lar^e^st ^bsoXute .value . Assign this f§ 

element ^to 95G''and prijitsftb^yHlue of piG.j Hint:/ Start by assuming, 
f,,^ th£. ^ntry of largest magnitude '^is- zero . ' " » • ' 

2. 'Sea^rch . P j'or the element of largest value (not absolu*te value); assign- 
ing nt 1;o LARGE., Print the value of IjARGE and the 2:ow number ROW, and 
column nWber^ COL, where this value was fcsund. ' Hint: Start by assuming 
the larfeest .-^alue is * P^ ^. ^ 

, » . . fl 

. - t o ^ ^ * v-^ . 

3. Search for tl:ie least non-zero element in odd-numbered rows and .ev^n-nun;.- 
bered columns, end fessign its vsaue^to LEAST.. While conducting this 
searcTi/' keep a tai;y of the number of -'zeros found/ ZTALY, and then print 
values for LE;AST;and ZTALY. 'if all eleieijts are zero, the value printed 
^or LEAST shoaid be ^ero . * * . * . 

« a ' ' 

Add a multiple, T, of* the first row entries to the entries of all other 
roys of P. For example^, if T =; 2,.we show the action on a l^-'row by 
U-dolu5||L matrix P. ^ ' / ■ . *^ ' , 
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D^ermin^ the minimnr vaiue in each column,* MIT{, of the matrix P and 
^pfint it out with its row and coluipn identification, ROW and COL. If 
^elre i? mpre than one occurrence oij the minimum "value, report the last 

one fouad, TFor the k x k array sh^wn in the preceding exercise in the • 

\ ' / 

'"before" state, the desired ^atput fojr this exercise would 'be: 



MIN • -ROW 



1 . 3 

- - -• -•■ » 1 ■ k \ • ■ 

1 . 3 • >• 3 

A matrix which has the same number of rows and columns is called a "square 
matrix". In the next /three -^x^rcises we shall. assume that ^ ^Is squarez-.-^^^ 
(M rows and M columns).- The "maijj diagonal" of 'a square matrix is *a line 
of entries eaclv having egual ro^ an'S column subscripts;* i.e\, R^-^^ oV^ 
^3 3' ^ -eiemeut^n the main diagonal can therefoxe>iie :ref er- 

red to as P. . . y . • * * , " ^ / — . 

' Assign to the sum of all entries to the lef-i- ^ -i^h^ tfiaitx. diagonal 

of the square matrix P, accumlating the terms -row by row. Hint : ' -Idake 

, - ' ^ ' ~ T 

yoursAf a picture of the "triangurar group of entries'^ that ^fall^ in jthe , 
category to be 'summed. \ What, is the first row involved? ^ , What J.s* the last 
column involved? For any row to the left of 'the main diagonal, ^what a^^e- * 
the subsG|-ipts- of ^he-rigiitmost entT5^ ^ , - ^* ^-i^-t*-^'*^ 

Form the sum of all entries which are* situated to the l:3,ght of the main - 
diagonal of P, accumulating the terms row-by-row. (Refer to Exercise 6.) 

The "triangle" to the l.efl of ihe main diagonal which you worked with, In 
Exercise 6 is often ca lled t he "lower triangl^"^ and the one to the right . 
of the main diagonal is often ^caliBid the "uppei: 'triangle" , In this exer- 
else we wish^to ge ar ch t ha up^ er J r i angle . column-by- column starting, from 
the j.ast column, ^ We wtil search eaclr^lu3m f rom top, to bottom j£or^ the 
first entry that is at least-twicer as large tn magnitude as il^s immediate 
predecessor in the same column., An entry which exhibits this increa^d, 
magnitude .will bf - termed a-EEG— ^-^^--^ ^> - - ^ , ' . ; . >^ .*.r " • ' 

~ "^A PIG ^ call 5CSiEr^i?r^H5t:im^^tte^2^^ 
Print; all values of Pl4 as-they ,ai^ discovered along, jd.ih^th^ir ,:j:OH-^^ 
column subscripts I and i. Ijf no" ra3 Ts fouiid, print "NOU?". What Isa \ 
the* pmallest matrix 'which can, have a PIG? (Answer: a 3 x 3.) Hint: .To. 
search a column f6T a PIG can the top element be one? What is the row, 
subscript for the bottommost element in the J column? ' . ' 
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The Stickler Exanrole 



• Next" we give a little problem to help drive^' home the power of a co?^uter. 
You will recognize ^th^ problem as b^ng^ofU-^feyiy^ often encountered in algebra 
Jcourses„ (and puzzle books). 



sn, 



rll the three-digit numbers which are 



^ ^ \ * ' e^ual to the sum of the cubes of their digits/ 

a& , reason -SOTch a problem emphasizes the^ower of a computer is that this 
probleni^ lhaugh possible, is extremely tedious to^ do by hand calculatioia. 
However, it ±i a trivial paroblem for a computer and the algorithm is absurdly , 
eaey to write . ^ ^ , 

If we let the ^digits^ of the number be H,,T, and U, then the three-digit 
number is , * ' • 

100, X H-^- 10 X T + U. ' 

.The problem then is to find and print- out all the triples of digits (H, T, U) 
which satisfy the condition: 



^ , 100 X H + 10 X T + U = hV T^ -^U^ . ' 

Consequently, we wdUld expect to find in our^^j^t^^ chart the structure sliown 
below. ^ ^ . I ^ . ' " , " 

' , J . : , . ' 

{ 100 X H + ao X T + u = + t3 ^ u3 A • 



\ 




9 

Figure 4-30. Computation for the Stickler 

in fact, the only computation perfomed in this algorithm. - The 
rest of the problem merely ma^es the various values of H, T, and U available 
for 'the test of Figure k-30. The process of 'making these values available in- 
volves nested Ioops\* This process" can be de&cribe'd someJ^at vaguely in words 
as: When a value is assigned to H . we t^hen let T "run through", thi digits 
from jO to 9 arfd when valu^ are assigned to batH H and T we then let 
.U ' ^run through"; the digits from 0 to 9. In, this explanation we afe frying ' 
to' explain briefly, the process of counting as perfoimed by the odometer^ on a 
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car where we consider each rotating wheel of the o^Dmeter as variable and 
the value showing as the' value 'of that variable. 



0 




This' commonplace idea becomes evl&^i cl'^arer In the flow cliart for the' 
algorithm givea in Figure 4-31, The initial value of H is 1' father than' 
zero because we are looking for^ three- digit ^umbers^. 

^ ' START 



1 




H ^ 1 


H < 9 


H<-H+l 


^ T 


2 \ • ' 


T 0 


s 

T- < 9 


T ^T+1 



T' . 



U 0 



U <-U+l 



U< 9 



k \ 




/ 100 X H + 10 X T + U=H^ + T^ + ^) , 



' F 




— 



Figure 4-31.' Flow Chart for^ l^hei Stid^el*^- 



'ijie stickler does i^ot require any ingenuity— merely ^binil^^ foipce. * The ' 
. 500 computations required in the ^l^orithm wbuld prpbably take all day^by hanc^, , 
, but a fai^t compui^er 'would coipplete the calculation in leas inan a setohd." 



• « . 

Exercises k^k Sejb B . . , ^, ' . - * 

Re-examine Figure 4-31 and 'answer the following questions^ 
* * -I -I 

1. How many milt iplicatipns are required from '(sTART) to (sTO]^* ? 
2* How manjf; diff erej|ft^v^ues of H^ ^rS computed f rom \ ^TARt) tp, (sTOf) ? 




3 . Hoy Biany different values of Tr are computed f!rom ' (START) to (sfop) ? • 




1*-. Revise* the srlgorithm so th^t the same value of H^ is never recompute^ • 
and' the same value of i is not recomputed moi^e than 10 times. 

' \ 

5- ♦How^WDuld you revise the algorithm so that n9 v^ue of H^., T^, or U^* . . 
.is ever c(5hipCited a second tim^? Hint: Compute all valvies, O^/l^^ 2^, 
9^ and, store them in a separate CUBE vector having 10 elements. •« 

6. See if you canTreduce the total numiber of multiplications to 119 iising 
no ntore,than 9 different bctxes in ^the flow chart. *- \ 

' . « > . "* 

1* i>raw a flow chart the 'following: 

'(a) Find the number of distinct (i.e., n%.two congruent) triangles with 
sides of integer length and no side greater tjian 100 in length*^ 

(b) -Find the sum of the perimeters of the triangles in. part (a). • * 

•(c). In part ^(a) replace the condition* "no side greater than 100 in 
, length" by "with perimetet < ICQ" and redraw the flow chart., 

(d) Redraw (b) with the replacement condition specified in part (c). 



» 
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The Prime Factor Algorithm ' , 

Jn Section k-2 (Figure h^lh) ve considered tffe p*roblem of finding the 
factors of an integer N. Nov our problem is to represent N as a product 
of prim© factors. These problems may sound similar to^ you. To see how. they 
^re different, compare the following. The list of factors of" 360 in the 
*prder output by Figure ii-li| is f 

. ^ 1, 360, 2, 180, 3, 120, 90, 12, 6, 60, 8^ . 
^ . k^, 9, ho, 10, 36, 12, 30, 15, 2k, IQ, 20. 

On the other' l:^and, the complete factorization of 360 as a product of. primes 
is • ' - ^ . , : - . 

2x2x2x3x3x5.^ 

\ \ f 7 - 

When ve output "Bhe. results from our algorithm, the multiplication operators 

will be omitted. ^ - 

« * * ' ' 

We viH work out the j^algc^^thii following the same 5,tteps ve would use 

doing the computation by hand. In the hand method we .would check to see 

wK^ther- K.^^^'C^'v^sq^r (>S|;art4by letting R be 2.) . ^ 



I ■ 



If K is not a divisor^ of ^ increment^ K by^ 1 and ch^ck again. If K 
is a divisor of N, then: ^ 

>^-(-2>)^-'-ri5]^laea^,^N b^ n/k' (so that- ve can now look for factors ^of the 
smaller numSer'^'BtSijie^ by .dividing N by' the factor K); , 

(3) without incremen,tin^ , k' check whether K ^ is a divisor of the new 

_J___™j£alujOa£^Ji^ 

Finally, as soon as K exceeds -v^ ^ N can haV^ no factors other than 
itself', (and l) so N must , be, prime, or equal to 1. You should satisfy your- 
self that, in the process we describe, the present value of N can never have 
factors les's than the present yalue of K. • - • ^ 



Since K staAs af 2, . Is incrememted by 1, and is not to exceed 
\e evidently have ihe iteratioi)'box, 



/ 






1 * 




K <- 2 




F ^ 




K <- K+1 







The rest of' the algorithm has been discussed in' the preceding sentences, so we 
exiiibit its flow' chart in F±&^jc^k-322^e^ can see In this flow chart that as 
^ Joes^iiP .lo^rdl^X' K comes down toward K. Hhe inner loop. Boxes 3, 
and 5, involves the check for repeated factors^ ^O^e necessity f or %bx 6 arises 
from the possI5ilTt3^,tfiat at ^ some point N 'mighV.be a power of K. In this • 
case successive repetitions of the inner loop would eventually reduce the value 
of N to 1. It is left to tfife-=s%ti~dent^ to^- check 1:hat nothing but primes can 
occur in-th^t>utput^ -I^f-a--^!^ iFthe primes less than vTJ were available to 
be input into, the computer^ the computation would ^e considerably ^horte^ed. 



J 4^- 



Ex ercise k-h Set C " 

One of the students who studied the algorithm in Figure ^1-32 wondered 
about ways to improve its efficiency.^ In particulp, he was ^lnhappy with the'' 
fac-fe'that in repeating the test in .Boj^ 2, ^ 

» ^ ^ • . • ^ - / : 

ve must repeatedly c^ompute vli even though the. value ^f, N m?.ght rem^n 

• * ' ^ / ' ^ <. ^ 

\inchanged uuring a nurnbei* <5f transits through. the loop^i jAs &n< ^Itematiye,^ i 

' r "' . , - ^ ^ ^ / R ' ^ 

the ^uaent develoj)ed the algorittan in figure ^^-33, claiming:^ 

(a) it is eauivaO^ent^iC^ F-fgUre k-^ as i'ar^ p,esiiits are conceri^^'; . . 

r • ' ^ " ' ' ^. ' ^ ^ . V 

(b) while perhaps slightly more difficult to -understand,^* it was^mdre^ / V 

' efficient^ in that v5 is computed Qnly oncd* for** eabh" value 'of ■ .N.^ \ ( , 

Your job in this exer»;ise is to study the proposed' ai"t^erriatiye and ^ith^ 
verify the claims made by the stud^ent, (a) and*(b)^^^__o^^64' vhere he is ' ^' >^ ^ 
wrong. To verify 0:1;, refute claim (a) you should tigce th:5(^ugh th,e f 1,qw ^9h^rt . 



finding the factors of several numbers like 10,/!^ 12, and 2^1-- 
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Figure i4-'-i3. Proposed conr^lete factorization algorithm 
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Shuttle - ItYte rchange Sorting Algorithm 

Look ^ack at the' sorting algorithm of Se<?bion 3-5; Figuire 3-31. 
purpose of the algorithm wag to take a given list of numbers and "sort"/ or 
"rearrange" it in increasing order. We went through the list from lef-jf to 
right looking for a, -consecutive pair out' of order, ^ 



h ^ . S \ ^ H Y ■ 

2- - 7 - • 9 ■ 11 3 8 7 " 12 5 



•"/ V 



soon as we^Tound two alijacent numbers out of order we interch^ged them. 
2 7 9' 3* 11 87 12 5 



\ 

J 



Then wq started over again treating this "interchanged/ list as a brand 
■new problem. The algorithm was*easy to describe but rathey wasteful. The 
reason for. this wastefulness is the rechecklng of pairs preceding the inter- 
changed padffp. Ttiese are already known to be in increasing order! We_ look 
for an Algorithm to eliminate this waste. 

In the. example 'a))ove we see that the 3 is still/out of place. 'Holding 
a finger on the position of ^ 11, so as not to lose oiAr place, ve first take 
care of ' 3' Using three tejsts arid two interchanges jve work 3 back to v^ere 
it belongs between 2 and,? ?• * * . 



2 



A •* 



^ ^6 ^ 
9 11 8 7 



Nov welcome back to 11 "v^ere our finger was and compare it with the 
text en|i3fy and so on. Now to translate this into a flow chart, we. input N 
and a vector with N components'. 
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= 1(1)N} . 







Now wV introduce, a variable J which runs through. 1|he subscripts/picking 
out N -'l pairs Aj, Aj^>^ to be eomparisd. ^ 



. J ^ 1 


J < N' 


F 


j J+1 


9 




T 





' " ■ / 

Then we must have a variable K which, after an interchange located by 
works the smalle^r of the t^o interchanged numbers back to its proper location. 



± 







K> 1 


- F 










T • 





There are two siirprises in this box. Jirst .there l&-a variable on the 
right side of the initiation compartment'* VSecond/ Increm^fitatifen ia negative,. 
Both ♦of these novelties are permissible* < " ' 

Uow we draw the flow^"'cliart in Figure h-^k. This sorting algorithm is- ^ 
quite efficient and has therefore been named. It Is variously ^called lihe 
"shuttle^interchange" algorithm, or the "p\ishddwn-p\ishup" algorithm. * ^ " 



k-kl 






' 3 






J J+1 



/ 



COPY 



0+1 




*- J-1 



. K > 1 



F 


* 


COPY ♦-Aj- 






^ COPY 



rr 



{Aj/ I = idiN) 




erJc 



£2 



Figure ^-3^» Shuttle-interchange sort 




Eb^erc'ises k-k Set D ^'^-^^^.^ 

!• *fn order to properly^'compare the primitive sorting algorithm. Figure 3-31, 
^ ^ with the- one ^in Figure redraw the former uslrife* ar; itemion box for 

.—^ control, of the, inner loop. In redji^ng Figure 3-3*1, ^yo'd.xan simple omit 
Box 1^ letting Box 8 lead to a (SToA 

'2.^^ In order to apj)raise the efficiency of the* shuttle- interchange ^thod «ind 

to compare it with the primitive ^ort, we will again equate the 'vprk of 

♦ y 
sorting to the numbei* of comparison^ require^. In this case, the\sorting 

• . work would be proportiojial to the^total number of times Boxes k and,? 

(Figure h-lk) are executed. . ' ^ ./"■'^ 

(a) How many times are Boxes \ and 7 executed from (stARt) to 

if the yalues to be sorted are 7, 2, -5, k ? — 

, (b) ffpw many times are Boxes k an4 7 executed if the values' to be sorted' 
are -9, 5, 9, 12 ? . ^ ' " ' ^ 

(c) Ht>w many are Boxes k ^nd 7 executed ife'^the values to be sorted 

are 12, 9, 5, -9 ?' ' " . 

3. ^What changes would be required in the flow chart in.- Figure h-^k to make 

it serve for sorting numbers into descending order? 
• ' ,■>> 

A student brings into cla£s the algorithm 'shown in Figure ^-35. ''lie makes 

the following claims; * ^ ^ 

(a) It's an algorithm for sorting numjbers in ascending algebraic order. 

(b) it's more efficient than -che algorithm in Figure k^^k, " ' 

Your job is to verify or refute each claim.* 



9 




N, {k^, K = l(l)N) 



I 



I <^ 1 


I < N-1 






F 


I <-I+l 










- T ^ ^ ^-3 ^ 



[k^, K = l(l)N) 




J 1 


jV^i^i 


- J <-.Jfl 







("j > Vi) 



COPY ♦-A, 



^.1 



-A 



J+1 
COPY 



Figure ^-35. A sleeper? 
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^l!he Monotone Sequence Problem * ^ 

A few years 'ago a charming little problem was making the rounds of mathe- 
matics departments. It was a true stickler in contrast with the pseudo stickler 
we met earlier in this section. New terms used in the statement of th^ problem 
are explaitied below ' . ■ 

PROBlIfiM: Suppose you are £iven a sequence (that is, a list) qf • 
N numbers, guaranteed all different. Prove that the 
length of Jihe longest monotone subsequence is at 
least V^. ^ . 

' . ( ' ^ ' ' " 

By a sequence we mean a lis^ of numbers like the components of a vector. The 
order in which they ^r^ written is very important'. For example: 

5^0 9 6 1.12 3 7 2 

By a subsequence we mean the list that Remains after "grossing out" sonje num- 
bers in the original list. We show one of the 512 "possible subsequences of 
^the sequence exhibited above: 

5^-096?^ 12 3/2 

The reason for explaining' this idea in terns, of "crossinigNout" is to make it^, 
absolutely clear that the order of the remaining terms J.s not altered. By a 
donoton^ subsequence we mean one in \^ch either the values are increasing frgm^ 
left to right or one in which they are decreasing. 

a 

' Thus, the preceding subsequence .is not monotone but the following two axe 
monotone, the firsts being increasing and the^secondf," decreasing. 

i 0 i ^ 1 ti z ' l ' i . w ^ 
<f> J I t W z 1 2 

You, can check that the increasing subsequence is the longest possilDlej that is 
to say, 'tiere is no increasing subsequence with more than h terms* The de- 
creasing ine is the not longest possible, since the subsequence 

--^--j - ' — . ^ ^ 6. . 3^ 2 ^ _ . 

is longeif. " " , 

In this example the longest increasing* subsequence had length h and so 
did the longest decreasing subsequence. Thus, in this example the length of^ ^ 



.the longest monotone subsequence is k,t^^ 

1'^ , 



+ / ^ . ft 
'See footnote at the beginning of Section 2-8. 
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The problem concerning 'the lo^gbst monotone subsequence is actually one 
^ of proving a theorem*. It may not ^e possible .to get a computer to prove this 
theorem) but stiil this. pj^aem' suggests an i^iteresting task ^that a computer 
can perform. Namely, for a given sequence, find the leqgth of its longest 
increasing subsequence, , * a 

We look for an algorithm and the first ^one we not only find very, quickly, * 
but also quickly reject. It begins: List all possible subsequences. Check- 
each to see whether it is increasing, , Make a' note of the length of each one . 
which is increasing. Pick out 'the greatest' of thes,e recorded lengths. That 
is a valid way of attacking the problem, and the flow chart is not difficult 
to draw. What, then, is wrong with this solution? We reject it because o^the 
monstrous amount^ of computat>i'c?r]^=^ the original sequence had 6o terms, then 
the number of subsequences would be 2^^ or 1,125, 899,898,650,62!^.. For all 
intents and purj^oses, such a 'number of calcu: ations may" as well be 'infinite'. 
An algorithm which calls fol* this many^calculations may be of theoretical 
interest,, but is of no practical use whatsoever. 

Finding a i^jsable algorithm for this problem is a more difficult under- 
taking than any ve have tried so far. wonU get the idea, all at once. 

- Let's take another look at the previous exam^ile. 
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*9 


.^1 
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9 




> 1 


12 ' 


3 


7 


2 



For each value of I from 1 to 9, we want to figure out the length (call 

Bj) of the longest increasing subsequence having as its last term. 

This is not difficult for the short sequence in this example. The answers are 
tabulated 'here . 
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How did we f j^d' the values of ? By eye--Just by looking. And yet' we*re . 
sure we're right. Still, there .is a systematic way (an algorithm) for finding 
the values ot the B^. But first, note that the desired length of the longest 
increasing iub'sequence is now simply the m^imum of tbe values of the B^; in, 
this case, /then, it is i*-. * ■ ' 

In oraer to expose this systematic method, consider the preceding table 
only par^]Jy filled out. will show how to find the value of B^. We will ^ 
see that the computer-inspired concept oS reassignment is of great help to us 
in explaining this algorithm. We start by 'giving B^ the initial value 1. 
We know l/hat . B„ must be at least 1 . . ' . 
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. 5 *■ 



T 



Hpw can we find increasing subsequences ending with (i»e,, ending ^ 

witM,, 3)? Oi^i^^/ay Is /dimply to tack onto the end of a subsequence 

terminating with some A^^ coming earlier in the list.* This "tacking on the 
^nd"can only be dor^ w]aen it won!t destrby the increasing property of the sub- 
seqdence; that is, only when "A^^ < A^. This suggests the test * 




Suppose the answer is "T" (as odcurs for the first time in our 
example when the value of K Is 2). Then we know that there, is an in- 
creasing subsequence whose last two terms are A^^ and A^. What is the 
longest such subsequence? We obtain it by finding the longest increasing 
subsequence terminating with and thei\ tacking on the end. Ihe 

length of this "extended" subsequence will then be Bj^ + !• To be sure we 
have the longest extended subs?equence ending with A^ we must compare each 
candidate value of + 1 with the cui^rent value* of B^. 



1 



If true we assign the vklue of + 1 t6 E^. 



If either of the i^nequalities in the decision boxes 1^ or 5 is false, then* 



reafssigiiment takes place. In any event we now increment K by 1 



and 



repeat^ tiie test in Box k. , We perform this" process for aai values of K 
from 1 to 6. ' * 



\ 


J I 

iC-<^ 1 ^ 


K < 7 


i 

F , ' 


K <-K+l 







All'fhis together constitutes the Heart of our algori"thm. 
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« K«- 1 


K<7 


K <-K+l 
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T * 



Figure if-36. Heajrt of the Algorithm 



It Is clear now that each of the Bj is calculalfed in this same" way^ 
not just Ey. In order to get this same cal*CUlation made for each Bj* we 
replace each occurrence of\ 7 in Figure h-S^ by J and hang the Heart from 
the following iteration- box, - ^ 









J < N ' 




•> 


J 4-J +.1 







with the connections as indicated. (We are assuming here that {A^^ I = l(l)K} 
has been- input . ) 
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In Figure l^-ST we see wAefe stand so far/ 




/i^,{A^,;i = i(i)N} 



1 ' 






J< N 







,. 3 



K <- 1 


K< J 




• 

k 1 





3 



- 6 



Figure 4-37. Coming down. the home 'stretch 
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^ We have dor.j ju^t about everything now except fo.r getting the answer.'' 

The answer, you recall, is the largest of the values of =thfi components of B. , 
We have done soch a computation before and it will be "child's play" to re-' 
construct it. The variable MAxfNC is taken from MAXimUm o£ the lengths of 
INCreasingv^subsequences . , * . ' 



0, 



. MAXINC ^ ^ 


8 




L 2 


L < N 


L L + 1 ' 



MXINC < 



10 



MAXIHC 




Figure 4-38. The final calculation 



Nov, if we join the two flow charts (Figure 1^-37 and Figure, ^-38). /together 
• at the- bulls eye, the algorithm is c6mplete. x • 

m ^ 

^ ^ 'Ac,, usual, we ask the question, can we make any improvements? :^d, as^' * 
usual, the answer is yes. ^It would produce a simple^ looking €low chart 
as well as a slightly shorter computation to keep a "running" record pf the 
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vallie of MAXINC instead of introducing it after all the values of the B 's 
are computed. We mean thkt after- a given Bj' is finally' computed we should 
con^iare it with MAXINC. Then reassign Ej to MAXINC if Bj is larger. This 
eliminates one i^^eration box fra|p our flow chart. The conparison and possible 
reassignment are seen. in Boxes L3 and of Figure'^-39. It,.is now necessary 
to assign an initial value to MAXINC prior to Box 1. 




N,,{Aj, I = ^(i)N) 
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MAXINC «- 1 



J <- 1 


\ 




J < l^ 
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K < J 
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MAXINC < B, 
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' * Figure Length of the. longest increasing' subsequence 
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As ^ final surprise we f indwthat Borne of the machinery developed in our ^ 
algorithm VLil ir^spire a jiroof o5 the theorem proposed in the original problem . 
This is shown in Exercises below. ^ 



Exercises kA Set E * 

1. What changes are needed in Figure 4-39 convert the algorithm to, one 
which finds the length of the longest decreasing subsequence? Let 

c represent the^length of the longest such sequence terminating with Aj.« 

2. Shov that ist J < then the p|iirs of output values 

^ (Bj, Cj) and (B^, C^) 

cannot be the same, {i.e., not both^Bj = B^^ and Cj = C^,.) 

3« . U^e the result of Problem. 2 to show that the lengtk of the longest mono- 
tone subsequence is at least vS. 

k. Now that we have succeeded in producing an algorithm (we* 11 call it MAXY 
for short) ^which finds the length of the longest increasing subsequence, 
how do we find the sequence itself? One ought to be able to search 
through the B-vector for clues which will point to the A^s 'belonging 
to this sequence. If you fare on your toes, you will be able to dr^w a 
flow chart for the process 'Tff searching ou-ib,.and printing elements of this 
^subsequence. The^low chart can then ,:Be tacked onto Box 11 of Figure 4-39. 

To get you started we'll give you^^^wo hints: 

(1) Although MAXY developed the value of MAXINC, it did not tell you 

^ where the top or ^'head", of the longest (or one of the longest) ^ 

subsequence mayTe"found- Your flov chart must search for it. 

(2) We*ll show you a picture which should suggest a plan for system- 
matically retrieving elements of the subsequence once you have. 
found>its head. Here it is. . 
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i^the head 

The desired* subsequence in this case is 0, 1, 3> 7 
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Chapter 5 
A 

FUNCTIONS AND PROCEDURES 



5-1 Reference Flov Charts ^ ' 

, In the last few chapters you have frequently seen an assignment box like 
-^igxore 5-.1, 



Figure 5-1. Ji familiar assignment' box 



,JJow we want to askA/hat really is meair^by this box. We knov that it directs 
us t^: ^ ' " I 

1* Send an assistant to find the window box with "y" ^engraved on 

its cover and 'to bring the number found there to the master computer 

2« Do' something with the niai]jber delivered b^\t'he assistant to produce 
the square root of that nuidDer;' 

3* Give the result to an assistant to put into. the window ibox having 



X engraved on its cover. 



How does one find ^he square root of a (p6sitive^ number? We know that 
it is not a* trivial thing to do. Let's explore an algorithm for fiiTding 
square roots. 

Oppose we take a guess 'at a value^^f the square root of y. Call this 
guess g (for*guess). If g is the square root of y, it is obvi'aufi that 
- is equal to g, but we can't expect to be lucky enough to make the right 
jSuess the first time. Since .the product 'of g^ and ' 
pne of these numbers is le^s than and the^other great^^^"^^^'^ ^ 

Now suppose we make a second *guess, h, at a-value of the square root 
of y. As indicated in Figure 5r^ i^Lthe second guess^ *h, lies between g" 



Figure Second -guessing the square root 
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and so also does ^/ So, if we take any point h in the interval with 

endpoints g and we can. define a new interval with endpoints h and • 

^ contained in the. first interval and still containing If we make 

repeated guesses by taking a new point inside each n^w interval, the intervals 
must get smaller and smaller without end and the guesses must come close^* and 
closer to * - * 

point in this interval with endpoints- g and ^ would Vou like to\ 
take for a second guess^ ,Any one will do bu1> some might ^do'better than 
others. An easy point to'fiijd (an^^ an excellent on^) is the halfway .point, 



If we continue to niake our successive choices, in this way, how fas-fr will 
^th^ success'ive intervals get small? " ' 



VvLet d, be the length of ' the first interval. 



|g 



g' 



arid let d^ be the length of the -.second interval. 



2 

g + y 



ayg 



2g 



+ y 



Now you can easily check that 



^2 = 



Since y is a positive number. 





1 


2 

g - y 


2g(g^ + y} 


.2 


2 . 

£ + y 



2 ^ 

g + y 



< 1 



SO that 



ITherefore, ea'ch new interval must**^ l€ss than half as long as the Istst one. * 
In fact, after only a few of these suc&ssjve choices the new intervals Wi3^ 
be n^icji less than half as long as tneir ^edecessorsr' 

^Thus, the process of repeatedly averaging g and — and assigning the 
» g ' 

result to g is guaranteed to ^eld successively better approximations, to the 
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square, root qf^^y --even -if the f Jr^st V^ess is really terrible. 
' We drav a flow chart of this ^proSf ss, Figure 5-3. 




1 




{ ^ 






'6 <^ l.i 



\ 



h l(g + J) 



< ,0001 ^)IL_ 




STOP 



g h 



Figure 5-3» Square root method (due to Nevton) 
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Box i*- shows a condition we could use to ^nd this iterativ^process when the 
improvement in the approximation becomes l^ss in magnitude* than so^ie number 

like .0001. . • ' ' . > ^ ' 

* , # * 

In case we erer want to ,£ake a sfq.aar^ root again, wouldn^t it be a good 

idea to file^ % permanent copy of Figure 5-3 in a notebook so everyone could 

use it? Besid^-s, suppose we ever need to take square ropts at more than one 

place ip a flow ch^rt, wouIdn^t it be handy to have a reference flow chact that 

could be referred to^-^rom any place^ in another flow chart? ' ' . 

To help us make a permaneryt reference copy of the square root ^f low chart, 
we will adopt a few nevr conyentions. , We need ano;t>her jjay to indic^e tie 
argument of the square root, other ^than by re^^ng' a card as in Figure 5-3. 




I Figure -5-4. A funnel 



X 
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new flow. chart shape is use^ to show both the piirpose 1^ "faking a ^q^aref root) 
oh tt^ deference flow chart and tjie ^^cument^ y. This.ri^w shape is the 



funnel shown in Figure We alsfii need^a way, in the flw chart language, , 

to state^tlie result, and to say that, we rioK return ta that hoxs^ the flow chart 
that caused the reference. This shape, replacing the print and ^Qp boxes of 



Figure 5-3, is'^the "return" box (Ffgure 5-5). 




















< 
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Figure 5-5' RetcPrn box 



Main flow cfe^t 
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Reference flow chart 



Fig. 5-6. Use of a reference flow chart- 



^ 1 C i 
' \ '^'^ t 

Figure 5-6 shdvs the use of the funnel- and the returr^ox on the fends ^f 
a reference flow chart, ©le first time the reference ^o\f chart is require^ 
\hy Vx in what we will call the %ain" flow chart), we go to the funnel end 
.via route 1. The inscription in the funnel says that, to use" the reference 
flow chart, we must, first assign the value of x 'to y so that whenever 
appears in the reference flow chart its initial value will be the value of y,x. 
When execution of the reference flow chart is finished we are toSr^urn vie^ 
route 1 to the same box in the main flow chart that caused the ' reference and 
complete the execution of this box. When we again require the reference flow 
'Cter'*'4|pr — j^---4ifHbox^) we are to go to 'the funnel via route 2, assign the" 
value of n to y, execute the reference flow chart, and return to the main 
flow chart via route 2. A flow chart? for Vy can be referred to as often as 
necessary by a main flow chart. 

Figure *5 -7 shows a reference flow chart for taking square roots • 

(START ; 





4. 








g <- h 





Figure 5-7. Reference flow chart for square roots 



Exerpises 5-1 

1. ]?or a cube root the iteration formula could be 



t 



Prepkre a reference flow chart for the^calculation of a cube root. 

2. Prepare a reference flow chart for the evaluation of f(x) = 3x - 2x + 1. 

. 3* Pref)are a reference flow chart for ABSOL(X) which evaluates the 
absolute value of x. * . i 



> 



m 



___ A . 

^^Since g^xi = y, it is clear that /g and lie on opposite sides of 

^ ~ " / ^1 

. It is therefore natural to cho/se the average, ^(g + ^) for the next 



ess. 



In later math courses it i^shown that the -weighted average, -|(2g + ^) 



is the better choice. 
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' 5-2 Mathematical' Functions 

Many^of'you have been introduced to the mathematical concept of functions 
in earlier courses^. E^^en if^you have not, you haVe all dealt with particular 
functions such as the trigonometric, inverse trigonometric, the logarithm and 
exponential 'functions, and t^e square roqt function. In computing, the vord^ j 
"function**" is used in a subtly different way than elsewhere. To enable you totg^ 
appreciate the difference, »we will discuss here the /mathematical concept of 
fianction in detail. We have touched on the function concfept very casually in 
earlier chapters of this book. ' . * ^ . 

The first basic i^ea involved in the function concept is "unambiguous 
designation." Supposewe make a remark about Elinor *s hat. It turns out that 
Elinor has a whole cjfeset ^uH'of Jiats and it is not at all clear which one 
we ar^ref erring to. But iow a remark is made about Elinor*s head. Ahl That 
is a^different matter. . Elinor has but one head, so that the head being referred 
to is perfectly clear, that is to say, unlmbiguously designated^ (or determined). 

We think of a func-^ion as being a thing which performs such unambiguous 
designations. But a function makes not just on^ unambiguous designation, but 
a whole lot of unambiguous designatioTit^. For example, if we were to say "the 
hat on the head of 3^*, Wfe would have an unambiguous designation when a 
particular person* s name is inserted for Xj; and a large set of mts could be 
designated depending on the set of names we allow to bemused for X. 

This ;is the second basic idea in-the function concept. There is a set 
called the domain of the function .and for each member of this set the function 
unambiguously designates something. " ' ' ' 

As an example consider a function which we will call BRTHfiY. ' The domain 

of this function is the set of all hman beings. Whenever this* fvinction is 

• • ■> 

presented with a member of i^ts domain^ it designates the birthday of that 

per^pn. If. the ftmction is presented with Abraham Lincoln it designates 

February 12^ . We write 

BROHDYC Abraham Lincoln) = F&b. 12 

to indicate that Feb, l2 is the thing designated by.tlie function BRTHDY on 
being presen-ted with Abraham Lincoln. Similarly, 

, ' BRTHDY( George Washington) = Feb. 22 . , ' 



^This section can be omitted if you are , already familiar with the mathematical 
concept of a fiihction. 
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ill",'' " . 

Vhat is the value of f i ' ^ 

.f BRTHp^(Tom''spumoni) ? 

We don't know, ^t^we.^ knqw that^m Spumoni has a birthday (provided he is 
a real person) and it i^ thli birthdfi|; which* is designated by the' expression \ 

BRTHDy(!roin Spumoni). 

(In mathematics, as^ distinguished fxoA computing, we are satisfied here with 
the existence of Tom Spumoni birthday and we do not feel the need of being 
able to exhibit* it explicitly.) ' • • ' * * 

Another example of a function is the squaring function, SQR.. This function, 
given any real number, designates the square of that number. Thus, 

» SQR(2) = k, SQr'(-3) = 9, ^ 

§2P(1.7) = 2.89, SQR(0j =0, 
SQR(3) = 9 

So now we see \^at a function does. If^ to each member X of a given 
set, a function called F is applied, then an .object, . F(X), is unambiguously 
designated. That telj.s-^yc^ w,hat *a fun ct'i^ti 'does, but*you may well want to know 
what a function is* This, it turns out, is not terribly important to us. 

The situation here is some\^at similar to that of numbers . We know hoy 
numbers behave under various operations; we know numerous properties of the 
set of numbers such as order and density; we know properties of various sub'ststs 
such as the integers and the rationals. In short, we know almost everything about 
numbers --except what thejy are. And we have joeen able to operate wj.th numbers 
quite adequately for lo ^these many years without this knowledge. 

And so it is with functions. ^ As I'ong as we know- that a function, F, will, 
for each meinber, S, of" its domain, produce for tis th^ " functiofial value", 
F(X), ve have no need in mathematics of knowing how this is done. There is an 
analogy with dialing a telephone number. We know that for each telephone 
number in the '*^domain" (i.e., the set of phone numbers currently in sei^vice) 
a certain telephone is unambiguously determined. When we dial the number, 
this telephone rings. We are not concerned with the wiring, the relays, the 
switches, the com^fiters , , and the coaxial cables which may be involved ii? the 
process of making the phone ring at the other end of the line. It is only 
important to us that this phone does ring. , • 
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Now that we* have been assured that it is not important for us to know 
what functions are, we will discuss "M^ee ways of "reprelsenting" them or 
thinking about them. This is-^iiAla:i^Lr5 spirit to our way of representing the 
real numbeijs as points on the numfeer.%ne. This means, more or less, that ve 
think of the real numbers as being p6:4|its on a line. I ' 

The representation of a function as* a machine is useful as well as popular 
Consider, for example, ^the squaring machine -as a representation of the function 
SOB, 



\ A/OS. / 




We see that the machine is equipped with an input funnel and an output spigot. 
"*Ve'have indicated the domain of the function (the permissible input) on the 
inp(}t funnel. If we input 2, the machine grinds and cranks and outputs the 
number i*-, * 




* If we input -3 the machine whirrs and clanks and outputs 9. In general, 
for an^value of X that we input, thje machine outputs X^. ,,The important 
thing, the thing that makes SQR a fu^iction, is that for each input value, 
there is just one output value . , \ 
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Here is another machine, called UNIFAC for UNIque FACtorization, 



I 

# : 

i t 
If 



The domain of this function^ as we see, is to be the set of positive integers. 
If ve input an integer, the output is the unique decompos^-tion of that integer 
into its prime factors. So ve input 5 and since 5 is prime, 5 is output. 



30 




That is, UNIFAC(5) = 5. Suppose ve input the integer 30. Its prime factor- 
ization is 2x3x5, so vhat is the value of UNIFAC(30) ? Is it 2 ? or 
3 ? or 5 ? or do we just take bur choice? An ambiguous answer here would 
mean that UNIFAC would ngt be a function. We build the machine so as to out- 
put, not a cascade of factors, but a single vector, having as components the 
factors arranged in non-decreasing order, - 

30 ' 3 4 O 

7 \/A/riraf^c/ 



//or 
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An example of a. function i^hich accepts vectors as input is the functibn . 
MAG vhlch accept^ three-element vectors as input and^^^uts their magnitudes 
(i.e., the squa^ root of ^he sum of the squares of t'^ccmponent^) . % 




^ Now vith SQR, UMIFAC, and MAG we have illustrated functions' which, 
for an element of the domain (whether its value is a single number or a 'vector) 
unambiguously designate an element of the range" (either a single number or a 
vector). In each case we haven- 1 cared about how "this designation happened: 
However, the fellow who has to design the, telephone system, or the ' UDIFAC 
machine, or a reference flow chart, m{^t be able to spell out, as a rule- or- r - 
tecipe, a way to find a value of F(x) once a value- of X is given (Figure 
/ 5-a), This Isoanother way of thinkit)g of a function. 



) 0 




igure 5i8. Spelling out a recipe 



When specifying a iWction we must be careful to 'indicate the domain of 
th^ function. If no such indication Is m^e, then it will be assumed that the 
domain is the set of all Wings for which the rule makes-sense. Here' are 



three examples. 
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Example X: F(x) 
Example 2: - G(x) 
Example 3: « H(x) ^ A - x' 



3x + 5x 2 for -3 < 'X <'5* 



x^ 
x^ + 1 



In the first of these examples we see that the domain is specified to be ^ 

the half -open interval [-3, 5]. In Example 2 the domain is not specified and 

* ^ 2 / 2^ * 

so it is assumed to be the set of all real numbers^ since (x - 3)/(x - + 1) is 

meaningful for all real values of x. 

unspecified but this time the domain is [-1, l] since Jl 
ingful for values of x taken fromi outside this interval.. 

One point which sho\ald be clarified at once is: Such a i^e does not 
depend on the variables used in expressing it. For example, if we writfe 



In the third exampl e the'd anain is again 

2 * ^ 
X is not mean-. 



J(t) 



t^- 1 
t^^l 



\ 



then the function J is identical vith the ftjnction G of Example 2. 

We see that this "rule" viewpoint strongly suggests that of the programmer 
who is to draw a reference flow chart. The reference flow chart, in Secti^ 5*" 
for finding square roots is an algorithm and an algorithm is, after all', ^ 
kind of rul6 or recipe. 0|i the other hand the "machine" viewpoint siaggesta 
more nearly 4ihe view that might be adopted by the programmer drawing a main 
flow chart who wants to use the^ reference flow chart. All" he cares about is 
that if he provides a value of x to the reference flow chart Tor the square 
root, it will return a value he can use as the square root of x. * - ^ 

Whether the "machine" viewpoint or the "rule" viewpoint is adopted in 



thinking of functions we can tabulate results as in^Figura 5-9« 




Gr andma Peobody's Function Reclp-es 



X (input) 


-10 


-3 


-1.7 


-1 


0 


1 


l%if 


2-^ 


l'.7^ 


5 


F(X) (output) 


IQO 


9 


2.89 


1 


0 


1 


1.96 




2.89- 
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Figure 5-9* Tabulation of SQR 



The %able given in Figure 5-9 is very closely akin to the set of ordered 
pairs: (-10,100), (-3,9)> (-1.7,2.89)/ (-1,1), (6,0), (1,1), (1.4,1.96), (2,4), 
(1.7,2.89), (5,25). (We call them "ordered" pairs to make it^clear, for " 
example, that * (3,4) is not to be considered th^ same as (4,3). I.e., the 
order is taSfen into account.) The first ^eltry in an ordered pair is called 
the ""abscissa" and the second is called the ordinate. 



abscissa* (input) ordinate (output) 

X-i. 7,2.89) 



Although we cannot write out an infinite table, we can co'nceive of an 
infinite set of ordered pairs. There is a mathematical notation to describe 
it. The mathematical notation describing the set of ordered pairs which 
accompanies the SQ3R functi6n is 

2 

{(x,y) |y = X }. 

When you read this out loud you say, "The set of all ordered pairs of the form 
(x,y) which satisfy the coW^ion that y is equal to x sa^a^ed." 

The rule viewpoint and the set of ordered pairs viewpoint are really 
e(juivalent. For, firstly, the rule determines the set of ordered pairs. And 
.secondly, the set of ordered pairs itself can be thought of as a rule equiva- 
lent to the given one. We explain what this means immediately. 

Suppose someone asks what the value of SQR(2) /is. We could tell him 
to, "go to that set of ordered pairs over* there and hunt for^the pair whose 
abscissa is 2. The ordinate of that pair is SQR(2)." That^s a rule for 
finding SQR(X) . And this rule equivalent to the original rule* because the 
two .rules always give the same results . 

• Many people like -to think of the function as actually being the set of 
ordered pairs. They then accept the following definition: "A function is a v 
. set of ordered pairs witij^the property that no two pairs in the set have the 
same kbscissa." (The qualification about, the abscissa expresses t,Me uh:g^ig- 
uous designation property.) 

This "set of ordered pairs" viewpoint is evidently closely akin to that 
adopted in Chapter h in the discussion of tables-look-up, especially in the case 
that the t^ble is pmi.ghed on a stack of cards. In that case, each card may'be 
thought of as an -ordered pair. , , ' 
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Whatever viewpoint ve adopt, there ,is one essential point we must be 
agreed on. That is, if ve have two' functions, F and - G, having the same 
domain. A, and such that 

■ • f 

P(X) = G(X) 'for all X in A, 

■ * then F and G are in^ fact the same function* 

We must be ^specially careful to be clear on this point if we. adopt the 
"rule" |Eiewpoi^. For two statements of rales can. look quite different but 
in fact be eq^alent,,^ Then if we give the rule for finding Q(X) as: Take 
the numbers^one more and one less- than X and add i - 16 their product, /- 



(X + 1) x:?ex' ^ 1) + 1' * 



'^-^ Jt'hen fdtid* t"ha 



V- Is -^fee 'fiiotJ.oi as SQR. 



Di^^twaa^-^e^lgiration is ^a function so Ibhat^.every 
* • ^^^uter program caji be si^weS" a% g^fynction. -The comrion computing 'usage of - 
" ^' "^^^W^^ / - ^refertWthe tts|^^f*Ta ^epai^te'^ubfo^ the compu- 

tati^^dr Values* Sijnpae^functions for which the aritli^etic operations of' 
_ Addition, sul^i;ractiori, miltipircaiidn and division ar^ sufficient'' are usual!/" 
^ ^ computeS^-in the iniain program (unless'^they *occ\5t 'so o^ten that ^ subprogram* 
" \!'^^?^"^^i^9^® ecfSnomical^jf memory* space). Such sirfi|>le functioii| (e.g^.^.x^ '+ l) 
^ *are, of cour^e^ recognizW ap f^ctidns but" -are eeldom called by that, 

' • name, • » / ^ ; * - * - z;^- - 

^ " ' • ' . % • -\ ' . . r> 

* Finally, In computing we wjll not be interested in functions for which 
"'^>., "..j^^Sio^al' values cannot in principle be computed even whdn the existence of 
'* , ' fuhc^i©nal ^values can be*proved.^ .Tlie class of functions ve will be interested 
^in ar^^^aileot "computable functions". ' " fk ^ . - ' 



^ Since conipyter calculati9ns on the reals we almost always approj^imate , 
•"^^%^'!?°^* recognize that, in effect, we ^replace mathematical* functions by 



compiiter .fyHetions wjiiah are often slightly different. 
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5-3 Getting In and Out of a FunctionaX - J^eferQ%ce , - • • 

We are now ready to tie uj) the ideas de^jeXoped in the first two sections 
of this chapter. In Figure 5-7 we ^w an elegant algorithm for computing 
approximate 'values .of the, square r^ot functioh/' We* have explained^ that -Wiis 
^ algorithm may be "referred to" by another algorithm and we want to see just 
how. To streamline our terminology we\shall frequently substitute the word 
"subroutine" for "reference flow chart". 

First of all we will bring to light a source of confusion so as to 
properly exterminate it. ' In Figure 5-10 we see two flow charts. On the left 
is the main flow chart and on the right is a subroutine. The program on the 
left is immediately recognizable as the cQmJjutation of roots of the quadratic 
equation, A-x X + B X X + C = 0 by the quadratic formula (where we ;iever 
input A) for A). The subroutine on the right is the'^ame as that In Figure 
5-7 except that the variables have been changed so as to create the" necessary 
c6nfusion. 

,SQRT(A) 



2 




. Xl<-(-B+SQRT(BxB- l^xAxC))/(2xA) 
^:.y:X2<- -B/a 



> . 



"THE ROOTS ARE", 
. , 'XI, X2 ' 





(a) Main flow chart 



Cb) Functional reference' 
flow chart « 



Figure 5-10. A source of confitrucj-ive confusion 
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We first analyze the connection between the two flow chai:i:s of Figure ^^10 

in a very naive manner. Suppose for this discussion that the input values of 

A,. B, O are 1; -h, 3. According to the principles of Section 2-5 the first 

part of the expression on the top line of box 2 is BxB-ifX^xC.. This 

^valuates Now the evaluation process calls for SQRT(ii) to be evaluated. 

As we would expect, this means that we drop h- into the funnel of the reference 

flow chart* This is equivalent to assigning k to the variable A appearing. 

in the funnel. The wheels are thus §et in motion in the subroutine. Duiung , 

execution of the subroutine, values are assigned to B and C each time 

through the Toop. The tesult seems to be that although on th^ one hand the 

desired square root is correctly evaluated, the values of the variables A, B, 

and C are altered in the process. This was clearly not anticipated by the , 

• ' • 

person who drew the flow chart for the main program. He innocently called for 

the evaluation of a certain square root with no idea^that the values of his 

^ t . 4 -~ 

precious variables would be altered in the process.' ^ 

The first method which comes to mind fo^ handling thfs dilemma is to use 
entirely different variables i^FiguVe 5- 10b than those used in Figure 5-lOa.' 
This i^ equivalent to using the flow chart of Figure 5-7 in place of Figure 
5-lOb*, It is true that if we adopt this policy we will be in no danger of con- 
fU-sion in reading the flow charts, and if we trace them out by hand we w^l com- 
pute Jgood approximations of the roojfc^ (in fact, in the example of ii^' pi^evious 
footno>i»M7a would, by a fortuitous! fluke of the rounding ^method chos^n^ obtain 
the exact values of the roo"^ " ^ 

If we accept the solution offered in the last paragraph,, then ire will lose 

a golden oppoJrtunity to comprehend what really goes on in computer subroutines . 

i • - ' 

You must be vondering by now what the right answer is to the dilemma that con- 

fronts us. Since wei have earlier taken the^vievmoint that the variables are 

' ' i 

,the symbols themselvea, we do not want to claiip that the symbols . A^, B and C 
of Figure 5-10(b) are different from the symbols A, B and C* of Figure 5-10(a) 
Yet this does 'suggest the right idea. In order to get hplJ of-thi&^idearwe 
fall back once more on our ever-dependable window boxes. " . * 



Iyou might be interested in following this ^"naive approach" by hand through the 
flow charts of Figare^5-10. Using* input values of ^i,^-^, 3 and using h 
tabular digit round off with TRUfhC (See S^ion 2-5), the values of A, B, C 
wi^ll be k, 2.05, 2 when box 8 is reached. Box 8 tells us that the present 
vklue of C is the desired value of the SQRT(4). Continuing the computation 
wMh wh^t appear to be the present values of* A, B and C, we obtain - .OO625 
and -.5062 as output values of XI arfd X2. 



^ "We will "have to make our windo^ boy model of computing a little more 
elaborate in order to handle subroutines. We are going to think of- ouV sub- 
routine as being carried out inside a sealed brick chamber (see Figure 5-11). 
Jhe only contacts this chamber has with the outside «orld are a funnel on the 



^ ^^^^ nvj. di-C 

top -and a window in the'^ide. The number to be square -roStid" 




Figure 5-2^^. Square- root subroutina (exterior view) 



~ is put into the funnef whereupon the subroutine is executed and the desired 
square root appears in the window. ' , - 

^ • -Inside the sealed chamber there is a separate staff (master computer, 

assi-gner anS reader) and window bixes for egch of the variables appearing in,.' 

Ue.siibrou,tine.. These boxes are completely inaccessible from the main flow 
. ch^rt with two exceptions^^We can assign t(f the variable appearing in the 

funnel when a square roo^ is called for in the main flow chart.. And we can 

read fr„om the-variable appearing in the. RETURN circle. 

• ■ If some or^all-of the variables appealing in the subroutine /aisr^ear in 
. the main flow chart, as" i*n Figure 5-10, the'rf, there wll]>be additiW ^ndow " 
boxes for these variables. outside the sealed..chamber .All' references in th? 



main flow chart are to boxes on the outside. All references in the subroutine 

♦ are to boxes' on the logide . • ^ 

» In Figure 5-12 we show an interior view of' the square root flow chart of 

• Figure 5-lOb but^vith the personnel not included. , ' 

\ 













J 







Figlire 5rl2* Square root subroutine ^'(interior view) 

There is a slight modification 'in one of the'^window boxes • Thfe* window box 
labeled "C has windows on .both sides. One of than is- right , up against the 
outside window. In this wa;y this box can be read;^oth inside and outside the 
room. When" w^e assign a value to the Variable A through the funnel, this 
starts the subrovitine-to^otion ' and th^re will bd no' further contact with the 
jOU-tside worOdT until the subroutine is completed. ^ * 
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Next we show in Figure 5-I3 aU the window boxes used in tha main f loy 
\ chart aM the subroutine bf Figure^'S-lO. .i ' 7 ^ 




^^^^ 




a) Main 



b) Subroutine 



Figure 5-I3. Window boxes for Figure 5-10 



Now you should see that nothing here in the subroutine will change the 
values in the v^dow boxes of the main flow chart. 

With the subroutine enclosed in these brick walls it is almost. as though, 
; the two flow charts were in different worlds. Frora^ the subroutine we cannot 
assign to variables of the main flow chart or even see what these variables are 
And from the main flow chart we similarly have no contact with the variables of 
the subroutine except for two points of contact. Namely, that we can assign to 
the variable in the funnel and read the valuf of the one in the return bo^x, 
but even in these cases we pay no attention to what symbols are used^, bfitfonly 
the location in ,which they occur. From the ppint of view.^f the- main flo^ 
chart, the variables in the funnel atid the return box merely play the role of 
"place holders/' , ' ' ^ 

Concerning the variables in the subroutine it is sometimes useful to^ think 
of them as "being of two kinds. Those which do not appear in the funnel and 
hence cannot be a^ssigned to directly from the outside are called "local" / 
variables. Those which do appear in the funnel provide the only IJnk with 
the outsid^ world. They are called non-local variables. ' ^ ' ' 
V We are now^ prepared to finish the description of the interplay between, 
the main-flow chart and the subrautine. Again we illustrate wi,th the pair of 
flow charts of Figure 5-10. When in box 2 of this figui^e the" value of SQRi; 
(B X B - 4 X A ^ C) is ca,lled for, the master computer, sends out th6 assigner 
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and the reader as a 



(They pay no attenti 
they know about the 



inside the chamber, 
the value through the 



pair. They hunt for the chamber with SORT on the funnel. 
iDn to the variable that follows SQRT, because the le*ss , 
variables inside the chamber the better.) When they find 
this chamber, the assigner goe's to the funnel and the reader goes to the window. 
The assigner drops ttie value pf BxB-i|xAxC into the 'funnel (thus assign- 
ing this value to th^ variable A of 'the 
subroutine). ^ When t;ie wheels stop turning 



he reader reads ^ 
window and returns 




it to the master canmuter to use in the 
computation. (To thoipe who have read 
Appendix A we explain \that in SAMOS this 
value goes into the Accumulator.)^ 

It is important to note that the value of this square root does not^ get 
assigned to any of the window bo:y:es of the main flow chart (at least not 
directly) . The master computer in performing his arithmetic computations can 
only receive one numerical value at a time. For this reason there will always, 
be only one window on the functional reference sealed chamber. He^nce, the 
functions with which we are dealing will always have for their functional 
values a single numerical value (never a vector). In present day mathematical 
temiinoJjDgy such functions are called "f unctionals . " Vector-valued functions 
are also very important in computing work but they will always be evaluated .by 
the^u*se of techniques for "procedures/' to be taken up in the next -section. . 

Functions of more than one variable (i.e^, functions whose domains are 
sets of vectors) are treated in almost the same way. Recall the function dis- 
cussed in Chapter 3 for finding the minimum of "the values of and C. The 
rule expressing this function is . , r * 



MIN(B,C) = { 



if 
if 



B < 
B > C. 



The reference flow chart for this function as given in Figure 5-1^^ clearly 
.follows this rule. ' * > ' 



Some coinputera-<l«-«otUiave registers called "accumulators". Nevertheless, 
all computer systems de^lgnsi^ some COTj^nent to hold the result of a sub- 
routine. " • 
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Figure ^--Ik, Reference Flow Chart for MIN(B,C) 

) 

V?hen a main flow chart needs to refer to Figure 5-1^^-, it sinrpiy uses the 
.name MIN together with the arguments whose values are. to be "put in the*, 
funnel. " 



X <- 6 + MIN (R,S) 



Figure 5-15 ♦ Reference to the MIN flow chart 



Figure 5-15 tells us that we should fin4 a subroutine called MIN, assign 
the values of R and S^, respectively, to the reference flow chart -variables 
ap pearing in the funnel and then execute the reference flow chart. Then we 
are to read the value of the variable in the return box and return with it 
to the main flow chart • Here we Wd 6 to this value knd assign the result 
to Y. i - ^ 

Again we tliink of the subroutine as being carried o^t in a sealed brick 
chamber. ^ ^ ' 
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Figure 5-15 ► Sealed chamber for MIN(B,C), exterior and 
interior views. 



Here if the main flow chart calls, for the value of MIN(R,S), then the 
valuefe of R and S are dropped in the funnel in that order and are assigned 
in that order to the subroutine window boxes of B and C. Again we are not 
to be confused loy the possible occurrence of the same variables in the main . 
flow chart and in the subroutine. / \ ^ 

Whentwe have a function of more than ohe variable, the name of the function 
is accompanied by a list^^of variables J This list (which reduces to^bne entry 
for a function of a sir<^e numerical variable) is called the ^'parameter list*" 
Parameter lists appe'ar both in the funnel of the reference flow chart and when-T' 
ever the function is referred to. in the main /low chart. Although the same 
variable need not appear in corresponding positions of the parameter lists 
for a given function, these lists must nevertheless match up like the fingers 
*of a hand and the fingers of a glove.— Be si^^^ being equal in nvtmber, the . 
variables in the lists must matqh as' to type j( numeric, alphanumeric, etc*)* 
A failure to maitc^ as to 'type is like trying to -puif a left-hand gWe on a \ 
right hand- -it doesn'trWcrJt.- ^ * - ' 
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Composition of funct,ional references 



Suppose we have two .functions Fl(x) *and F2(x) each with its ovn 
definition in thfe form- of a functional reference flow chart. 

Now we examine the assignment box below. ** 



Y <- F1(F2(t)') 



^ We see that in assigning a value to Y thei^ are two intermediate steps 
and. a final step: These are , ^ 

■J 

1. Employ t}^e functional reference flow chart for F2(x), suppil^ing 
the value of T to be matched with x (i.e., dropping the value 
of ir.^ntq .t;he funnel). Take the 'value returned by F2(x), 
i.e., as read through the RETURN window of jF2(x),^and \ise it 
in the next step. 



2. EmploV the functional r^ferejjce flow chart for Fl(x), s 
'the valu^ obtained in'Step 1 to be matched with x, i;e., drop 
^he value obtained from Step L into the (new) funnel. 

3. Take the value returned by Fl(x), ie.., as read through the 
RETURN window of Fl(x), and assign it to .Y. 

^ Take note that all along there has been the Implicit assunrption that the 
range ofl F2 is a subset of the domain' of Fl.^ ^ 

With this concept of a function of a function, each function b^ing^thought 
of as a separate reference flow chart^ we should have no trouble in interpreting 
the Tollovring flow chart boxes: ' , 



Y<~MIN(f}A + B|, 5 A) 



Y ^ MIN(MIN(F, |Ti),Q) 



Y MIN(^QROOT(B^ > kAC), ^B) 



Yj- SQRO0T(MIN(X, Y)) 



if. ^iitf^'^J^ that the range of a function is" the set ot4il the nuflibers that 
the function is capable of producing as Afunctional values." 

ERIC ' ' ' ■ i: ' ;, . 



5-3 



Exercises 5-3 ^ Set A 



1. (a) Drav"^ flow chart for function f(x,y) where f(x,y) = 



2. 



^ 1x1+ 2 



+ 5 



(b) Draw the assignment box that computes Z = f(r,s) + 6t where 
r, s, and t have been previously assigned values. 



Prepare a J?low chart to evaluate the function 
right (a*,b,c) = 



1, if . a, b, c are lengths of sides 
for a right triangle. 



0, if they are not lengths for a 
right triangle. 



(a) Prepare a reference flow chart which assigns to max(x,y,z), the 
largest (algebraically) of the -three values of x, y and z. 

\\>) Prepare a flow chart to read in values of A, B and^ C, calculate 
max(A,B,C-), assign this value to LARGST, and then print LARGST. 

Giyen value^ of x and y, the^functj^bn -QUAD(x,y) ^is to return an, 
integer value l/2, 3 or h according to the quadrant in \rfiich the 
point (x,y)- lies. Prepare a reference flow chart for 4UAD(x,y). 

Prepare a flow chart for function lOTSCT which takes values of • XL^ Yl, 
^ Rl, X2, Y2, R2 and returns ^the number of points of intersection thai the 

circle with center (Xl,Yl) of radius Rl h^s with the circle with', 
-center (X2,Y2) of radius R2. Allow for tH^ possibility that Rl ^or^ 

^R2^ is accidentally given with a negative value. 

For the n^^ root, an iteration formula corresponding to the cube root 
forgiula given in Exercises 5-1 . ' . ♦ 



h ^i((n-l) X g + '-^) . 



Tor larger values of n, the root may b^ approached very slowly . For this 
reason you should not let your coraputatidn go beyond ten iterations. Pre- 
pare the referenCfe flow chart. " ^ , 
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Jack Armstrong plans^ to borrow $100 and wants to corapare/vaxious loan 
plans.-' 

(a) Company X will lend hin the money at corapo\md interest at Xfo 
monthly. That is, eachj^nth — l^--of what Jack owes is added to 
the debt he must somed^ repay. Draw a reference flow chart 
IRATE (n, L) which toraputes the amount that must'^^paid 
after n months for a jkan of L dollars at R percent monthly 
interest. 

(b) Jack finda that Company will lend him money at ^ simple interest 

igv^ per month. At simple interest Jack pays the interest 

monthly instead of it beirfc added to the balance owed. 'I>raw a 

f row ohart to compare the iraovmt Jack pays to Company X and Company Y 

after 12 months, 2k monlths, 36 months* and finds the first 
* ^ \ 

-month (if any) when Jack^s total debt to Company X would be ;nore 
then' his total payment and debt to Company Y. 

(c) Jack finally wonders how long it will take each company to double 
its money. Find that period for both comp'anies. ' 



Exercises Set B 

1. , Redraw the flow charlj for the Euclidean Algorithm' Figure S-llf as a 

reference flow chart. ' ^(is Box 2 needed in the new flow chart?)' 

2. Draw a reference flow cliart for finding the GCF (greatest common factor) 
of three non~negative integers.*" [Note that if X = GCD(A,B), then 
GCF{A,B,C) = GCD(X,C).^ Hence use the preceding problem.]' 

3. (a) In Section h-k you constructed a flow ojiart for finding the number 

of triangles having sides whose lengths are integers not greater 
than 100. Now make a flow chart for solving the same problem with 
. the added restriction that no two of the triangles shall be similar. 
[Hint: Use the preceding problem.] * 

(b) Modif^ (a) so as to output "instead the simi'of the perimeters of th^ 
triangles described in (a). ' ' ' / , 



ERIC 



239 
2,41 



9 

k.. Drav a flov chart to output all numbers less than 10*^ which are 

<k « 

expressible as the sum of two cubes in two different ways together with 
s the twfe decompositions into the sum of cubes. [E.g., since 
12^ + l3 = 1729 = 10^ + 9^ th^ numbers 12, 1, 1729, 10, 9 vould be 
output* ] Eliminate all proportional combinations such as 
21^3 + 23 = 18832 = 20^ + 18^. - ' ' . ^ 



s'' i.- 



<^ / ^ 



* This problem can be solved by trute force, testing every set of four cubes, 

12 ' ^ ' ^ 

requiring 10 loops. YoXit should try to find a more efficient way re- 
quiring about 10^' , loops* Finding this more efficient m will require 
. some ingenuity. * . ^ * . » , ' 
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5-^ Proceduyes- 



A functional subroutine is used vhen the functional value* is a single 
numerical value. This value is assigned to the variable earned in the re- 
turn box of the reference flo« chart. Hgre .this value is picked up (read) 
by the main flow chart and eniployed in the appropriate computational step, 
such as in) . ' 



1^-5 + SQRT(X) 



or as in 



i 



K > SQRT(N) 



As ve have already seen, there ar^ many important functions vhose func- 
tional values. are vectors, ^ch functions are called vector - valued functions 
We shall need subroutines for evaluating such functions. Ihese" subroutines are 
called procedures. As vi]^ be seen, the operation of a procedure is^ifferent 
from that of a functional subroutine Ui several respects. 

_We give an example of a reference flov chart for a procedure in Figure ^ 
^ 5-16. ais flow -Chart is for a sorting process vhich is still different from 
those considerecl in CSiapters 3 and k. , 

We^see that the procedure reference flov chart again has a funnel in vhich 
appears the name of the procedure and a parameter list, 'ihere is a return box 
but with no variable in- it. 'With the experience you have had by now it should' 
be no trouble for you to check that this flow chart will take values assigned 
to {a^, i = i(.i)n} and sort them so as to be indexed in increasing order. 

But how is the main flow chart to call for such a procedure to be executed? 
The situation here is unlike a functional reference where single oiumerical 
value is to be returned and employed in a con5,utational step. Here a vector of ' 
values is to be^returned" instead.- 

What is the "output", of thl sort procedure? How i\the main' flo^rt 
affected? These are the questions we will answer next. • 



2hl. 
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SORT(n,{a^,i=l(l)nU 




1 * 




i 1 


i < n-1 

9 


i i+1 

4 




J <r- i+1 


i <n 










\ 



FigRre 5-"l6« Reference flow chart for sort procedure 



First we point out thTat vhile a call for a functional evaluation always 
comes during a calculation step, this is ^never the case with a procedure • In- 
stead, we have a special box 



/■ 



containing the name of thf procedure and a parameter list not usually composed . 
of the same variables as that in the funnel but matching it item for item 
like finger^ and gloves# And the whole works is capped by the word "Exec\tte#" 
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Here in 'Figure 5-1? we see a typical call for the sort procedure of Figure 5-l6, 



EXECUTE 

SORT (m, {b^, i=l(l)m) 



T 



Figure 5-17. Call for sert procedure 



The effect of this sort procedure on the main flow chart will be to take 
the values of th^ vector b and reshuffle them so as to be indexed in increas- 
ing order. For example, Table 5-1 shows the "after" values of the vector 'b, 

'Table 5-1 





\ 


^2 


^3' 


\ 


T 


^7 


^8 


before 


7 


9 


2 


1 


6.3 


-1.5 


2 


after / 


-1.5 


1 


2 


2 


6.3- 


7 


9 



This exhibits another dif'fer^jice between the effect of procedural- and 
functional- flow charts* Namely, *that a procedure does chajtige the values 
of the variables in the main flow dhart. ' 

But how shall we visualize the way in which the pro6edU2:e is carried out, 
.the coupling of the main flow chart and the Subroutine. The description given 
below in terms of the old reliable window boxes is in very, xlose analogy to 
what actually goes on in the computer* ^ ^ ' 

^Agaiij^i^ with the functional subroutines we haVie the sealed brick chamber 
in vhich the .procedure is executed.. But this time one thing is missing and-' 
one l!hing Is added. There is no window for reading the "functional value" but 
in its place there is a long chute coming; out from the side. 




Figure 5-18. Exterior a^d interior views of sort procedure 
of Figure 5-I6 



In the interior of the sealed* chaniber we are somewhat surprised to feee 
windovT boxes only for the local'variables, none for the non-loca^ variables.^ " 

' That is, there are no window boxes for the variables which appear in the para- 
meter list in the funnel. *\[Note that in the illustrated case, the variable* i 
is not considered to.be in the paraijietei* list, ms list iVconsidered to. con- 
sist of n, a^, a^; a^, a^^,etc., witli the l^t sub;script being the value ,gf nj 

^ In the example ur^der discussion, o^ fjoxes' fpr -i, j and ^ will be 
found insid^ the brick chamber. And now whpn the procedure is called for by 

.this box in the main flow chart 



/ 

EXECUTE 




SORT (m, {b^, i^ 


4l(l)m)) 



a surpirising thing happens. Instead of ^le values of tile variables 
{b^, i = l(l)m) * being put in the funnel, thjs wihdov. boxes belonging to' these 
variables are'brou^bi.^ to, the funnel and dj'opped in,^3^the order Jn whIcFthey 
appeajr in the parameter list. (Figure*^-] 9). * 




Figure 5-l9. Main flow'chart window boxes coming to procedures 

As these boxes pass through the funnel they are ^received by a specialist 
of ihe procedure staff, the labelerl' The labeler has a stack of peelable 



(removable) gummed stickers. Thes^ stickefs are imprinted in order with the 
;variables of "bhe ^ parameter list appearing in the funnel of the procedure. As, 
the boxes ^come to the labeler he slaps ^ sticker on e^ch, covering Up the 




/ 



... . . I 

When the last window box has been labeled the chamber is sealed so that 
thegre is no further contact with the main flow chart. The interior of the pro- 
cedire of this stage is, as in Figure 5-21. For tfiis figure \^e are assximing the 
value of m equals 11.) 



.SORT (n, {a^yi=l(l)n)i 



# 9 




J'igure 5-21. 



Interior of procedure after execution 
is called fo^ 



Now thfe procedure is executed exactly as W appears in th6 procedure flow — ; 
chart. ,The as.signer and the reader operate using, the variables on the v^e^ickers 
without even knowing what the original variables on the boxes were. The initial 
values in these boxes are of course those ^they brought with them from the main . 
program, ^ , . ' ^ 

When the execution of the procedure has been completed and we come to, the 
return box, what^then? Well, at this point the door to the^ chute opens and 
^a^l the boxes with the gummed stickers are dumped out. Here another spjgcialist, 
the unlabeler, peels off the gummed stickers and the boxes return to the main 
program bearing their original inscriptions. (Fig. 5^^) 
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Figure 5-22. The unlaberer at, work 



1 



Now we CBxTs^maaxize the nat effect of the ^procedure, A certain weli- 
defined^list of main flow chart variables h^s "fallen under sway" x>f %he 
reference flow chart. and some, or all, of these variables may' have had their 
values changed in the process. • ^ 

An example of a main flow chart which uses the "sort" procedure is 
given in Figure 5-23- The flow chart there will cause a number to be input 
and assigned' to k. Then 2k numbers will be input and assigned to h^^h^y 

bj^/ c^,C2, 0^. For the* first use of the sort procedure, the variables 
K "b^^^bg, bj^ are substituted for n, a^^a^, a^ in the definition of 
the procediire. Then the steps"" in the procedxxre itself are carried aut. After\ 
returning to the main flow chart the value of k wfll be unchanged, but the 
values of b^, ...,b will have been rearranged into nort-decreasiiig order. V 

The second use of "sort" will cause the c*s to b^ rearrang"^. 

Finally, the b's and c's are output, ^the smallest followed by , 
the smalle'st c/ then the next smallest b/ " followed by the nekt smallest c. 

» ' 7 

and so on. - , ,^ * ' 

It should be recalled that the local variables in Figure 5-l6 aVe i> j 
an5^,t. ' *• * I . , . • *' \ 



n 




^k,{b^,i^=x i(i)k} 

(c^^i = l(l)k) 



^ . 

r 








E3CEC0TE, , 
SOET,(k,{b^,i = l(l)y) 


t 


, V 
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EXECUTE 
SORT (k,{p^, 


1,=^ a(i)k}) 










4 V ^> ^ 
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Figxire 5-23. An examrgle of execute boxes^ 



Exercises 5-^^ Set A 

1. Rewrite/the flow chart of function ABSOL(X) from Exercises 5-i 
• IIo« k, to make ABSOL(X) "T-tito a procedure. 

(a) For cdraplex numbers^ of* the fom a t ^i^ prepare a reference flow 
charj^fcr procedure cxadd(al,b:}.jiiS,b2,a,b ) which accepts the real 
parts al and a2, and the imaginary parts bl and b2 of two ' 

, complex numbers and returns their sum (a,b). • ' 

(b) Similarly, prepare a reference flow chart for procedure cxsu^t which 
^ .computes the difference of two complex numbers: (ai +, bli)-(a2 + b2i) 

*(c) Prepare a procedure flow chart for cxmult which yields the product 
of two ^complex numbers , 

(d) The quotient of two complex numbers is to be given by procedure 
cxdiv. Prepare the reference flow chart. Take ('al^bl) as the 

r 

digj^idend. 

(ej I^epare a flow chart which inputs two complex numbers and an index 
oper which indicates the operation (l for add, 2- for subtrkct, 
3 for multiplication, k for divisj^Ofti^ to be performed on them. 
The output will be an echo check gff input followed by the result of 
t^ computation ^rititefd in the^Qrm a '!+"■ b "i'\ Then read a new 
^ set of data. . . ^ • 

3- Prepare the reference flow ch^t for procedure called S0RT2/ ^The para- 
meter list is to be-(K, {A^,i = !(l)K>, {B^,i = l^l)K}).-, {A^} is a^ctor 
^pse values are to be 'Arranged* in non-depre^ing order and {3^} is 
a vector to'^e rearranged in the same way as {A.}, so that B- remains 
associated with^ Aj. . Assimie K < 1^ . ^ % ^ ' 

(e) Prepare a reference flow chart fo2» a pBOceddre that receives a given . 
integer N and returns COUNTFAC, the count of integer factoi^ which 

, N hafe* ' (Hinti- "Yo.u may wish to a^pt\Figi»te 1+-12. ) Could this 
procedure have been written as a function? ' ^ * ' 



(b) ^rep^e % t\oy chart which, uses ^COUKTFAC to output a list ^ pX\ 



prUae numbers up through lOOO. Of course, a prime nuniber is" an 
integer haying only , two factors, 1 and the number itself.' Explain 



.why this is"''i very inefficient, method for i[naking af list of , primes. 



5. (a) Prepare a flow chart for a procedure aliquot(numbef'^PARTS,n) ' which 
takes a given integer number, less than 10^ an<3^returns its aliquot 
parts in the first n elements of-vectbr PARTS. The aliquot parts 
of a number may be thought of as being all its factors except the 
number itself; e.g., the aliquot parts of 12 are 1, 2,^ 3|W, 6..^ 

(b) ^ A "perfect" numbei- was considered by .the Greeks to be a number having 
^ < a value equal to the sum of'its aliquot parCs; e.g., for 6, 1 + 2 

^ ^ + 3 =i 6 . Prepare a flow chart for finding all perfect numbers up - 
through 500 . • ' 

(c) 220 and 281*- are referred to as "friendly" numbers since the aliquot 
parts of 220 total 2%k, and the aliquot parts of 281^ total 220. 
Prepare a flow chart for finding all friendly numbers up through 500. 



Exercises 5-^ Set B 

1. Draw a functional reference flow chart (LEAST) to find the algebraically 
smallest element of . the vector A Vith components A^, A^, A^T^ 

ot^en ol r o f o r ence- flov tf hai - t (Sy ^Ei^ ^)-to ^lriil the 'subscript^ ^ 
of the smallest element of A. . \ • , 

Draw a reference flow chart for a procedure called MARKS to' find both 
the smallest element of A and its '^subscript. Can a single functional ' 
reference flow chart be used instead? ^ 



sEx 



:ercises 5;4 1Set C , ^ ^ ' ' C s 

1. ' Recall Problem 8, of Section 3-5^ Set A, to determine- the actual degree 
of a polynomiaj^ given n and the set of coefficients (a^, i = O(l)n). 
For this problem, assume the coefficients >re integers afid draw^the 
flow chart for a procedure called DEGREE which acjoraplishes the same 
thing as ProWem 8. That is>; another program can call*on DEGRE^ ' ' |j 
by supplying it yj^h the polynomial ^ata n/ {a^, i'^='^0(l)n}.^as 
arguments/ DEGREE returns control to the calling program when it has.^ 
revised ('or "j)ut it«s stamp of approval on") the value of n. Assume 
the apparent degree is < 100» • ^ ^ u ' 



Sf Draw the flow chart for a procedure SIMPLIFY, for taking a polynomial 
witji integer coefficients, represented "by , n, {a^, i = 0(l)n}, and ^ 
replacing it "by the polynomial obtained when one AivJ.des each coefficient 
"by the greatest common factor of the coefficients, (Hint-: Use the GCD 
'function reference flow chart.) 

"^3* If a(x) and "b(x) 0 are polynomials with integer coefficients, then 
there exist a non-zero constant c, and polynomiallj^ q(x) and r(x) 
' with integer coefficients and with degree r(x) < degree "b(x) so that 

. c • a(x) = q(x) • "b(x) + r(x) « 

This^ is called the remainder theorem for pol^omials. The process of 
; finding r(x) is referred to as reducing a(x) mod h(x), 

(i) Draw the flow chart for a procedure called REDUCEMOD which 
takes two integer polynomials a(x) and "b(x) represented "by • 
n, {a^, i = 0(l)n}^and m, {"b^, i = 0(l)?ni} \fhere '"b(x) is Ifiown 
to have actual degree m and to "be already simplified as in 
Prohlem 1, and 

(ii) computes r(x) as in the ahove ,form\ila, simplifies r(x) as in 
Problem 1, and replaces a(x) "by r(x)« Be sure that no fractions - 

, , occur in t h e compu tation so that there will be no round-off error, 
(Hints'. Use the procedures DEGREE, SIMPLIFY and \GCD,) 

"Draw a flow chart for finding the greatest common divisor in simplest form 
. of the two, polynomials with integer coefficients, "By a greatest common 
divisor of two pol^omials we mean a polynomial of highest possible degree 
which is a divisor of both the given polynomials, the quotients being 
permitted to have fractional coefficients. Parrot ting the derivation of 
■•the Euclidean algorithm in Section 3-2 'we find that this greatest common 
divisor is unique except for multiplication by any non-zero ratjlonal 
number. By "simplest form" we mean that the coefficients must be integers 
having no 'common factor. It is quite evident that multiplying the given 
polynomials by non-zero integers will .not alH:er this simgplest greatest * 
common divisor. (Hint: Use tlie procedures DEGREE, SIMPLIFY and 
REDUCEMOD,) 



/ 

These problems are^ quite diffi<j\ilt. The student will be able to solve them 
only with considerable time ind effort, * I 
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5-5 Extensions to Reference Flow Charts and their 



Mod^s 



Recall that in the window box model, we always drop numerals written on 
slips of paper into the funnel for fxmctionals and we drop the window boxes 
themselves into the funnel for procedures. What would happen if ve were to 
drop slips of paper into' the procedure funnel? Would there be any advantage 
in being able to do this? 

In the first case (slips of paper) we do not want what goes on inside the 
sealed chamber to directly affect what is in any window box on the outside. 
In the second case (boxes) the actioQ withi^a the chamber can affect the con- 
tents of window boxes which normally "reside" outside the procedure (chamber). 

Using slips of paper or using window boxes actually corresponds to giving 
a reference flow chart the data itself or to giving the address in memory 
wh.ere the data can be found. ' If the reference flow chart knows the address of 
a variable A, it gan change the value of th^t^ variable* If it only knows 
the value of A but doesn't knowvhere it came' from, it pan use that value 
but cannot change it in memory. ^ 



If we want to be sure that variable in the parameter list of" a procedvire. 
rematos mchanged no matter what happens inside that sealed chamber, we should 
drop in the slip of paper 'and not the window box containing that slip of paper. 
As suggested in Figure 5-21^-, when a slip of paper flutters in instead of a ' 
window box, the assistant puts it^ln the window hox corresponding to the 
appropriate (non-^ocal) variable of the •i)roc^dure. Remember that such a 
variable is caj^d non-local because it can h^v^values assigned to it from 
the outside. |<^^t*s window box ^always remains inside the brick chamber. 
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Figure 5-2l^. As4istart|;'' asslgninguto a variable 

■ ^ ^' 1' 
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Now let us ask the conv^se question. Would there be any advantage in 
being able to drop window boxes down the funnel of a functional i^ubroutine? 
According to our model there would be no way of getting the boxes back* out. 
The situation is summarized in Figure 5-25. Tliis could be fixed by attaching 
a chute leading from the chainber but then the real distinction between a 



functional subroutine and a -procedure is lost 



t 




Life tmprisonme^ In a 'functional 
subroutine 



Alternate exits • ^ , . ^ . 

There are frequently situarttons -in which we could use a proceciiare to 
indicate (perhaps in -addition to a calculated result) which of two oi^ more 
paths the main flow chart should follov. In some reference flow charts, there 
are alternate paths to be pursued because unusual (or error) situations may 
arise. For other reference flow charts the selection of alternate paths may 
be the principal purpose of th^ procedure. 

One technique for choosing .alternate paths is to include an output 
variable -whose value will tell the main flow chart which path to take. This 
techniqije is illustrated in Figure 5-26 for a procedure with the purpose of 
determining whether two complex 'numbers a + ib and " c + are equal. 



\ 



t 



§ome programmitig systfems^.do^ in fact, provide addresses (i.e.^ the boxes) to 
functional subroutines. If the system' you are using does do this you should 
know about it since assigning values to such variables in a functional sub- 
routi'Se will yield different results depending on the programming system. 
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Figure 5-26, Test for equality of complex nuinbers 



From this figure we see that the only effect of the. procedure is to 
' assign values of zero or one to the variable n depending on whether the 
complex numbers are or are not equal. Since n is the output variable, it 
aEpeairs in the parameter -J4BtU-*;( Could this flow chart have been prepared as 
a functional reference Instead of a procedure?) 

^ Figure 5-27 shows hoirthis~^mpe|iual" procedure could be used in a :mln 
flow chart to decide whether or not the coniplex numbers, ' x + iy and u + iv 
are eqjieil. ^ 



EXECUTE _ 

COMPjSQUAl (x,y,u,v,k) 



4J \ 



(ED 



g (TOT EQUAL) 



-2. 





T (EQUAL) 








to . 














X + 


iy and u + iv equal? 
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^ second technique for vising -a procedure to chopse alternate paths ia that 
of actually combining the EXECUTE box and the decision box. 'In the flow chart 
language this can Ije pictured as in Figure 5-28. _ " 



7 








EXECUTE 

COMPEQU (x,y,u,v,box 9) 






EQUAL 




j NOT EQUAL ^ 


8 . 





















Figure 5-28. Choosing alternate ^paths 

The parameter list of COMPEQl/ contains, in addition to variables for the 
real and imaginary parts of the numbers to be comrpared, the flov chart bo^ 
mnnb^r identifying the start of an alternate path in the flow chart We 
deliberately underscore the flow chart box number (procedural languajges of- 
ten* called it the statement label) to distinguish it fi;om^ a variablel In . 
Figure 5-28 the normal return leads to box number 8 while an alternate return 
'leads to box number 9. A inference flow chart for'this procedure is^sjiown 
in, Figure 5-2?^ . ^ — ^ 



COMPEQU (a,b,c;d,x> 




Figure 5-29. A procedure to make a choice 
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Compared with Figure 5-26 we see that .boxes 3 and If of that figure have 
been eliminatedT^ A new terminal (ve always use circles for the terminals of 
pur flow charts) appears with the direction "GO TO x". This 'is an alternate 
exit from the^ procedure. We now have thi'ee distinctly different ways of 
ending a reference flow chart, each represented by a distinct box as shown 
in Figure 5-30. 






(a) Return a value' 



(b) Normal exit 



(c) Alternate exit 



Figure 5-30. Comparison , of reference flow chart endings 

, ' ■' ■ ', ■• • ' , -f • 

Form (a) is used only 'in functional refgrence flow charts to indicate 

that tl^e value o£ a local variable x is to be r^urned to the' ceiling ' 
program. Fom (b) is used in 'reference flow charts for procedures to indicate 
th&t.-the procedure has been completed and the next flow chart box in nnm.«l 
sequence is to be used next. Fonn (c) is' used in reference flow charts for 
procedures to indicate that the procedure ha? been completed and tlfe next 
- flow ^tturt.b.px to.be \?sed is x. ' 

Th^ Vlndow box model of our procedure needs' a new feature to reflect the 
GO TO terminal box. It is pictured in Figure 5-31. ' * . ^ 

■ X ■ 




Figure 5-31. A choice procedure 
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•VJhen the master compivter wants to U0e* COMPEQU he sends ixi the window l6oxes 
inscribed with ,x, y,-u, and v and in .addition a slip of paper on which is 
written box 9 (the label of the alternate next flow chart box). Four boxes 
and the slip of papfer are dropped in the funnel in the proper order; gummed 
labels (a, b, c, d) 'are stuck on the four boxes i^ order and the slip of 
paper is assigned to the local window box x* Now the b-usy crew inside the 
sealed chamber gets to work until finally the. four boxes slide out of the 
chute. If the crew determines that the alternate exit is to be used, they 
shove window box x up against the GO TO window. In collecting these boxes,, 
the reader and his crew now check the "GO TO" window to'se^ whether it is 
empty or contains the label of a flow c^art box. The reader makes a note of 
whatever is in the window and returns it to th^^ster computer who now knows 
which flow chart box is next, * 



Function Name Arguments 

It^will be valuable to be able to use the name of a reference flow chart 
(either a functional reference or a procedure) as an argument of a procedure. 
Suppose, for example, that wq want a procedure to compare the values pf 
functions f (x) and g(x) for a given value af x? Figure 5-32 shows how 
such a -procedure' can be flow charted. 



7 




12 



I EXECUTE ^ 
'fUNCOMP ( SINE, COSINE, Y, box lU , box I5 ) 




SINE(Y) > |SINE(Y) < 
COSINE(Y) ^jCOSINE(Y) 



/ 



(a) EXECUTE tox 



(f(x)=g(x)y ^ 



(f(x)>g(x)> 





(b) Reference flow chart ^ „ 



Figiyre 5-32. Procedure tS compare functional values 
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In Figure 5-3*2(b), dmnmy names for two functions, f and g, appeai: as 
"form^ parameters" in the parameter list of FUNCOMP* The corresponJltD&rv-.:^^-^ 
"actual parameters^l^^n this e^cample, the funGt'ic)n names slSi)^ and .COSINE) are 
In the parameter list of FUNCOMP in Figure 5-32(a). In addition, FUNCOMP has 
two alternate exits (the formal parameters n apd^ m corresponding to the 
actual parameters box 1^ and box 15 ) . 

When FUNCOMP is called upon for execution, the actual parameters are * ^ 
associated with the formal parameters of the reference flow chart. That is. 
FUNCOMP is instructed that^ for this execution, f is 'to be consid^^aT^he 
sine function and g is to be considered the cc^i;^!lfunction. 

We are sure that the student will think of ways to extend tjie window box 
model so thai function names can be used inside a sealed chamber for a proce- 
dure. We will leave this final extension of the model up to your imaginati-cns. 



0- 
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Exercises 5-5 ^ 

1. Draw a flow chart of a procedure for solving two equation^ in two unknowns. 
Prepare an alternate exit for the special case when the two equations , 
correspond to parallel or concurrent lines . 

'* 

2. (a) - Draw a reference flow chart for a procedure to find the real rootSv 

o£^any quadratic equation (see diagram in Chapter 1). '•Your^flow . 
chart is to use alternate exits to distinguish finding of noSiOQts, 
one root, two real roots, or imaginary roots. '« 

(b) Draw a flow chart which will use the reference flow chart of part (a) 
and will .print the roots found with an appropriate message. 

(c) Draw a flow chart to do the same Job as the flow chart of part (a) 
but without using alternate exits.*. You must- provide a variable which 
will carry back to the mafn flow chart the formation as to which pf 
the four possible cases has occurred. 

•i 

(d) Draw a flow chart which will use the reference flow chart of -part (c) 

and print out the roots found with messages as in 2(b). 

f\ 

3. Refer to Problem 1, Section 5-3/ Set A.' Suppose t)ie function f were, 
redefined as • ^ 

— fM-^'^'iii'' - — ^ — ■- — ^ 

This function is not defined at x = 2.* 

Draw, two procedures for computing values of f^' one using an 
altemat^e ex\t, the other using a variable to» carry the information about 
the exceptional case baok to the main flow chart. In each case show a 
flow chart fragment which calls for f and eomput^ • - 

Z = f Cr,s) + 6 X\W 

it is desired to stim up the values of a. function at a number of eqi^lly 
^ spaced points in -an interval starting With thej.eft endpoint." Draw a ^ 
flow chart for. a procedure vhlch will carr/ this o^i^-for any function, 
any interval and any spacing (or increment). Provide an error exit 'for 
the case that 'the increment is negative or that the nuniber given as the 
, right endpoini? of tlie interval* is to the lefti^of'the left * endpoint. 
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•5-6' Character strings - " . 

Problems in an area which is often called ^'symbol .manipulation" will be 
considered in, Cliapter 8, Special procedures are needed to liandle these probr__- - 
lems.,^ In thlis s^.ation we will ^develop some of these special procedures/ 

We begioHby aff&umiAg.that we have a string of characters, ^which we will 
d^t^ by^ ^l'^2'>^'*sJVi' character^- could be numbers, but in the area 
of imnediate *fi?er$^tw^ will think of them as^ being mainl/ alphabetic charac- 
•ters. We will include punctviation marks, spaces, and digits, as well as all 
the letters of the alphabet. " * - ' ^ . 

A string might therefore repre^nt sentence. -For example, the string 

.might' t^e:. The quick brown fox jumped over the lazy dog. . In this^case s' is 
• ' ' ' * .* ^1 

^2 ^3 ®' ^ space, s^"-is ' q, and so on.. • ' 

A string cpuM also represent the digits and decimal point of a number such 

as; 3-1^159. In 1|his case s-^- 'is^ 3, s^ is the dficima;L point,' s^ is 1, 

and so on. *^ ' ^ 

^ A string could^ also represent a mathematical expression su^as ^^^( 



;r + s<t + u(v + w)). ^Ji^e s^ would be r, s 'the plus"*-s4^, etc. 

1 To begin with we, will need nj^tation for convenient reference to strings, 
elemehts of strings and substrings. SiAscripted lower casfe letters will be 
Used' to identify individual elements of strings as in the lastj few paragraphs. 
'N sji'ing <or a substrinj^)^can be referred to by the familiar loolting notation, 
fSj^^ i = lCr)Ti^.,.which is read as "the set of elements s^, Vith i varying 
'from 1 to n in stejps of 1* Such notation is* particularly convenient for 
reference. to substrings. For example, {s. , i 3(l)8) refers to -WTe thircL 
throu^ eighth (inclusive) elements of a string; On the other hand, sxich/ 
^explicit notation becomes cumbersome- when complete^strings are -necessj^^. if , 
the length ofj^ a string is n, {s., f = l(l)n) refers to the co^lel/e string 
but we will also use a 'shorthand and call this string S (a capital l^tfer" 
with a b^r (or string) civer it), ^ ,\ - " 

- Xou are undoubtedly wondering what the di^tinc Jioii'is between a -string and 
a irector. Although we usually think of the/.goiflponents of a vector as having 
numeric values and the elements of^^^.etfing as being characters,"^ this is not 
the basic difference. The j,©ai'"difference is that operations on vector* do not 
normally change' the^aatifiSer of their con^ohents; operations on strings frequently 
change the-nuifflber of *thfeir elements* , ' ^ . ^ . 
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In problems concerned with such strings there are certain basic procedures 
one would like to have available. One of the simplest of these is a proce- 
dvire for searching a string for a partic\ilar character. For exainple, we 
might wish to find the first space in a sentence, or the decimal point in a 
number/ or the first right parenthesis in a mathematical expression, 

A procedure for carrying out this task is shown in Figure 5-33* The name 
of the procedure is chekch (for "check for character"). As" input variables 
it has the length of the string, n, and the name of the string, S. Another 
input variable is denoted by m; the search for the required cha2*acter is 



chekch(n,S,m,c,p) 




n = length of string 
S = string 

m = subscript of first 
element to be 
examined 

c = character variable 

p = subscript at which 
character is found 




Figure 5-33 • Searching for a character 



supposed to begin at s 



This feature makes tie procedure much^moije useful ^ 
than if the search always began with Sl ♦ Then the final input variable has as 
its value*the particular character of interest, suid it is denoted by c. The 
dnly c5utput variable is p, '-v^ich stands for the subscript at which the 
character represented by c is first found. The search for this character is 



begun with s , then if s is not equal td c, 
m mi ' 



s is triedXand so on. ^ 
V m+1 ' ^ • 



The first appear^wee of the character value of c is then s . The iinder- 
standing will be that p is .set equal to 25^ero if c is not equal to any bf ^ 
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the s^^tring s^, s^^^, s^. ^ • ^ 

can expand the idea of the chekch procedure if, instead of searching 
h string for ^ single characte;^^ ve consider the .probljem"oi^searching a string 
foj/ a specified substrin^^- ' ^^^^^^ 

Suppose our Jiy^^tring is a sentence; such as: The quick brown fox 
jumped over th^-lazy dog. * Then our neW procedure could be used to find the 
number of o^urrences of the substring which consists of a particular word, 
such as: the, ' < ^ ^ 

The procedure is given in Figure 5-3^^ , The name of the procedure is 
chekst. The variables are the same as in the preceding section except that 
^the siogle veCriable c is now replaced by the lengthy k of the, specified 
. substring, followed by the name of the substring itself, c/ If p is not set- 



equal to zero then s ,s ^, 
^ p' p+1' 

string in which p > m. 



*} ?p+j^.3_ is, the first occurrence of the sub- 



On entry to the procedure the variable ' Ir is givep the value of the 
starting point m. Of coirse, there 'is no poii^t in looking for the first 



Deginning with sT 



if this starting poiftt is too far 



-appearance or c^, .^o— — c , 
alonr the string, i.e.', if i > n-k+1. If i <*n-k+l the procedure cliekch 

is used to fin^ the first* occurrence of c^ , beginning the search at s . 

^ ^ ^ ± * 

. ^ Then, if there is no occurrence at all,' p is set equal to zero, and 
there is nothing to do but return. If there as an occurrence, but, the value 
of p at which it occurs is t6o large, then p must be set equal to 2;ero 
before returning. 

%i 

If tehere still has been no return from the procedure, the next k - 1 
characyts ^^^^>^^^^y s^^^^^^ must b4 compared with* z^,<^^, c^^. 

If there is agreement, the procedure returns, Jlhe value of p being cfeect 
as it 'stands. But if any pair do not agree, the entire process must be started 
ovfr again, but this time with the new stairting point at s^^^.* Accordingly, 
i is assigned the value p+1, and the process is repeated, except, of course,' 
for the initial assignment to i. . 
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cheks t ( n, S,m, k, C, p ) 




k + 1 



I" ^ 


F 


KXECUTE 

chekch (n, S,i , C^,p) 











G 



(p.> n - k.+ l} ^ 



r <-p + 1 








J < k ■ 





r r + 1 



i <~p + 1 



n = Xength of string 
S = string 

m = subscript ,of first 
element of S to be 
examiqpd 

k = length of substring 

C = substring variable 

p = subscript of first 
element of S at vbich 
a match occurs 




Figure 5-3^* Searching for a string • 
• • f 
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Figure 5-3lf is a good example of one procedure being used by another as 
icussed in the preceding section. In many cases, up to now, we have drawn 
charts wl>ich were thougl^t of as "main flow charts". Now, we can consider 
now charts as being procedures themselves. In this way we see hc^w more 
complicated biiilding blocks can be constructed. 



such 
'an& mo^ 



' Exercises 5-6 



1. 



Construct a procedure to be called contch for counting the total number 
x>f occuri^nces of ' a specified character in a given string. The parameter 
list shouid be (n, S, c, count). 

In an arithmetic expression, parentheses must "match up." That is, every 
left parenthesis must have a corresponding right parenthesis. Suppose 

.that during thfe^scan of a strinjg representing an arithmetic expression, 
a counter is kejrt which starts at zero, adds one for eadi left parenthesis 

' encountered and Wtracts one for each right parenthesis encountered. 

_^^en^^ih^_e3gDX^^ ee)— 
the counter must neVer have a negative value and must have a zero* value 
at the end of the scan. Prepare a procedure' flow chart (called parenchek) 
to determine if an ari^thmejic expf-ession is properly parenthesized. 



3* Constr\ict a procedure called contst for finding the total number 'of 
occurrences of a specified substring in a given string. The parameter 
list should be {n, ''S, k,\C, colmt). 

'U. A teacher has the daily grades for his class for; an entire term in a 



string A. The grades are grouped by student"; /i.e.., a^ 
tor the first student, a 



are 



i+1' 



a^ are for /the second student, etc. 



(a) Flow d^art^a function called aver which will average elements m 
through n of string A. 

(b) Write a program using aver- which inputs a string A, j^nputs the - 
first and last subscripts, m^ and n, of the grades for a single 
^student, outputs these subscripts together ^with 'the studentfs average, 
and then returns for data on the next student. 
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' . • ' Ch^ptei* 6 

■ ' ' ■ APraOXIMATIONS . . ^ 

6-1 Introduction . - . 

In the preceding chapters of this' book you have learned how to construct 
-algorithms for the solution of a variety of problems. One of the important 
advantages of constructing an algorithm for the solution of a cla^s of prob- 
lems is the ability to subsequently delegate the execution' of the many instruc- 
<ions contained in the algorithm to someone else. In particular, this someone 
else may be a digital computer. A computer ^'is an obedieat and docile servant 
of mankind, but like most servants it has certain peculiarities and idiosyn- 
crasies which can J^e exasperating and sometimes lead to difficulties. In this 
chapter we shall explore some of the problems which arise when algorithms are 
executed on digital computers. The particular problems which we shall discuss 
arise out of the way in which computers handle ''numbers . 

lou nave oeen accustomed to using numbers for at least as long as you have 
beerrin school and are therefore quite familiar with them. Familiarity often 
breeds contempt/ and you may therefore not apprecifite the elegance and sophis- 
' tication with which you treat numbers., .J 

1 In your ^arlier study of mathematics you have learned about the system of 
feal numbers. From the mathematical point of view, this society of real numbers 
is ^extremeli^- democratic in the sense that any real number is ju^t as good ,as 
'any other. ^However, when you have to write numerals representing these numbers, 
certain differences appear. The real riumbers which you encountered first were ' 

whole numbers which liad rather simiple names such as 1, Zkl , 5763897. You also 

* 1 17 

leame^ a^out fractions like -r^, etc^ Then there 'were ^decimal fractions 

such as those occurring in S.l^lS, O.9823, 6.17. Finally, you learned thai- 
there "are real numbers which cannot be expressed in any of the previous forms 
fee most popyilar example of this kind of number is jt. At this point things 
get tricky. We can approximate the number n by means of tDrdinary fractions 
such as , or by decimal fractions su^h as S^lfly or 3.l4l6, or 3,l4l592^ 
and many^others. You aJ.so learned about numbers like the square root of two, 
cube root of thre^ fourth root of twenty-six, etc., which could ^be fifpproximated 
but not expressed exactly' in any of the previous three forms. - 

The lise of digital compute!^ imposes restrictions on the freedom of expree- 
sion^^of numbers. At this point review carefully Section 1-5 . In'particularf^ 



numbers my; be expressed ip two forms. The first of these is the integer form. 
The second is the, so-called floating-point form, which consists of a series of 
digits wit^h a decimal point. Numbers which are not in one of these fonns have 
to be converted to one of these forms, or if this i? not possible, suitably 
approximations must be found, ^a. 

Even with these two forms there ^ are' limitations, A imtural property of 
integers is that their size may be as large as you please/,- In a computer, 
however, there is always a limitation on size as the machine cannot handle 
arbitrarily large numbers. The maximum size of the integer' which may be ex- 
pressed in a computer depends on the particular, machine used, and is a function 
of how th^ machine was designed* Most computers can handle integers^ whose ex- 
pression requires up to 10 'decimal digits. If larger integers are necessary 
in the solution of certain problems, then special st6ps have to be taken to 
aceouVplish the task. In the 'case of ^-floating-point expressions, there are also, 
limitations which depend on the machine used. In most cases, machines will 
naturally handle numerals requiring up to eigh;t decimal digits, and a decimal 
point. This is usually sufficient to handle the majority of problems^^ but "again 
special procedures may be^deVeloped^lf ^eater^^ccuracy is^ =r-equia?ed^^ou-^may^ 



tjiink that such a degree of accuracy is sufficien;t,, sjnce you probably^ have not . 
had any occasion to do problems requiring greater accuracy. This^is probably 
due to the fact that manual procedures are extremely messy with large numerals* 
This is one reason why computers are so useful^ la the .remainder of this chapter 
we , will show you examples of the^need for this kind i^f ^pcuracy as well as 
examples in which greater accuracy is required, ' ;// , 



Exercises 6-1 ^ . * - " 

1, For each of the numerals listed below, tell whether the number can be 
expressed exactly in digital Jorm (base 3,0) br not. If the answer is 
yesy exp|;ess the number digitally, \ 

(a) ' V2 / (f) 3^27 

, Cb)' 3h.2 ' (g) 250,8?7.36^ • r" 

(c) 3^26, . (h) 0 , 

(a) i ' , I (1) f ^ 

(e) ^ (J) . 
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6«2 , Chopping and Bbundlng to n Digits/ 

In Section 2-5' you studied the genera]] problem of roundoff. In this 
chapter we shall use tw of the type& yoii^tudied. You may wish to review 
these briefly. 

By chopping a number x to n digits we mean taking the digital rep- 
resentation of X, locating the first nonzero digit, and replacing by zero 
all digits n or more places to the right of that digit. 



Examples: 



X * n 



^ Result of chopping ^ to n digits 
3. 51*2 

,0079629 3 , ^ * .00796 ' 

' 5742 ? 3 '5^1^ 

■ By rounding a number x to n digits we mean th^ process of locating 
the nth digit following the-first nonzero digit, increasing the absolute valu4 
of the number by . 5 (for base 10) in that,.digit ^sition, and then chopping 



JSxamples: 



X 


n 


• Result of rounding x 




• 

if 


3-5iJ3 


.0079629 


3 • 


_ ^796 


57i^2 ^ 


3 . 




57i^5 




5750 









Exercises 6-2 ' / 

In Exercises 1 through k chop the given number to 3 digits, 
1- h91}6 2. .007235 3- ^2.37 k. ifll 

5-8. Round to three digits the number given in Exercises 1 through 
respectively. 
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6-3 Three Digit Arithmetic 

By using a computer to execute the algorithms which you have constructed 
earlier in this course, you have probably learned the h^d way that a computer 

m 

operates with integers and* floating-point numbers. Here we are primarily con- 
cerned with floating point arithmetic. 'Computers generally execute your^pro- 
grams by using a fixed word length for floating point numbers. Eight decimal 
digits constitute a popular word length, but some machines use shorter or 
longer words. We intend to show you how computers can qccasionally accumulate 
sizable errors^ If possible, algorithms, should always be constructed so as to 
minimize errors. Since computers often carry out millions of consecutive 
arithmetic operations, the errcrs generated can become quite large. Do not 
be frightened. We purposely are about to show you fairly simple, and yet 
horrible examples illustrating what can happen. Things do i^ot often get this 
bad, but you/ ought to be on guard against them if you are going to use com- 
pute!^ . 

To make the arithmetic relatively 4asy to follow, we shall work with ia 
floating-point word length of 3 or digits in our examples . The results 
will ^hea be somewhalj ^rtaiogous- ixf vhat^ -would happen ^yott used- 6-^grtr --data- 
in an 8- digit wo 2^ length computer. So, if your computer does 8- digit arith- 
metic and you have, say, '3-digit data, tKen iti some algorithms you may have a 
built-in cushion guarding against accumulation of errar. But in other problems 
the results are independent of word size* in both computer and data, as you 
will see. 

How does a computer d^^ithmetic with floating-point numbers? Since the 
word length is' fixed, say f^igits, each number, and .each intermedi'ate result 
ngist have 3 digits. For the correct interpretation of this last statement we, 
must not reg^ard a single multiplication operation as having ^ny intermediate 
steps. For exampleT^ in multiplying 92.7 hy .876 our three digit chop 
computer would first find all six digits of the product and then chop off to 
tliree digits. To illustrate: 

. right' , ^ > WRONG 



9 2.7 , ; 9 2.7 

^..876 i ^ ' .8 7 6 

; — ' * % . — ^ 

6 k 8 9 ^6 k 'BS- 

*^Th l £/ 7 k 1 %;'\ 

8 1^2 b{5 2* 8 1.0 ' 
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Thus in-o\ir computer arithmetic " . 

'92.7 X .876 = 81.2 . 

In the problem 

92.7 X .876 X 4>35. 

the coii5)uter will replace 32^ x .876 l»y' 8I.2 and then multipl^ 81.2 
by U.35. ■ ' ^ /' . . ■ 

-. ■ One additional unfortunate canrplication is due to design and engineering 
problems. Computers generally do not round the results of arithmetic computa- 
tions. The last part of the execution of an arithmetic operation usually con- 
sists of Igiioring tho^e digits of the results which do not fit into a standard* 
floating point word thereby contributing to the accumulation of errors. Let's 
look at some examples of how a 3-digit copiputer would do arithmetic if it 

. chopped rather than rounded intermediate, results. 

Addition: 

-3.72 + 2-91 =-6.63 . 
. Since the answer fits into a 3-digit word, it appears correctly. 

3.72 + .1^76 = 1^.196 
The computer result is h.Vj. " 

. lk.6 .0673 = li^.6673^ 
The computer result is « ' 





Subtraction: 
• 














„ . _ 8.6k - 


2.79 = 


5.85 


Computer 


result: 


5.85 




3.67 - 


^^.03 = 


-.36 . 


Computer 


result: 


-.360 




-18.3 


- .0983 


= .18.3983 


Coir5)uter 


result: 


-18.3 




r.23 


1.22 = 


• 01 


Computer 


result : 


.0100 



Note the terminal zeros which have been inserted where necessary to 
achieve a 3-digit word. 
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Multiplication: 

. h.21 X 3.68 = 15.7136^ 
27.3 X .003611 = .099372 
.999 X .999 = .998001 



Computer result; 15-7 
'Computer result; .0993 
Computer result: .99^ 



Division: 

51^.3 •^ = 11.93^+ ' 

.06^2 •^ -001^12 = 15.339+ 

27.5 + .QO987 = 2786.24- > 



Computer result: 11. 9 
Computer result;* 15*3 
Computer result; 2780 



Exercises 6^3 

Do each problem using computer arittoetic as above (chopping all inter- 
mediate resu;.ts to 3 digits) after first rounding aU the given numbers to 
3 digits^ where necessary. 



19.36 
I2I+.O8 



1.96 
25^0^ 



2. Subtract: 



(a) 8031^ 
' ■19>3 



(b) 27.601 



(c) 80.07 
-79.9 



3. Multiply: 



(a) .0037 
>0501 \ 



(b) 2.06 
3-1 



(c) *12.6- 

.0001^ 



' h. Divide: 



(a) 227^+33 (b) 1.9031^ + 1.5 (c) 7-1 + 1.0002 
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Evaluate: ,(a) I9.O3 + 1.00? - 10. 3 



(b) 27.2 X i.3 - 1-8 X 7.0 



(c) 



101.1 - 3.1 X 8>02 
llf.105 + 1.9 



I 



2.2,701 
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6A Implications of Finite Vord Length 

The examples above dre Indicative of certain errors which giay be intro- 
duced as'^. result of tfee execution of algorithms. In addition, there are sur- 
prfsing consequences of>' the fact that we have a fixed, finite word length for'' ' 
all numbers. Look at what this, means. With our 3-digit cdmputer, the number 
i can be'st be represented, as .333* Suppose we add ^ + ^ • The computer 
result is .666, and, not ,667' as it should be. In other words, when using 
•'a computer, ^^the sum of the best representations of two numbers is not necessar- 
ily the tfest representation of the sum of the two numbers . 

Another example of the same sort is ^ + ^ which when performed in the 
3-digit computer is .I87 + .187 and yields .37^ instead of .375, the best 
representation of J . One might think that he took ,l88 as the best 
approximation to ^ , it would help but, alas, .I88 + .188 = .376 and we are 
no closer to .375 than we were before. 

Of course, if the word length were 8 digits, rather than 3, the Inaccuracy 
wuld not be as great . 
tionfe many times > 



In using computers, however, we often, repeat calcula- 
Let's just see what happens if we add ^ ten times succes- 



sively, using 3-digit computer arithmetic 

.% -333 
+ >333 

+ >333 



.999 
+ >333 
1.332 




vrtiich becomes 



1.33 

+ -333 
1.66 

+ -333 

1.99 
+ -333 

2.32 

jL_ -333 

2.65 . 
+ -333 \. 
. 12.90 
+■ "-'33^ 



- As you can see, the error biHids up <iuite rapidly? '^e* could have obtained 
a better result by multiplying .'333' l^y 10, getting 3.33. ^ -i' ^ , 
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In Chapter k you learaed hov to devise algorithms for the construction of 
stables of values of a function. Suppose you^had*fche talsl^of constructing such/ 
a ta^ie of f(x) for va-lueV^W^ trcm 0 to*^ 100. intervals^ of | . 



You might have incorporated a box like the one below intp your flo)^ chart. 







X < 100 

5- 


X X + 1/3 



With a three digit computer, the result of adding .333/ .300 times sue- 
cessively^-s .9O.9, instead of the desired 100. Moreover, you would get to 
100 after 331 additions. J.n other w^rds, your table wouid have 331 lines 
rather than the desired 3OO. Interestingly enough, no matter how often you 
add .333 to 100 thereafter, the i^fesdlt would always be 100 in three-digit 
computer arithmetic. Thus, ha^ your problem been the task of producing a table 
to 200 rather thaa 100, the three-digit computer would get caught in a loop 
and patiently print out identical i^onsecutive lines with the value of x equal ^ 
to 100 until someone caused the machine to stop. 



If you had 8-digit woini-length, the same Ihing would tak^ a lot*longer to 
happen, and things wouldn't be quite as bad'. 

Fortunately, as is usually the cafee, when the source of a problem has been 
identified, we can think^ of ways to improve things. Part of our trouble comes 
from repeated additions. We hav^ seen, above that multiplication r.educes the 
error. So we can xiewrite the box above as follows;^ . ^ 

'1 




Another part of the problem arises from the f.act that we commit an error 
as soon as we decide to use ^ as the incremeht, since this number cannot be 
exactly represente'd in floating-point form. Might we do better If we used, 
say, .5 as an increment? First , we must determine whether the answers to 
this changed problem^are in fact adequate. If this is the case, th^n indeed 
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the errors wHfch might have resulted from th^ solution .of the original problem 
would not arise^in ti^s prpblem. .^Things are\^ally, not this easy^ .however . 
Many digital Computers u§e the binary representation of numbers. It just so 
happens that the ftumber |' has finite representations in both the decimal and 
binary systems of numeration, ' .5 and ^ .1, respectively. The riUmber ^ / 
however, does not have a finite binary representation. This easily overlooked 
fact could have a considerable effect on the accuracy of our results when our 
mag^iiie converts to binary for its actual computations.' 

To see that does not have a terminating representation in the binary 

system, we express 10 in binary form as 10 = 2^ + 2^ 
1 by it, • '\ J 

.000110011001 



1010. ' and divide 
two 



1010 I 1.000000000000 
1010 

inpo 

1 010 
10000 
1010 
1100 

-iOiO 



lOOQO 
^ 1010 



We 3ee that we are ^ in a repeating cycle and that 



.0001100110011001100110<3fcr ... (^^ggj 



If our co&puter chops to 6 binary digits then 

• i = -ooonoon^^^ 

\\in our compute: arithmetic. Now if we ccanpute 



after converting to binary arithmetic using a 6 digit *,chop we have '0. 



.000110011. 
1010 



two 
two 



.00110011 

.nooli 



',,.111111(11 



CHOP- 
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In our computer arithmetic we vlll then have 



instead of 

10 . i = 1 ^ 

The value of .111111. in more usual numeration is 

'"CWO 



/ 



a. 1 l'"! 4. 1 4. 1 + J- - 63' 



Finally, if the computer outputs the answer in the decimal system it will 
convert .111111^^^ to ".981^375^3^^ .which will be chopped to -S^^^^^- 

^ I . In adding ''•^'*- -te;i times with six binary digit chop after each addition 
♦ 10 • V 

the situation is much worse. Here we, woxild, have the binary result ^ 

^.imoi^^ or 

Oaiis.ls .953125 in base len which would'be chqptted to .953- 

# All of this shows us that we must know some. details of* how o\xr ccanputer 

works internally if we expect to use it effectively.^ 

Nov let us look at another kibk of problem ^that arises out of the pecul- 
iarities of computer arithmetic. In Chapter k we discussed the evaluation of ^ 
polynomial functions. This process occurs veiy frequently in,<i large variety 
of scientific problem areas. We told you earlier that the nested evaluation 
method for polynomials is preferable to computation of povers of x since it 
is more econcnnical. Sinc^ fewer multiplications are required in the ^ preferred 
njethod, you would, expect greater accura"cy, and, indeed, tipis is usually ihe 
caie. But 190k at 'the following example. ' ' ' , 

Using thfe^-digit computer arithmetic, it is required to evaluate the ^ 
polynomial ,x^ - 6x^ + hx - .1 for - x =.5.2^*-. For purposes of later discus- 
sion, 'imagine that this 'calculation is done as part of the larger probleiyof 
finding a root of the polynomial. In the table below yet, lihall confute iihe 
exfijct value, without Ixninding, alongside the same calculations* in t'h^e^ 
computer afithmetio* 




Exacrt Arithmetic 
X = 5.21^ 
= 27.4576 
- 11^3.877821^ 
20.96 



X 

Vx 



-Sx^ = .16>,71^56 



X"' 



.3 V. 2 



6x^ = -20.867776 
6x^ + kx = .092221^ 

1 = ..007776, 



x^ - 6x^ + kx 



Computer Arithmetic 
X 5.24 



x^= 27.4 

' " X? = 143. 

hx = 20,9 ^ 
-6:^^ = -164. 

Vj.x^ - 6x^ = -21.0 



6x + 4x,=.-.l00 



' 3 
X < 



6x + 4x 



• 1 = 



.200 



^ Something would seem to terribly Crong here. Of course, are not . 
using the Recommended method, sa lef.s try that one, using computer arithmetic, 
of course. Otherwise, we would get the same exact result as before. ' Here goes 

^ X : 6 2=0.76 

^ (x.6)x =,x^ - 6x - -3.98 
(x-6)x + 4'= x^ - 6x + 4 = .02 ' ' • 

' ' ((x-6)x + 4)x = .'6x^ + 4x = .104 , . ' , 

* " + 4x ;i = .004 



This doesn't Idok -too good either. The last result, using the nested 
parentheses/method is a, lot closer than the previous method, but has the 
ferrible disadvantage of havihg the' wrong sigh. This could gause havoc if we 
ar^ trying to ^ind a'j-oJt of 'the polynomial, (see the discussion of bisection 
in Section 7-1) but the previous re^lt which does have the cop-ect sign-.is - 
too much in error to b^ acceptable. This problem could be -solved with reason- 
able accuracy on a real computer having, say, 8-digit words.' But if you stop ' 
to ^consider that it is not uncommon to use computers to solve and evaluate 
polynomiais, of very high degree, the problem of 'acJaira'cy is right back with us 
agalQ. Unfortunately, no simple answer to .this problem is knpwp. , 
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Exercises 6'k 



1 

1. * Verify the value given in the text for adding "^^^ times in a binary 

machine with a six binaiy digit chop. ' - 

2. Compute, the binary values of by dividing and chopping 
, to 6 binary digits. 

'3. How can the values of. ^q) iq) iq chopped to 6 binaiy 

digits) be obtained fp:om previous results without using division? Find 
these values. 




\ 
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6-5 Hon-Assoclatlvlty of Computer Arithmetic i 

There are other problems and -difficulties which arise in the process of. 
doing arithmetic^n computers. »In the first method of evaluating the poly- ^ " 
nomial. x - 6x + l^x - .1 for x Sf^'^qj^ m had -domput^a the computer results 
for the^fi^st three tenn^ as 11*3., l6h., and 20.9, respectively. Evaluating 
143>. - 16k. + 20.9_^_Jr-^m left to right, we get -.200 as th'e result. 
Since addition oT real numbers is commutative and associative, we might> have 
wanted to rearrange our work as follow^: 

(11^3. + 20.9) - (161*. + .1) = 163. - 161*. = .1.00 . 

This is the most surprising result yet! Since the exact value hf the'- , • 
polynomial is .007776, the result above is certainly the worst of the several 
approximations which we have obtained. Bit this result was obtained by simply 
changing the order of the addition, ^fhlch does not affect the theoretical 
results. Comparing the inteimediate results, it is of course easy to see that 
the difficulty lies "in the chopping process after each operation. 

Let's explore this phenomenon further. • , ' 

Suppose we. wish to compute 



In-the table below we have computed the exact decimal equivalents of the ten.^ 

terns to be added, as* weU as their 3-digit qpmputer equivalents. We have 

also added the exact valuejs^j. ^ 

10 _1_ - -/ ' I . 

Computation of " 2 n - * ( - " 

n=l— ^ 

■S i/i^ Exact -deci mal equivalent 3-digit computer equivalent 



1 


1/2 > 


.5 ■• • ■ 


.500 ' 


2 




- -.25'^ , 


'.^ • .250 


3 


1/8 


.•'125 


.125 ' 




,1/16 


.0625 


.0625 


5 


,1/32 


. -^^is? * 


.•0312 


6 


.1/61* 


.015625 


/.0156'' r 


7 


1/128 


,0078125 


.00781 ' / . 


8 


. 1/256 


. .00390625 


'.00390 ' ^ 


9 . 


1/512 


.00195^125 • 
^ .0009765625 ^ 
/• .9^9023^^375 


.00195 ^ ( 


io 


1/1021* 


.000976 , • ^ ' 
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Now let us add in tke "noimal" way^ ^op bottom, usifig 3-digit 



-computer arithmetic. 



i 



.500*+ ,250 

-^.875 + .0625 
.^37'+ .0312 
.968 + .0156 
.983.+ .00781 
.990 + .00390 
.993 + .00195 
.99^^ + .000976 



.750 
.875 
.937 
.968 

.983 

.990^ 

.993 

.^99^^ 

.99^ 



This result differs' from the exact value i>y .005, which is not very 
good. Now let us try adding the same values l^n the reverse order. ^ 

.00292 



.000976 + .00195 
.00292 
.00682 

.01^46 
.0302 
.06lit 
.123 ^ 

.k98 



+ .00390 = .00682 

+ .00781 = *01i+6 

+ .0156 = .0302 

+ .0312 = .q6ii^. 

+ .0625 '= .123 

+ .125 ,= .2i;8 

+ ..250 = .i^98 

+ .500 , .998 



Here the error. £^m the exact resultlis paly 
previous error. 



.001, or one-fifth of the 



Ag^in, it must be pointed out that wel have been giving you examples with 
3-digit arithmetic only so that you might be able to follow the stej)-by-step 
execution of the process with greater "ease) Similar effects occur in real 

operations on real computers, where we perfbrm'much longer series of c^l9ula- 

» 1 ' V 

tions. As a'h e^gample, we have ocmJputed t^he\sum of the first 10,000 terms, of 

the series 2 'by two algorithms. ^ c * • 

n * * ^ 






n 1 


• 


n < 10000 




n n 


+ 1. 










SUM SUM t 4r 









SUM 




sax)p 



Figure 6-1. Summing a series forward 

The result of executing this algorithm -with S-digJLt arithmetic is 1. 64^71^3 
Now, xising the algorithm ' V . " . * 




SUM «T 0 




. ■ 2 ■ 


n lOOOO * 


n-io 


n n - 1 



SUM «- SI]M + ~ 
n2 



i 



sm 



Figirre 6-2. ^.Suimnlng a series 'badlw^' 




27,9 



■280^ 



we get I.6I+W339, . a difference of ' .0003596. 

Even if 'we modify these algorithm so as to add only iOOO terms of the 
"series, the corresponding results' are 1.61.38868 -and 1.61.393'^1., differing^ 
by .00001.76. Clearly, we seem to- l}ave established a. valuable pripciple:" The- 
associative law does not work for computer arithmetic; therefore, the o^der in 
which computer operations are performed has a definite effect on the aJ^:kcy 
of the result. , ^ : . . • • j . 

In particular, it should be .note^ frcm the above' exaarples that -addinA ■ 
terns in order .of increasing magnitud^is distinctly preferable t» the reverse- 
order. By adding in the preferred way the cumulative , Effect of a Is^ge number 
of small terms has 'a better Qhance to make itself felt. . 
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FoV our next ejcample, let consider the problem of scjfving two siinul-., 



6-6 Some Pitfalls 



taneous linear equations, i.e., a system 



\ 



In your earlier mathematics courses you have solved manjl such sysiems of 
equations, and you have learned' several methods of doing so. ^ Hopefully, you 
have also developed some shortcuts^ and tricks which simplify this job. These • 
procedures depend on an examination of the system, some insight, and sometimes 
on a hunch. 
^ / 

For a digital- computer-oriented algorithm it is often possible, and even 
interesting, to attempt -to develop *a super-algorithm to examine the system,' 
and, depending on the results of thlrs examination, to choose cine of several ' 
available sub-algorithms for the actual solut'ion of the system. When you hav4 
finished studyi^ng this section, -you may want to attempl^ the construction of ' 
such an algorithm. For the timei being, we shail select a fixed method of 
solution in order to see what can go wrong. 

Our method will consist of elimination of the variable x from the second 
equation by dividing all coefficients in the first equation by a^, multiply- 
ing the resulting coefficients "by a^^, and then subtracting' the first '^equa- 
tion from the second. ' - ,^ » , 

''''' . ' - . ' - . ^ 

Let us first illustrate the algorithm by an exampll . * To solve - 

^ ' (ir'2x + 3y = 12 . ' \ 

.(2) 5x - Sy^- 11 \ ^ 
we divide all coefficients ^ of equation (l) by 2, obtaining 

(3) X +|y « 6 . 

Next wejnultiply all coefficients of equation (3) by 5 and subtract tli6i . * 
results from the cbrresp^ding coefficients of- equation (2)., VhicH yields ^ 

^In custoaajry mat^^tical usage^ T^en/n^confusi()n is .likely to 4>esuit, ihe 
•^^^ontad bet\^een .dotible subscripts and/or the multiplication symbol between I 
* mialtlplicaiidtfi may be ^mitted. From here on vhen th^e symbols obscure a.^ 
pattern we wish ;to enrphasize, we^will sometimes om^:fcW.symbols. -v . 



4^ 

lie 



291 



282 



(h) . .19. . 

19 

Dividing both sides of this equation by --^ ^ we get 
(5) y = 2 . ^ . ^ 



We now have a new system of equations, (l) and (5), which is equivalent to 
the original system^ Since the second component of the desired solutipn is 
the right-hand member of equation (5), we jan substitute^this value injbo, ^ 
equation ,(1) to" get the first component, 3« Thus, M:he required soli^ion is 
the ordered pair (3,2)* ^ ^ ^ ^ / 

We now wish to describe this algorithm as a flow chart. In order to take 
care of contingencies we must check prior to e^ch division that the quotient 
is not zero* Jlere is the, flow chart for you to -study • ^ 




^4 




Figure 6-3** Solving two linear equations 
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would probably be helpful to you to hand-step through this flow chart 
vith our earli4r example, or one of ySur own, so as to convince you that this 
flow chart is indeed a description of the previously discussed algorithm, and^ 
-^^moreover, that the process does indeed produce the correct solution. 

' NowYor a troublesome example. Consider the system 

^ ^ ' .OOOlx + y = 1 

X +'y = 2* . . 

liet us first apply our algorithm using exact arithmetic to get the exact 
solution, a^g' is to be replaced b^ 1 - 10000, i.e., -9999, an^ b 
becomes 2 - 10000, i.e., ^-9998. T^ius, the second equation becomes ^ 

-9999y = -9998 * .\ 

.and the soiution fo^ y is By subslitution we find the. solution for 

„ j._ 10000 . yyyy ' ' A 

^ ^° 9999 It IS an easy matter to substitute these values into both 
equations and thus to verify the correctness of the -solution.' 

Of course, neither 6f these values has^ an exact finite decimal representa- 
tion, but, chopped jbo 10' significant digits, *e solutions for x and y 
are 1.000100010 and .9998999899, fespectively. " 

Now let us execifte the algorithm again, but using 3-digit arithmetic. .We 
again obtain the last equation above,, but we must chop to 3 digits, which 
yields * ' . ^ 

-9990y = -9990 

so that the solution for y is 1.00. Substituting this into the first 
equation, we «et zero as tlie solution for x, which is a very^ baa"^6surt 
indeed. 

What' could have caused this ^extremely large error? To get at the trouble, 
let us repeat the execution of the algorithm J^nce more, but with the order of 
the equations interpi^anged. In other wor^, lej us solve the system ♦ * 

X + y^= 2 

.OOOlx + y = 1 . * - . 



. Here we^ are to replace a^^ by 1 - . 0001 which chopped to 3 digits 
is .999- Then we replace b^ by 1 - .0002., which 'chopped to J digit^^ is 
also .999. So the solution for y^ is again 1.00,' but . substitution of this 
TOlue- int© the-^first equation, gives^^^u> 1.00 >s the;^5olutr<56 for x, which 




4 



You are probably wondering why the order of the equations has such impor- 
tance. The real problem is not the order of the equations/but the ^division 

by. a,, in the algoritha^^hich we have used. You will recall that th^, error 
11 ^ 

in the division process was related to the magnitude of the divisor. ^In solving 
our system, we had a choice of dividing by any one of the four coefficients which 
appear in the left-hand sides of the eqi?ations. We chose,. with malice afore- 
thought, to divide by the smallest coefficient we could find, thus maximizing 
the error. When the equations wste interchanged, 'we divided by as large a 
coefficient as could be fouod,:^ i^iich gave i^s a good result* 

^ \ In the next chapter you will find a more complete l^reatment of the impor- 
tant problem of solving simultaneous linear equations. Just to whet your 
appetite, you might be interested irv.^owing tha€ there are many important 
and very real pj^oblems, ^ch as the firing of guided piissiles or the design of 
atomic reactors, which requii^e the. accura,te solution of systems of thousands ^ 
of simultaneous linear equatipfis. So the problem is worth thinking about. 



Lest you think that our explanation ^ibove has given you sufficient in^ght 
^Pt2. the n umerical aspects of the^ problejn, we shall present another exampl'e of 
what can g6*wrong.. ' / . * . - ^ ^ 

. " . ^ ' ' " / 4 ♦ 

Consider the system , .^/r ' • 

' ^ X + ;.^y -'^98'^'^ 

;>^'^ , - .99x + .98y.=:'l.97. ' 

Using ^exact arithmetic, we get the solution x^= L, , y = 1/ Check it! 
Now if we" change just one of the numbers involved in the problem sli^tly, say 
1.97 to 1.96, we solve the syst^. ^ '\ ' ' , ' . ' . 

•99x'%:^y;.4^^ 

we get the SQlul^ion x = 2, y = -^ = *\^n^v ^ si^gnificant dibits. 
Thus, a very minor change in ju'st one coe?^|^i^nt caused an extreme change in 

thef solution . ' - • > * / 

- *' . ^^"^ *y 
There is ^a fairly siinple/expianatioins; 6^ course, ^wifiich iriVolves trying to 

^aw the graphs of the three equations invbliVed in tb!^ two systems . We have 

' not drawn these for you, as it would be very .di^fficult to distinguish the three 

lines with the!tfaked |eye. T!ry tb' cLraw^trie.^graphs!*' "Sfou will , see tha,t' all three 

are almost; parallel. Since they are not parallel, ^ however ^^the two, pairs of 

lines have twoi distinct poii^ts of intersfec^ioA," and you should be able to^' see 

why a' very small change in sja c^ef f icient -c^aU^es the result which, we have 
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* 

observed. Try to construct similar examples of your own!- Before leaving this 
subject we feel compelled to point out to you that when a real problem of. this 
sort occurs, the coefficients in the system^ of equatio-fis to-be solved are 
usually found by prior computa-fiions, .which themselves are subjedt to error. 
This merely points out again why numerical analysis is such an important ad- 
junct of con^iutational procedure. It also should increase your respect for 
astronauts, as well as for the people who are responsible for t,he computational 
problems of a rocket lautlch. 




6-7 ' Mpre, Pitfalls 

Many nume);*ical difficulties occur in computation as a result of using the 
number zero as^a d^ecision criterion. We have told you earlier that all real 
numbers are equally good. Nevertheless, some numbers are more important than 
others . YoU probably have observed in your earlier studies' in mathematics 
that the number z^ro occurs more frequently than. any other. 

In abstract mathematics you may have realized that there does not exist 
a smallest positive number. To prove this, it is* sufficient to observe that 
if anyone claimed to know such a number, one -half of that number vould also be 
positive^ but smaller. In other words, .we can find positive nulflfiers arbitrarily 
close to' zero. . * ^ . 

In computer mathematics, this i§ not the case. For each .specif i<: computer 
^system there exists a specific smallest -positive numb.er. ' Therefore, Many mathe- 
matical ideas, theorems, and algorithms, whose" abstract justification depends 
on being able to find arbitrarily sihall positive nymberrs, must b'^^fcdified for 
computer use. Whife a complete treatment of, this difference is faf beyond the 
scope of this "bopk, we can illustrate s'ome consequences of the differences by 
means of some fairly simply examples.. 

You have already considered some of the logical problems involved in 

^ ' • 2 ' 

devising an algorithm for the solution of, an equa-fion of the form ax +bx + c-0, 

given the coefficients Jft, b,* and c. The logical problems included checking 
to see if a was zei^, examining the discriminant b - 4ac to see if it was ' 
negative, zero .or positive, etc'. So you see that the number zero plays an 
important part .in this logical analysis.^ If a' is z^ro, the equation iEn9t 
quadratic, and therefore cannot have exactly two roots: 'if a ^ 0, the. equa- 
tion is quadratic ind,has exactly two roots^. » Suppose further«that the discrim- 
inant is positive, so that the two roots are real. You then know how to find 
the*roots by the quadratic i'ormula. 

Suppose we wisi) to salve the equation \x - 6x + = 0, whict^ satisfies 
ibhe criteria above. The exact roots are 3 + >^ . These roots dre irrational, 
however. Therefore, no number representable digitally in a computer can be* a 
sdlution., In other^ords, if we asked the. question:^ ,Is x^ - 6x + 1*- = 0^ ; 
then the answer as given by a , computer i/ould always be: NO. We can', however, 



determine 



niine "ijiat the^ yalue of tj^ left 'jside !of the equation ^s -.0271 .v^en x ^ 
t2f, and is .,0176^ w^eSi^ x is 5.21+.,, O^exefore,^ th^rfe' 'Is a p9t ijetw^en/ 
|.23 .and 5.24, pnd we could cHopse one of theti^as an apprbxlinatipn to the 
, root. VTe could also compute closer apiy^^lmations. The important thi^g l;o 
, bear in^mind is not to ask f orjan exact solution,' but for approximation with 



a specified approximation critferion. Such a criterion might be the value or^ 
the left side of the equation. The choice ofi'such a value is not easy/'howevt 
and requires considerable' analysis for proper' 'determination. 

As another example, consider the equation., ' . 



2 - ■ 
X + lOOQOx - 1 



■ r The discriminant b - l^ac = 10000000^ and k^' - lac = 10000.00020, 

correct^to^lO digits. We can compute the roots as -lOOOO.OOOl and .0001.* 
Substituting ^ither of thesi values, the .left side of the equation becbmes ' 
10 which is acceptable. Supposing ,we can only use 8- digit -arithmetic, 
however, then Vt^ '.-i^ac = b, numerically', apd we ^get^^iqpOO and 0 L 
roots. Wlfile the in*6ccuracy thus , introduced into' the- computations is relative-* 
ly small, it is aestheticallj? dis1;urbing .to gei;" zero as a result, while the V 
equation does inVacfh^ve a positive ^root.' 'This difficulty can be avoided by 

. remembering; that if a ^ 0, the product the xx)Sts '(3f .the equation is ,^ ° ' 
We can therefore get the positive root' accurately even with l;-digit aritjiitic 
by diViding .-1 -by -10000. ^Sq, particularly when b^ ,is much largel^'than 
l^acj we can enhance the accuracJJ^ of oomputa'tion of the fqot^ near zero\by 
"^""^^"^ ^ numerically large' root. \. This avoids get ting zer o as'",the • 

result of siib^g^lj^ the nearly e^ual quantities b ' BXi^J^~^c,: 



0 



6-8 Approximating J\irictlons 



You iiave had some experience in using mathematical tables in aolving 
problems. Specifically, you" probably hav^ used tables of logaritfims, ttrigo- , 
nometric functions, and logarithfirsj pf tri^onoinetric functions. You mayCjiot 
have given .much thought to the origin of these tables, to the method^ by which 
they wdVe created. The mathematical theories used in this process ar^ too 
'inyplv^d to be detailed hei^e . On the other hand, the storage -capacities of 
digital computers are limited, and preclude ^tb6 storage of alF the tables whiph 
iXSers might need for the solution- of their variegated pr<^blems.. If # you have ' 
not already done so, you might enjoy looking at th^ Handbbo^c of Mathematical 
Tabi^^ published by the Chemical Rubber Company, ju^t to get an id4a of th^ 
multipJ^icity of tables in existence. There are. many more books of tables ''in 
existence ..4 Clearly we could not begin to store all of this information in a 
computer. So to do the nece^sar/" calculations we i'h corporate subroutines ir^o 
prcgrams which calculate* fi^nctional values . In hand cal cul at ion^. these values 
are usually obtained by looking intb boolts of tables.. Me will conclude this 
chapter with a brief discussion of a ffew methods of competing values of some 
of^ the most common such functions. These are usually .-included as library. ^ A 
' functions ' with most coi^putihg systems. , * . . 

^The most^ common function is the square root function. There are^^everl 
methods pf computing square roots. The -most common of these you met in ^ 
Chapter 5. Suppose we' use the Newton Met]jod"flow chart of Figure 5-T repeQ,te(i ^{ 
here for your convenience as. Figur4 ^J^^T^ta ^cqmpute the square root ^ of 2. ^ 
.We present .the successive results in tabular forfu. * * ^ , ^ 

* " Table 6-1 ^' 




' Newton *s SquarejRoot Method 



1 

1.5 ' 

lMk2 



,2/1=2 . 

"2/1-5 =1.3333 
2/l.ill66 = I.W18 
2/X.klk2 = l.klk2 



' h 



|(l+2) = 1.5.. 
i(l.5'+L.3833) = l.i^l66 



i'( 1^.^1^6+1. 4118) l.klhs 
■ |( 1 . Wtffl .•^lt2)> = 1 . klk2 



'5- . 

^.0834. 
.OO2I 

' .0000, 



Figwe Newton square root method 



Th^'computatior^'^shovn in TaJ^le 6-1 is, terminated after four iterations 
. because further iteration would n^t change the^p^s^t. This. is not necessarily 

a good criterion however, sin(*e*i1; my no-E^always possible to achieYe and, 
. mo?:eover, does* ijot necesgafiOy give the desired result. Note that" 

{}.^hlk) = 1.999396, but it ^ctulally is the best 1^-digit approximation since 



(l.i^l5)^ = 2.002225. 



• Suppose We desired a 3-digit^^app.roximatlon to 
arrived at 48kO as an approximate result 
metic. 



709 and s<5m^ow,we 
Nbte that, using 3-digit arith- 



. Thus, although M2 is| a better 3-digit approximation to /TTQ^^ the-,- 
"averaging" algorithm described \fLll yield' .3^0 if three-^glt arithmetic ' 
is used. The moral is that it 'is not desirable to require* accuracy to the 
word-lengyi of the machine. | Th« algorithm should be terminated whenever two^' 
^consecutive^ai)pr9ximationa differ by less than a spe3ified maximum allowable 
error, wjbich should be significantly greater t'han the smallest positive number * 
representable in, the macTiin^^ ' ' 



Finally, we' shall bHefly look at computation of the sine functioi?. When 
you first learrted about thig funct'ion you were told that values of this fuaction 
typically ^are irrational numbers, which could be computed to any desired degree 
of. accuracy by methods developed in calculus. Since yOu probably haye not yet 
studied 'mup'h of calculus, it is not possible to go into these methods at this.„ 
.p^int. We can. However/ sfiow you examples of^h(jw- values of the sine ^function 
can be computed. ' • • ♦ 

We are (Considering th^ function ^ sin x, . where x .is a real numtJer-j^ which 
you can tliink of a$ the radian measure of an angle Uf you so desire. It is 
'^3;<5vecD^ calculus thjat tne sum of "sufficiently* many" terms of the series 

■< Y « — + — — — — — + . . . » 

^ . * • ^ ' ' * k^3'. 51 Tl . 

I ^ / , , 

> * ~ . t . 

is a number ciLose to sin x, and that the difference bet^.eeh sin x and the - 
acfcvementioned sum becomes numer:^cally smaller as more and:. more terms are taken. 

J If \^e lo^ the series from a computational view, t^ie ^calculations are 
not very difficult. Le.t's look at an easy e^^ample, say the calculation of 
sin (;3). • ' - ' , ' I' . * . ' ! 

The fiVst term is, of .course, the easiest. 




To getjthe numerator of th^ 'second term, we multiply* .3 by the ^calue 
of x% in this case .09. To get the denominator, we multiply th^denomin- 
ator of the previous term, 1, by 2- • 3», ; '. * . 

' To get the numerator of the third term, multiply the numerator of. the 
previous term again *by .09, and to get tRe denominator, we multiply the pre- 
vious de'nominator by l^-- • 5- ? ' * ^ ' ' * 

This seems like 'a "fairly fe^le^prpcedui-e, so l^t us compute the* first few* 
terms. To simplify things, let us name the terms ^s components of a vetjtqr. 



i 



■31-2-3 y^-^~%rz . ^ . f 



Clearly, subsequent terms be numerically mch s^ler 'thai> thdse 

which we have..computed. ^ If we stop at this point and compute the sum of these 
four teips, we obtain .2955202066 as* an approximation to sin(.3). Published 
5-5lace tables give .29552, so that we have perfect agreement U> five dijits. 
^ 'Now let»s try to compute • sin 5 ' correct to^ 5 digits. . , n 



= X = 5# " ^ . 

, ^ ^2 " ' ^1 = ^^T^ " -20'. 0418666 ^ 



^7 ■ lit -6 ■ ^^^2^^^^^ • ••^S*0333 ' 

y„ = . y - (-25) • (.X960m) - ' 

•^8 ^7 ~ ^10 = " •°233373 

(-2.) • (-.0001.68) ^ 

(-25) ' (.0000093) 
= . ' = -.0000005 

Note that a larger dumber of t ems, was necessary to achieve the required 
accuracy for thi^ larger value of We have arbitrarily kept 7 digits to* 

. the right of the decimal point, whleh might not always be possible ^with a 




digital computer. , .^x • >c 



Adding our 12 terms, we' obtain 1^89^,45 as4'^ approxj^lAon .to 
sin 5r and ve cgji feel fairly confident df^ the' accuracy of tV^ first .five v. 
digits. ' * ' " 



* We give in Figure, 6-5 a flow chart tor computing theyvaiue of sin(x)^ 




ACCUR 



i <^ 1 



|TRH1> ACCUR 



snocV'smx + trm ^ . ' 




-Figure 6-5 • Algorithm to comjjute ^in(x) 



t 



: - ftote that we do not store the individual terms of the series. Instead, 
•> ■ , ' 

^ we $um' them as they are competed, keepfng a copy only of the very last term 
(trm). In* this way it is possible to avoid the use of subscripts. 

* . * We have seen in the preceding examples that when |x| * is large the 

. . / 

coii$>uta1iiom in Figvire 6-5 is curpbersome end subjedt to many numerical 
' ' •\ ' h ' ' 

inaccuracies. Therefore it is^ desirable' to convlsrt the problem to cal- 

cuiajbipi) of an approximation for small valjies ojf x by using the reduction 

' f orraula&>f of trigonotetric functions *vhich you have, studied 'in an earlier 

/course, jVscordingly you will be asked in* problem h below to dfraw a**^ 

mpdificatioi> of Figure . 6-5 incorporating this coriversiori, j ' * * . 



Exercises 6-8 ' ' ' * 

,1. What wQUld be the result of applying the sciuare ro^t algorithm of \ 

s « Figure 6'k if the input variable . a ' has a value 0 ? , • ♦ 

* ' * * ** • * 

2. . What would be the result of applying* the square rpof algoritl^m of 

Figure if the input, a>, is less than 0 ? 

3- The square root algorithm. Figure 6^4, uses g = 1 as an initial ipprox^ 
.imatdon no flatter what value a has. 

(a^ What ,other initial approximations might fee tried? 

. , (b) Suggest what advantages or disadvantages such approximations mlght^ 
have. 

i y '\ . 

^- .Modify the algorithm which computes the ' °sin(x), Figure. 6-5, -so that'the 
. value of x^is reduced to. one between. ^ , and | u'king tLe relation ' 
sinx = (-1)". sin(x - nir), for any integer, n. • < 



. 1 . . 

'■3 _^ 



' 1 
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Clfapter 7 
^QME MATHEMATICAL APPLICATIONS 



_ _ . — y , ^ , 

7-1 Root of jtn Eq^i;ia-^o n by Bisection <^ ^ i ^ <^ / 

Locating a Root by Graphing \ - • 

The ^problem of finding the roots of 'equation^ is a vdry commo.n one. 
Very early' in your stu^ of algebra you learned how, to solve a linear equation 
' l^ter you learned Jibw .to solve a quadratic equation. Also, 

the solu-W-Oh^ €f systems' of linear equations is familiar to you. Indeed, we 
wili - study thi^ problem *ir( Sfections^ 7-^ and 7-5, ^ But suppdse' we have an equa- C 
,tiob ^f higher degree than a^ quadratic or an equation^that involves some func- 
tions like sin x, cos x/ or tan x besides the ordaLnaiy algebraic functions 
of X, For example/ we might want the -roots of the equation 

' . ' • /" ' ^ ' ^ ' . 

* " 3x^ - 7x - 2 = '0 . * , ^ 

or the equation ^ - - ; ' * ' . 

-• i^x^ + 7x^ - X + 3 = 0,"^ ' . 

-'^ ^ 
Or we might wa\it' to solve the; equation * • - / ' 

* ' ' %^ * 

' X + irpc = 0 ♦ ' ' ' ; ' 

Qj: the equation ' 4 ' : * 

^ . Xf= "^an X, , ' " ' 

There are many methods which have been proposed fbr finding the roots of 
such equations. Perhaps one of the simplest is a graphical method, If the 
equation is written in Jih^ form f (x) = 0, then we have only to. calculate 
f(x) for a suitable set of values of ^ x and plqt the *gra^h of y = f(x)^ 
Whenever this graph crbssfes the x.-axis there •will be a root of the equation. 
Of course, we can get only^ an approximate result by such a graphical procedure 
because of the limitations on our ability^ to draw a* graph very accurately. We 
also ;«ay have' difficulty in finding the right domain o?\the values of x to 
us^^ in" plotting the^graph** \ " ' ' 



'In customary mathematical usage, when no confusion is liki^ly to result) tbe ' 
comma between double si^ljscripts and/or the multiplication symbol between mul'^ 
tiplicands may be omitted* Henceforth, in this work when th^ visual distraction 
of these symbols obscures a pattern w^ wish to emphasize, we shall omit the 
symbol's. Also, pdrentheses around function arguments are sometimes ondtted in 
the text "but never in flow charts^; ' * ' ' . 

' . . • 295 * - ... ■ 



Suppose that we want* to find approscimately the roots of the equation 

\ I ' ' 3x^ - 7x - 2 =/o. ^ . • ^ 

IL draw the graph of y = 3x^ - 7x - 2. ^ To dip 'this we first calculate a small 



talrle of values. 



X 




-2 


-1 


6 


i 


2 


■'3 ■ 


y 


•-62 




2 






8 


58 • 



The graph fs shov^n in' Figure 7-1 • 



J-v,'-'> 



^ .Figure 7-1.* Grat>hN)f • y = Sx'' - 7x - 2 



3 




The roots are seen to be near -1, between -1 and 0 and between 1 and 2 

An alternative method is to write the equation to be solved in the form 
f^(x) = fgCx) -ani^'plot the graphs of y = f^(x) -and y = f^{':^)\ The x-co6r- 
dinates of *the points where these graphs inter/ect ^11 give us the roots of 
the equation". ' , * . \ ^ • * ^ 

For exajj^le, ^ilppos^ we want to find approximately the roots of the .equa- 
tion X = cot X. We draw -^he graphs of y = x and y = cot x. The x-coordin- 
ates of the pjoints vhere^ these curves intersect give us the. roots of the 
equatipn. " . ^ ' • . * 



• f 




7-1 



^Figure 7-2. Graphs of y = x a^d y = cot x. 



We see that *there are irlfinitely many roots, the smallest ones being near 
1^ * +K/h, The other roots lie nearjto + kn, k ='1,2^,- . i 




^ EbcerciseV7"l Set -A . . • 

1. ?y plottirii^^e graph of y ='f(^)^ T^ere f(x) dendtes the lefthand side 
id each of the following five equations, find approximately the roots of 
'thefl following equations » J " I., ' * ' - ' 



'(d) x-^ - X - 1 = 0 , 
(e) X .n. 3x - sin X = ,0 



(a) 'x^ -'2x - 5 = 0* 
^ (b) x^ + 3x - 2x - 1+ -'0 
(c), 3x - 2x^'+ 7x - if = 0^ 



2. By plotting the graphs of y = f-^Cx) .and" y = ^2^^^ suitably chosen 

f- (x) and f^(x) find approximately the roots of the following equations* 

• • f ^ ' * • 

^ (a) X = tan x * ' * 

^; "(b) -X + in X = 0 ^ ^ 

" - (c) 5 - X = 5 s^n X * . * ' • ^ 
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7-1 



The Method of Successive Bisection 



Either of these graphical methods will give us an approximation to a^ 
root of the equation. Once .we have ,an idea of where the roo*t lies we can im- 
prove tlie accuracy of the root . 

One tie mqst powerful methods but often pot the most efficient method 
for finding a root of an equation in a given interval is the method of succes- 
sive bisection. X{ie*method is designed for use when the function is known in 
adv^ince to be continuous (d.e., no breaks" in thp graph) and to have just one 
root in the given interval. We consider it incidental that the method will 
f,alsd produce one of the roots in ,the case that tl:ie function has an odd nUmber 
of roots in the i^erval. If the number of roots in the. interval is even, the 
method is inapplicable, * ^ • 

^ Suppose^ that we seek a root 8f the equation f(x) = 0 where f(x) is a 

function of x. Suppo^ere^her .that' f {x^O < 0 arid f(x2)>,0, i.e., the 
graph of = f(x) is below the x-axis at x^ = and above the x- axis at 
^x = Xg. Tha^ situation -is illustrated in Figure 7-3* Now if the graph of 
y = f/x) has no gaps or jumps between x = x^, and x = x^, ' .then it must 



cross the 'x-axis betweeii x^ 



and X and, hence, there must be a root of 



f (x) =0 bet-ween 



and Xg 




Figure 7-3 Graph t)f some f(x) with a root 
, ^ between x^ and x 
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We fiow bisect* the interval -(x^fX^) and denote the midpoiftt by ' so* 
Mihat we have ^ ^ • / * , ^ * 

'^(^^ = ^> then we have a \ot. ^owever, if .f(3^) > 0, as 'in Figure 7-3> 
_^then there is a root between and , So to pi^pare for the next step, we 
assign the value of to the variable Thus, again Ve can denote the * 

interval in which 1;he roo^lies by (x^^x^), but the l^ength of our n^w. Interval 

^. is half that of the original interval, as 'shown in Figure f-Sa. ' • 



S9 




Figu;»e 7-3a. New interval after one bisection* 



We calculate the value of tl^^e function' at the midpoint x^ ' of the ^ new 
inte^i: This time fix^^< as shown- in Figure 7 -3;a, and therefore \he 



root is "Betw'een 



and X, 



Again we have isolated. the jroot in an interval 



half the length of 'thfe. previous interval. If we now assign the value of x^ 
to the variable x^, we can again denote the current interval containing the 
rooty)y (x^^Xg^j. . • • . . 

We repeat 'the bisection process foi^ the. new interval in which we Ictipw 
the root lies. ?y, repfeat^ng^this bi^ction process we can come as close to the ^ 
roo^ as^we please for at^eaqh step we halve the length of the interval^ in 
Ihe rootUies. Thus/ 10 steps will reduce the len^h of the interval by a - 
factor^of 2 or rougfily 1000 while' 20 steps will reduce it by a. factor, . 
,of 2 o^roug^^ 1000000. "Thus, the 'method is seen to be moderately 
effective.' * /# . * I • 



IC 



Example : * - ^ . ~ 

Nov let us consider* again the ea^^ation , - ■ . 

• • • ^ • , • ' • . • 

-Sjt* - 7x - 2 = 0. 

The gprTesponding jgraph is drawn in Figure 7-1- If ve le^ f^) = 3x - 
^ve see'i:hai^^ , ^ " . 

' \ * • ':^1) < 0 and f(2) > 0 . ; - 

' and 60 vre l^iiav tHere is a root of the eau^^^ 1 2.. 

N^e^nWVs«* '^^s interval. The .midpoint is x^^ = 3/2. easily 
I ' ' find by su'psti'tujJlon • ' ' o 

' f(f) = -19/8 ^ so f(|) <0. 



■ Thus"; the root lies in the, interval (3/2,.2). The midpoint of thie inter- 



val'is x' = TA- • But , 

*f(X) = 117M so- 'f({) >.0. . V 

gence/ the rooV lies', in the interval • (3/2^?/^); * 

We cm contitnie this process as/many times ^s we ^sh, each time 
fincUng in whi^h interval the root^ifes; Not^ that the length of the 
' internal is halv^d'^at -each step. ^ 



Exereifees 7-1 ' Set B • ' ^ 

Use the method'-of bisection to, find approximate values of the indicated 
•roots of the following eaUbtions'. In each gape start, with the indicated 
4ntervdl which is kno^ni to contain a root and." Use the indicated nipiber of 
bisection steps. ^ . 

1. . 2x - 5 = "O; :•• (2,3) "* ^ fteps ' ■ ' ^ 

2. x^"+ 3x^ - 2x - 1^-= 0, (-1,0) 3 steps 

3*, x^,tflnx, ; ' _ (3,5) i^s^ps A • 



Compare your results with. the results =foun4 ^aphically^in Exercises 7-lA. 



i 



aed/ ■ 



Now we will develop a flow cSart based/oii^^the successive bisection method 
for approxlinating a root (or "zero") of a giV;eV^ function F in a given inter- 
val. In passing to'the flow chart> stage^we wi;f2: use xl/x2 and xM instead 
of x^, and x^. . * ' ' 

The basic operation of the bisection process ;'is the replacement of the 
interval (xl,x2) in which a root of is 'known' to lie/by a subinterval dST 
half its length in which ^he root is known' to lie J'^\If we assume that the 
initial values -of xl ^ and pc2 are such that F(xl), and F(x2) have opposite 
signs, then^the partial f|low'cljart of Figure 7-^ describes the steps of this 
operation. / ' ' 



1 



XM <^ {XI, + X2)/2 




11 



< 0 




10 



v^alues of 'f(XI) X F(XM))— ^ ^ H ROOPVXifl 

/ , I L.^ . 



ROOT 



Figure 7-^. Partial -.Nf low chart-of*bisec-^ion procedure 



In box 6 the midpoint ' XM is calculated. In box 11, we see the easiest way of 
deciding wl^ether F(XL) and . F(XM) 'have t^e same or opposite^ signs. a?hey 
have' the same or* opposite signs according to T^ether their .product is positive 
*orjt^gatiy£. ,If their product is zero, then F(XM)^ ,^^st^be,,zero asy^ve^ai^e 
ajfesuming that F(Xl) is already known to be different from^zero- ' ' ^ 

,^ Al each stage, -befoj-e we, decide" to replace the intel^ml- (&,3t2) by an 

interval half as long, we need to check the. length of the 'interval, i.e., the 
"absolute value of i;he differer^ce, ib.^- X2. ^ If it is sufficiently small^ (say 

^mialler thari a 'giveu value ; e), we accept the ,value XM at the midpoint of 
.the interval as the root ©jf the emulation. ; Otherwise, we repeat the ope ra-6 ions 

of thef.flow chart of Figure 7-^^* ' '^'^ : ' 



We are now ready to draw a coii5)lete flow chart for finding a root by the 
bisection method. It is seen in Figure 7-5* We assum^ the equation is given 
in the form *'(X) = 0', We are given two numbers, the initial values of XI 
and X§ between ;riiich & root is supposed to lie. We also assume^that a tol- 
erance € is given and that ^ are Supposed to. calculate the toot with an 
--error less than Moi^ precisely,, the true root is to lie within an interval 
of length € centered'on the calcula1)ed -root , Values of XL, X2 " and: . € are 
read in box 1 of Figure 7-5 • " . 






1 1 ^ 


I^XL, .X2, € 






, 2 


•.n <-F(xi) 






- 3 



"Method 
inapplicable" 




< 0 



m <- fXL + X2)/2 





ROOT <-^Xl 




KOOT 


<-X2' 



.10 



(ixi - ^\ > r )g£— 



ROOT <-XM 



11 



Qyal\xe8-(?t.Y^'x F(XM)^ 



= 0 





<-0- 






> 0 . 










X2 <-XM^ 




XL 






Figure 7-5 • Bisect flow chart 
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In box' 2 the valu^ of P(Xl) is assigped to an' auxiliary variable Yl. 
This ife ba^ed on the principal that if you are going, to Use a particular value 
of an expressioT^ several times, you assign' that value to so;»e variable* to aVoid 
repeating the idehtic'^1 computation* The fragment of Figure 7- 4 \s repeated iq 
. boxes 6, 10, li, 12, 13 and l4 of Figufe 7:5* Box 3 is a test to determine 
whether the initial values of P(?a.) and P(X2) have tj^e same or opposite 
signs'. If they have opposite signs, then Yl •*F(Xl) is. negative,- so w6 go 
to box 6 and start the bisection process. If ■ F(Xl) and' P(X2') have opposite 
signs, then Yi • F(X2) 'ia.negative and the Method is ihapplid^ble. 'ffhis is 
^Jodicated in box h. If Yl • F(X2) = D, then either XI or* X2 is: already a 
^ i»oot and the' purpose boxes 5, 7 and .8 is 'to find out which. Note that if 
both XL and X2 are -roots, ^ will not discover this but 'will be satisf i'fed l^^ 
with the one root XL, * > < ^ . 

One little trick remains t*o be explained. We note that only one assignm^t\\ 



- , has been made to the variable Yl so that its value never changes; ^its v&lue - 
« is always F at the initial value, of XL, We^want, in bpx 11," to' determine 
whether F(Xl)^ and F(XM) , have ;the same or dlfferaat signs. Only if the 
signs are the same do we assign' XM to XL* But then the iew F(5aO and the 
old one will have the same sign.' -»In other words, the sign of F(XL) never 
changes. The test of sign iri box 11 can tl^us as well be ma*de u^ing the initjLal 
value of F(X1) as witb the latest value. * * ' / 



^ Exercises 7^1 Set C ' 

SUep through the flow^.phart of; Figure^? wiih the ind4.cated function^, 

the indicated intervals and the> indicated values of \. Determine whether 

there .are an odd number* of roots in* the in"terval and, if ^there arq^^ determine 

^ „ _ * *^ 

-the value of ROOT. Sliderule accuracy is adequate .Tables may be used, in 

^ Probiemk' 2 and 3 . ' ' 

1 



X^ - x - i = 0 [0,2]» ^ Q:\ 

^2.^ x+lnx = 0^ [.1,1]* G-= 0.15 

3. 5 = 5 sinx [0,2] . G = 0.4 

- x^. - 3x - 2 = 0 i0,2]. G = 0.1 



x^ - 2j:^ i3x - 10 = 9f^io,4] G 4 O.J. . ' 

• The following example should be uped .as a guide: 

ERIC • * • 1.^^^- 



'r 



Pro&lem: . ' . . 

. - 3x^ - ^ 7x - k = O' [0,1]; € = 0.!v „ 

Solution: - • . 



J ' An odd number of roots • ^ ^ 

For € = 0.\* the* root is 0<625. f(x) = 2x^ + 7x - h = 0 
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Bisection as a Procedure ' 

After you have tjraiced through the detailVcfr -Bisect in Figure 7-5^ 
, made eiiCre it is in good working order, ve are r^ady to proceed vith coifverting, 
it into a proceQure. Bisect always operatei^on a function.* f\ 

' .We will let, one of the par^eters-*be a duimny function ^name. In, this way 
the pro'cedure could solve for the roots of fijnctions having a vliriety of actua}.' 
names. If we donH add**a dummy function name (^) to the parameter list?, we 
could not search for a i:$ot of 'G(X) or R(X), for example, a^d we would be 
unable to have one main flow chart call on the procedure and r^f er to rnqros than 
one function. Clearly, a function name sHould be an element of the 'parameter 
list when- we convert -Bisect .tg^ a procedure. . 

> Since Figure 7-5 has ^n alternate exit, it also seems natural to include^ . 
a label' (box n^mber^) in the parameter list. Callilig the bisect procedure ZERO, 
•we show the funnel as it would replace- the START and box 1 of Figure 7-5. 

ZER0(F,L,X1,X2, €,R00T) 




Here the F isCa placeholder for a function reference that will be supplied by 
the main flow chart. The L provides a location for a sta^^ement label as des- 
cribed.' in Section 5-5 • ^ 

•Figure 7-6 shows the complete flow chart for our new procedure. ZERO. 



\ 



L 




Yl F(X1) 



> 0 



{ Values of Yl X F{:X2)') —^ 



V 0 



XM <- (XI + X2)/2 



\ 



Yl = 0 



ROOT <-Xl 



8 



ROOT <-X2 



XI - X2 




11 



values of Yl X F(XM) 



10 . 



ROOT 



> 0 - 
Ik 



XL <-XM 




4 



V 



Figure 7-6. ZERO: bisection procedure 



We. notice .scMe fancy nev ornamentation in the fuiinel of Figur^ 7-6. To 
^i^derstand it, recall from Section, 5-5 that variables in, the funnel of a.prd- 
" cedu're can-be thought of as either slips of .paper or xftndov. b6:eej3 coming into 
the^ topper of the brick chamber. In .this procedure some variables are treated 
^ in one of these ways and som^e^in the other. . 
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Let us concentrate our attention on the variables XL and X2 in the 
funnel. XL -and X2 start as the -ends of our original interval. Recall that 
our procedure has as its only purpose the locations of a root. The procedure 
should not make any capricious alt ergtt ions in the values of the main ^Isow chart 
variables^ -Xooklng at ."boxes 13 and Ik we see thai assighment is made to *XL 
and X2. Therefoi^e, if the, values of XL and X2 are "brought to the subiputine 
in their\indow i)oxes,* these "boxes will "be returned to the main flow chart with^ 
changed valUes. This wiilythrow a moiikey wrench into the ma^n flow chart if 
original values of thes6 vairiatles are needed later on. We insist, therefore, 
that the initial values to "bfe assigned. to XL 'and X2 should "be "brought tg 
the hopper on slips of paper. 'To remind ourselves of this fact we have adopted * , 
•the convention of underlining these -^uriahles with wavy lines. 

Ve are indifferent as tS which of the two treatmenjts to use on the variable 
€ as its value is unchanged in the course of tfie procedure. This , is reflected 
in our not giving € any ^special marking. [Our preference is for having its 
value •transmitte<^ by assignment.] ^ 

Now/ finally we look at the dummy "output" variably, ROOT. Remember that 
the sole purpose of this veiriable ±b to hold the information* going back to the 
main flow chart. Clearly, a Receptacle must be provided to carry this informa- 
tion back. The window boxf belonging to the main flow chat* variable will" there- 
fore come through the hopper and be relabeled as ROOT. We have enclosed ^this 
variable in a rectangle to keep track of this fact. ^ ^ 

\ *We will adhere to these rectangles and wavy line cqnVentions wh^n we wish 
\o emcphasize the way in wnlch ^he variables must be treated. This should be*a 
help Jo you in^writing your p^cedural language^ programs. Without this conven- 
tion "you ^might be forced to search through the reference flow fihart if you have 
forgotten "whRt the variables are doin^;, y - * 

^fore leaving this, subject we want to p6int out that the danger of mis- 
treating variables ^ XI and X2 could have been avo'ided in another way. The * * 
top of the flow chart of Figure 7-6 coul4 have, been altered to use XL and X2 
as auxjftjray variables as shown in Figure 7-7 • Handled this way, it is imtoater- 
ial hov A and B come into the hoppe^r. 
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on to box 2 • V 



* • ' Figure 7-7- ' Anot^iel; "p^tection plan ^ 

Now^ that we liave ^campl|;t6d oUr examination of the symbols in th0 funnel 
'of WSX we will briefly indicate the way' in which this procedure is used. 

I ' First/ we must l;^ aware that there' qj:^e ^iiiree fldw charts, implipit in the 
'^<precedin^ discussion; Besides the flow chart for^'the procedure there nwst 

be, a main flow chart whiish c^lls for*thfi execution of ZgtO and at^le€^st one 
function refereiice flow ch^ for the. l\inction to which 2ER0 is to be' applied. ' 
Ve illustrate in Figure 7-8 a slijple^case study. For this purpose we have ' 
created functions, RJNCT and G defined by . i ^ • 



and 



KJfrcrtx) =r x^ - 5x - > 
G(x) rTx? + 3x^ + Ifx. • 



<d ' ■ ' 9 ^ ' ■ * ■ ■• 
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'7-1 




y 




' (start) 






1 a,b,epBi 








P 


EXECUTE 

ZEtfO(RJNCT,BOXlf,a,b,'espsl,R) 




' 3 


; 1. 




Very little explanation is needed for Figure 7-8. A jnain flow dhairt will 
' ^ " / ■ , ^ ' 

usually flo'more with the roots than just print out the values. In particular, 

the main flow*chai*t may cgQ.1 for^ the execution of zero sev|ral timea, each time , 

for the root of a .different function. 

F may be omi.tted frbm the funnel of Fi'gure 7-8(b) (the 8ijknot;ette of 
Figure 7-6) but then in Figure 7-6, the references to the funcition P.^lire not 
to a place holder J)ut to a function actually named F. Irt/any main flow -chart 
calling for the execution of ZERO^ the function name musx be omitted from the 
EXECUTE box and any. main program can only call for the^execution of ZERO applied 
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trf the single function put int^ the conjpUter underyKhe nam^^ F. * 



5y graphing, it becomes cleai; that eacH of the two equations sin x := |x 
and tan x = lOx has a solution in' the interval [ 0, ~] . Prepare all 
the necessary flow charts for determining vhich of tjiese roots is the 
•greater. The ZERO procedui:e. is understood to be available already i'h * 
flow chart form; . 

5y a certain theorem the function H(X) + 5x - -'2^ - 1 has 

exactly one posittiye root. Since H(0) = -1 < 0 and H(l) ^ k > 0, 
this function h/s art least one root in th6 interval (0,l). Drjaw the^ " ^ 
necessary flow charts which, when used together with ZERO, will print 
out the value, R,. of this root and G(R) whqre G(X) = ± + - x^ - x^ - x-1 
and 5 Values of G(X) and , H(X) separali.^^ by .01 in X on both sides 

\ ' ' : (' 

Draw the flow charts >^i5h, used together wi'th ZERO, will print out the 

root of inx = -x. In this problem the. f\o^ chart for-tlie refe^fence 

* ' 
function, in,- does not have to be drawn.- 



Suppose a satellite, is in a circular orbit. Let the radius be 1 centered 
at the origin. -Draw the necessary fi^w charts to be used in conjunction 
with. ZERO for finding the intersections of the orbit with th^ trajectories . 

r ' 1 '\ ^ * • ' ' 

(aX 3cy = -r; for 0^< x < i , • 

4^ mum ^ ^ ^ 

(b) y = x" \^ere, n = 1, 2, k, 5^; ' . 

' f or 0 < X' < 1 • 

» 

(Fco* students ''with some kndwledge of differential calculus^ Find the 
minimum value of x^ - 3x?* - % for x > 0. You may assume^^ that the 
derivative has only one root. 

^ * • * 

While explorin^he city,*a visitol* to San Francisco came upon a curious 
confJ.guration oi ladders in an alley between two tail 'buildi^igs . Starting'' 
on opposite side's of the alley, each lad4er was propped ^gains^ the base 
of one building and crossed the alley to rest ^against a wall on the other 
side. As the visitor walked slowly beneath' them, he mused' to himself, , 
"The rungs of the ladder are about one^ f oo't apart. One ladder looks about^ 
25 feet long> wMile the s«cond^is a bit short of 20. The ladders cross 
about a foot over my head and I m six feet tall. I think I should be 
able to jdeduce how wide the 'alley is." \^ 



-v3 



V 



^* your prob^^^is to carry out this calculatiQn for the visitor. Tb 
get "gJtarJied. ^study the tvb diagraals/ The first ia su^ciiemalric 
^'^(Jf \he ail^A-^The second is a more abstract drawing of the.^situa- 
'tion. Take on^l^dder to be 25 feet tlong, *the othj^r I8/75, and^ke 
-^^--bhe^^rossover point to be 7-2 feet-above the ground. Notiqe that there 




DiagraiA 1 




Diagram 2 



V 



are two gets of similar righA^triafigles involved, for which we can say^ 



7.2^. 
X ~ w 



and 



7.2 W-2 



* - ' • i 2 

Substituting from-the first equation, for — in the seoond-, we have 



r 



/ Now using th§ lythagorean ^pieorem^^we can rewrite this as 
• ' • t.2 T • 7.2- . 



7(18.75)2 . 



or 



7.2 



7.2 



'- vis. 75^ - 



Now we have the equation whose solution will give us the width of the 
alley. Why not call the function »,f(w) and use the method. of successive 
^ bisection? Take* th$ starting interval as [0,l8]^ and find the width of 
'% .the alley to'' the nearest foot following the flow chart of Fi^re 7-5'« 
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. ' ■ ; .7-2 

t-2 2j£ Area Under a Curve : An example , y = I'/x between x = 1 and x = 2 " 

In'y(jju: previous work in mathematics you may have needed to find the area 
^lind^r a^^^e. Thus., if tlie curve y = f (x) is plotted in the usual way, such 
as. in Figure 'pg, we may want to calcillate the area under y = f(x),» above the 
x-axi8 and "between the vertical- lines x = a and x = b. We assume here that 
^jjf(oc) ±s positive so that it makes sefee to speak of area under the-curveu 





* 
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' - ' ^ ' Figure 7-9 


. Graph 
curve 


showing the area under some 
y f (x) between x = a and x = b. 





Ar^a under y ^ l/x graphjl^cally 

. In.'many^oks the study of the logarithm functiori b^Xns by*introdacing : 
--^th^ natural 'logarithm of^^'x, denoted "by inx as the area under the curve \ 
y = r/x^ between x ,= 1^ and x =;^x. From this definition we are able to 



deduce the projj^^j^s of inx . 



f 
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. * Figure 7-10. Graph of y = - between x = 1 and x = ^ 

'Figure 2-10 shows the graph of y = l/x. Th'fe shaded area li^der the curve 
betweem x = 1 and x = t gives *^the value of inx. If this graph .is plotted 
on squared graph paper with- a mch larger scale, as in Figul^ 7-11* we can cal- 
' culate the approxinlate value of int by counting squares in the area under the 
cu3rve. Fop example, let, us cdnipute in l^^QJ^^, approximately. , • 

/ * 'In Figure 7-11 we find that the number of squares lying wholely under 

' the "curve from x = l to x = 1.8 is llf38". Since the area of each square ' 

/ • ' * ^ 

, *is ;02. X .02 = .OOOU we see* that the total area of these squares ia ^5732. 

* ' * " * ■• ^ 
\^ This would clearly yield an underestimate for the area under the cujrve. If we 

ha(#also counted the s<^uares that the curve passes through , we would have* ob- 

' ... teQ.iied an overestimate for the area u^der the curve % TheHot^- liuinber of 

squares with the6e additional squares ^Utit^d:<in woul4J)e lk99 having a total 

' area of lk99 x .000^*- - .5996. fhe^ai^ferage of these .two estimates oughtNio 

. yield a. pretty good approxipiation of £n 1.8, the true area under the' curve. . 

* _This average ig , (.5732 + .5^6) /2 =: .586U. From tables the valufe of jen(l%8) 
correct to five decimal places is .58688. , , * - , 



•To be sure, there are other more accurate methods f 9r calculating loga- 
rithms but we don't want to* discuss these methods here. Using them, tables'' 
have been prepared and you are certainly acquainted with such tables.. 

Counting the squares under the curve i^ at best a tedious way of -Anding 
the area under the curve. We can fincl the area mor^ ea^sily and more accurately 
by making use .of our fknovledge of finding areas of certain figures. Thus, we 
know how-to find the area of a- rectangle or a 'triangle or a trapezoid. The 
area of a rectangle is, of course, the product of its length by its width; the 
area of a trian^e is one-half the product bf^ its base by its altitude; and the 
area of a trapezoid is the product of the altitude^ by the average of its two 
parallel bases, as shown^ below. , * • 

b^ ^'bg ' , S \ \ 



Area = h >6 ■ 



-0 



X.i .2. . 



Area under ' y = l/x . by summing trapezoidal areas - 

if- v 

Now suppose we want ,to calculate an approximation to in 2. 
that £n 2 is the area unde;r the curve y = l/x between x = 1 ajid 
For convenience in writing we denote the equation oS. this curve by y =-^f (x),. 
Here, of cdUrse, f(x)^= This is the area ABDC irj figure 7-7. N/- 

nfe can calculate an approximation to this 'area if we draw a str^tight Efne 
from . C to D as shown in Figure 7-^2. Then we have a trapezoid w^bse area 

y = f(x).i 




Figure 7-12. Area under y = l/x approximated 
by a single trapezoid ' V* 
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, • is_only' slightly large'r than the desired area. The area of the trapezoid is 



= h X (^g-^) 



= (2. 1) xl(^^-±i(2) 
= i X (f(l) + f(2))' 



-2^^1+2^-2 2=¥ 



■ So we know that the desired area, in2/ is less than .75 but fairljivclose 
to it. • ^1 '"^-v 

^ ^We can imj^ove this estimate of the^^ir^^f ve diyide it into two parts 
by drawing the vertical line x = in Fi-^re 7-13. ^ ' 




y = f(x)=i 



, Figure 7-13- Approximation of in2 using two trapezoids 



. ' Tjhis figure allpws us to compare geometricalO^^ the ^pproxtmatfon using 
one trapezoid with the approximation using two trapezoids. The a;iiDunt v^ich 
the eYrpjbiS' is represented by the area oj^the shaded triangle PQR. 

ALl that is ilett of tHe error is represented by the two tiny unshaded ^livjsrs ^ 



between .the^two^ shatled regions 



1\ • *The_ area of the trapezoid ABRP has already been calculated to be 

and is called Tq, Calculate the value of T^, the sum of the areas of 
the two ^rapezoiiis' ACQP and CBRQ; . - 

* * • ' ' ' 

2. ^ Find the value ^f the -absolute differen^ie - T^|. (the ^rea 'of the 

. sha.ded triangle B$R^ 



Our calculations jdJJ the sum of th^ areas of "the two trapezoids "now^f ollows . 

\ f{iU f (|) 1 1 1 V 

^ Area of trapezoid 'ACQP = ^ = + |f (|)]^ , 

f(-) + f(2) 

Area of 'trapezoid CBRQ = | X — ^ = |[|f (|) + '|f (2)] . 



in the form 



The sum of these values is . ^ 

- ^ T^-=|c|f(l)-+ f(|) +|f(2)]. 

- - . , = |[|(f(l) + f(2)) + f(|)]. • - 

( ^ \ ■ " 

And' since ^as already been seen to ^e ^(f(l)-+ f(2))^/we can writ^^ 

Note well tha?^ is calculated from using only one newnralue of the 
Dmction; namely, , f (^) . • ^ ^ " 

We could get a stiilN^etter approximatior^ to the area between 1 and 2 
if vfe divided this area into 3 parts by equally spaced vertical lines' or S 
better still, •by dividing it intp k ; parts by eqUally spaced S^rtical lines • 
The latter is particularly c onven ient as we will theTi. merely add two more points 
of subdivision, ^ and ^, 'for the interval AB to the one^ ^, we already 
have. Th^ ad'^ntage of using subdivi^pfon poin^^sjpreviously 'used should be ob- 
viou6 foe by this method we can use the funct^on^ values previously^iS^lculated. 

We show in Figure 7-1^^. the result; of halving each of the intervals AC 
and CB' of Figure -7-13, thereby approximatiQg in2 * by four trapezoids,' , . 



7-2 • 




y:f(x)=i 



Figure 7-1^. Divide and conqueri 

This time the areas of the four slivers representing the error is virtually 
* imperceptible to the unaided eye. 



Exercises 7-2 Set B ^ ^ , - • 

1. Calculate the sum of the 'areas of the four trapezoids ADSE^ DCQS, 
\ Figure' 7-11 , ^ ' , 

2. Calculate the absolute difference . of Tj^; and- ■T^'-in-^iytch-ctihiisi .-^ 
Jom and also give a four .digit ^decimaj. approximation o|;^p ^fference . 

■ -3. Make a*car^ tracing of Figure J-ll^ shading the two triWles FQS and 
QRV. Comparing with Figure 7-13, show that the sum of the^as of these; 
-. twQ trteng3.es is equal to l^iejjalue of .|t . t | calculated in - 
Problem 2. . 
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We^will present the calculation^ of T^, the sum of the areas of the four 
^ trapeiblds, in a revealing form:^ , ' ' 



1 f(l) + f(J) 



,;f(J)^f(|)^ 



Area ADSP - J( ^ —) Area DCQS = 2 ' 

. f^|) +f(J), • l/(& •'^(^X. 
Area CEYQ 2 ) EBRV =vj^( ^ ^ ) • 



The^r sum is 



= J[| f(l) + f(|) + f(|) + f(J) + I f('2)]- . 
Oil.^rearrang;ing' these terms we have . 



|[|(| f(i) + f C|) f (2)) + % \ ] 



Inside the "brackets ve see the expression |(| f(l) + f(|) + | f(2)) whic^ is 
exactly one of the foiros ^calculate4 for T^. 'Therefore, 



T5So 



The tabulated value of in2 to four deciinal places' is'* .6931 • 

From the previous* calculations a pattern emerges fo^ computing the succes- 
sive values of the approximations ^q)\)'^2^ • each^^case we' add to the 
. > previous approximation the ai:ithmetic mean (or average) of the newly computed 
fra^ctlonal values and then halve the result. Thus, ^ 



\ 



: 1,, f(§) . nf) . f(^/^ f(f ) ^ 



apd so on^ It is easily * checked' that this ^agrees with the value of T^ cal-, 
culated diWbtJ^^i^i^^ expressing it in terms of T^ wbich is 
given by , \ . ' ^ . *. * 

' ^srH^i^^^^ ^ f(§)+fcf)'+ f(^) + f(|) + f(^) + f(J) + f(^) + |f(2)]. . 
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"f^ th^ "general case^ve assum^'tKaOhe interval "from 1. to 2 is. divided 
- into- '2^ equal parts 1^ the paints^" 

Every ^other 'point in this list is -a newly adjoined partition point. Oi^at is/ 

the new partition points are ^ - ^ . - 



• And now, ^ccordipg to the above pattern, 



T =i 
n 2 



nVl 



i-i 



We now present a preliminary flow chart showing hoi ona could calculate 
>^he approximations (f^, T^, T^, ... for 1,2,\ . . .,2°, . . . subdivisions. 

We do not provide anjv way of teipiinati'^ the calculations yet. \ 



ijl) * f(2) 



n «- 1 



. ( 



s «-»b' 



k^l ' 


k <.2°>1 


k <- k + 2 




T 



if ^ 

F 



S <-S + f(l + A) 




Figure 7-15. Non-terminating area calculation for- y = l/x 

The calculation described ir^ Figure 7-15 will never terminate. We must 

. Kjow introduce' a mea^^re of accuracy . We agree to .stop the calculation as soon 

as the magnitude of the differ^nce^etwe^ri i consecutive is small, say, 

less than some given €. If we incorporate this test into the flow cfiart of 

" - - {.^ 

Figure 7-15> we obtain for the con^lete calculation of the area under a curve 

y = f(x) in the ^interval betHj^en x:= 1 and x = 2' the flqw chart given in 



7-2 



. Figure 7-l6. Of course, it is understood that in the example under discussion 
f(x) is given by^ f(x) = - 



/ 



'V ..mmmf.rr.mm 










^1 


„ f(i) + 


f(2) 


"0, 2 ' 



^ 1 



s ^ 0 



1-L 



k ^ 1 


\ 


^k+2 


k < 2".l 



S ir- S +.f 

2 



T , + s/2""^)/2 




Figure^ 7-l6. Complete flov chart for area under y = - 
between x = 1 and x = 2 (first version) 



Exercises 7-2 Set C • * ^ ^ . 

1. Find the. abscissa values resulting •from the ^jtfvision of tfie segment (1,0) 
to (2,0) on the x-axis into l6 equal parts'/ . . , ' 

2. If an interval is divided into' 2^ equal parts, what happens to the 

number of subdivisions vhen n is increased by 1 ^ 
(it • ^ 

3. ^ Find the abs'cissa values re suiting from the division of the segment (1,0) 

to (5,0) on the x-axis into eight equal parts. (Note: Let b *- a = h, 
and the points 1, 1 + h/2", 1 + 2h/^ ...). . ^ ^ [ 

h\ Given the function j i '3x^ + 2x + 1 and the interval' x = 1 to x = 2, 
you are to approximate the area below the curve and above the x-axis*- 
, Decide what changes are necessary in Figure 7-l6 in order to specialize 
the approximating process tO this function and this 'interval. Drawjthe 
flov,ci;iart for* -Chi s function in the interval. ' ' 

5. Study the flow chart of Figure 7-l6 for the function y fx^ in the 
interval x = 1 to x = 2. ' ' * f 

(a) What is ihe value of ? ' • ^ ^ 

0 ' ) ' 

' (b) When n = 1 how many times do you enter .the iteration box, k ? 

How many times do you exit to box 5? ' How many times to box 6? ^ 

. (c) What is the value of in box 6 the first time you calculate it? 

(d) When n = 3 how many times do you enter the iteration box h ? 

(e) ** When n = 3, - what is" th^ value of .S the last time you enter the 

iteration box k 7 ' - 

(f) When n. = 10, how many times do you enter box. if, ? How many of ^ 
• . these times do you exit to box 5 ? 

^ • , ' • ,L 

(g) For € = .05^ .calculate the value of -n, wheii^box 9 is Entered.* "'^ 

6. Suppose that the interval from 1 to 2 ^is divided into-tt^n equal parts 
,by points 1, 1 -f |, 1 + f; ./^-^ 1 2' where it-l^T^not 
assumed tha^t n^ is a power of 2. The area under the curves y ^ f (x) - 

'between x = 1 and x = 2 is to be approximated by a sum of ^i-e^s of 
trapezoids. ' > * - ' . 

(a) - Obtain a fomula for this approximation in terms of the ordinates at^ 

the points or division. (Look back in the previous discussion and ^ 
note how T^, T^, and were expressed in terms of the ordin- 
, ates at the points of subdivision.) 

(b) Draw a flow chart to describe the calculation. * 



7j V *(a) Sketch the curve y = bet\^eru^x =- 1' and x = 9* 

"^^(b) -0?^: Approximate the area by a single trapezoid bounded by f (l) 

^ ^, and f(9). First express the area in terms of f(^) and f(9); 

J ■ then ovQluQt o i 



(c^ T^: Approximate the area by the sum of 2 trapezoids, one bounded 

''by f{±) and f(5), the other by f(5) and f(9). Express in 
^, terms of ^ f(l), f(5) and f(9)- Evaluate. ' 

y 

(d) T^: Approximate by k trapezoids. State in terms of f(l), f(3)> 
f!(5), f(7) and f(9). Evaluate.' 

(e) T : Approxifliate by 8 -trapezoids. Again express in f(l), etc., 

' and evaluate . ' 

(f) 'Look at the formula^for T^. How can it be derived from and 

f(5). How can be found ^rom T^; from T^? Use these new 

formulas to verify your calculation^ in (c)/ (d), and (e). 

(g) From your study of part (f ) write a formula for T^. Can you derive 

one for T ? /. 

n ^ 

(h) Sketch a flow chart lSb evaluate the area, .^^ft^^.should te^^nate as 
soon as 2 * successive approximation's differ in absolute value by 
less than 10"-^. 

** 2 * 

Repeating the method of problem Jj calculate the area below y = x , above 

« 

X-axis, between x = 2 and x = 5. ^ 

(a) Evaluate T^, T^, T^. ^ ' 

(b) Relatre to and to T^. 

'(c)- Write a formula for JJ^.i for T . - - > . ^ 

I 3' n ^ 



Another look at the flow chart f oil ^ the area yjjfi^^v y = l/x / 

We note that there are sfeveral sources of ^inefficiency in this cal- 

f' *' n 

eulation. In oi^r iteration box we have to test k against^* 2-1 which will 
require a calculation of 2^-1 several times. Even one calculation of 2^ 
for each n may be timfe-consuming and should be avoided if possible. It will 
be "better to use the test k < 2^ instead of k < 2^ - 1. Then we can simplify 
this to k < m where we set m = 1 when n = 0 Tat the s^rt and double m 
e^h time n is in^c^a^ed by 1. Thus, m represents i&e quantity ' 2^. 



In th§ same way we can avoid the divisions by 2" .6nd 2^"'^. ^sttad, 
we keep a nuinber h which is set equal to 1 for n := "0 and the/ divided by 
' 2 each time as n is inSreased by Thus^ at each ^age h ^fl/m = I/2". 

. We do jiot really need to keep all the sums T^, TJr, T , T *but A 

actually need only the current sum and the previous sCim at each-s-tage. We 
could denote these respectively, MJAREA and OLDAREA.. Moreover, we-^ave nq 
further need for the variable n^. If we do these things, then instead 'of ' 
Figure 7-l6^ we would have the more^ efficient flow chart, Figure 7-17*. 




m 


<- 1 


h 


<r- 1 



m <- 2^X m 

h <r- h/2 

s <- 0 





1, 




*■ <- 1 


k < m 


F ' 


k <r- k+2 





s <- s + f (1 + k X h) 



OLDAREA + h X s 



0 



NUAREA - OLDARKAj < e 



a 



OLDAREA <- MJAREA 




.Figure 7-17. Improvement of .Figure 7-l6 flow chart, 

^32.3. 



^ 7^ The Area Under a vCurve ; The General Case _ n^' . 

'In the previous section and in its exercises we have seen how to caiculatfe 
« appj»«4ffiations to* the area under various curves. |r We now want to discuss the 
' formulas and the'necessary, flow "Charts for solving the same problem for any 
,curve whiclT lies above the x-axis. - ^ 

^ We want to find an approximatiorfto the area under a curve y = f (x), ^ \ 
above the x-axis and between the veifbical lines x = a and x ■= b. Sp^ 
Figure 7-l8 . . . . ' " ' — 




y = fM 



Figure 7-I8. Curve y = f (x) between x = a 
X = b showing n ^ubintervals 



and 
ft 



We bah divide the interval from" a to b into n; equal parts and approximate 
the area st^inding on each of these parts by a trapezoid as shown in Figure 7-1^ • 




' F^^e 7-19- 



n subintervals wito^trape^oids 



I oroinaxes at these points are, respectively, 
■^''r^'"^"*':^^«^''^f^*h,),/r(a+2h'r;^V- Y(a+ldit/ t(a + (n-];)h)', f(b);'- 
°* approximating trapezoids are 
' .rh . + f(a+h) . f (a+h) + f(a+^i . , 



h .. f(a+kh)-+-f(a+(k+l)h)' . fta-hU-Dh) 

* .. 2 ^ ---v n — 5 5 



i> ThQ sum, S^, of these areas is given by 



,\ \ = M2f(a)+f(a+h)+f(a+2h) y. . . + f (a+kh) + . . . +-f (a+(n-l-.)h) +|f (b)} 

. * ^ ' ' J - • ' ' 

whQre, of course, ^ = (bV a)/n. 



^ In order to. decide what -value of n to use to obtain a'^specif ied accuracy 
in.the caiculation^it will bfe. convenient as in Section 7-§ to calculate the 
'..approximating aum ?or 1, 2, 4,', 8, l6, ... . ' subdivisions of the interval 
: '^^.-^1 the example.destribed in that section, ea^ch sum^ • 

^- can- be cal^ciilated from the .previous one^nd the function f(x) has to be 
. fevsiluated, only at the new points of subdivision. Let denote the sum when 

-the interval --^a 'to-b----is takeii^thou^ the sJm with 2 sub 

intervals/ \ the suA^with ,| „ subintervala, T^' the sum with 2"'-. sub- 

intervals. Then" we have' ' • ' ■ - - 



■■• T — J 'f(a) + f(b) 



0^ = h^[|f(:a), + f(a+li^) + |f(b)] 



vhere h^-^^ b-^ a, ^h^ = .(l):.a)/2. h^/^. If we cou^are the fonmlas'fpr T 
and* -T^*' and use the formula for h , we' see that ^ ^ ^ 



7-3 : v.- 



We-.have»also ; ' ' , ' . r 

where hg^= (b-a)A =^'fii/2» If we .compare .the formulas for and T^^'we 

see, uince a + 2li^^= a + h^, that ' ' \ 

= ^{\'+ h^[f(^h2) +"f(a+3h^)]) = ^^^-^ h2[f(a+h2) i fCa+Sh^)}. " • 

The generating pripc4.ple is now c;lear. We ,cari write immediately 

' ' =^ I + h2[f(a+h2*) + fCa+Sh^) + f(a+5h2) + f(a+Th2)] 

/ - ' ' ^ ' . . * ' 

^ where h. =^(b"a)/8 = hJ2. In the general case We have 

3 ^ ^ * ** * ' 

= I T^_;l + ^n^^^^t^n^ ^(^■'^-^^ + -...+ f (a -K (2"-l)h^)] 

^ «■ ^ ' 

= iT,+h'^i: f(a + (2k-l)hv) ' » 

§ n-1 n j^^^ *^ n , , 

where h^ = Jb-a)/2" = h^_^/2. ' • * 

Finally we must provide a mean^ of terminating the. calculation of these^ ^ , 
approximating sums. We agree to stop ^he calculation as soon as the absolute 
value of the difference between two consecutive calculated sums is small, say, 
less than sopie ^^giyen \ We try to raaKe the calculation reasonably efficient . 
by avoiding calculation of 2^ and we are^tihus'' led to a flow chart similar to 
that of Figu^-e 7^17. This flow chart, Figure*7-20, describes the calculation ^ 
of an approximation to 'the area under the curve y = f(x), *above the x-axis 
— and .between x = a and x = b.. We assume that /the necessary valines of f(x) 
will be supplied by a functional reference flow chart. As in the flow chart of 
'Figure 7-17, the use of a subsci«lpt^n is avoided since we need only the xoi^kt 
' recent values oft h and m and the la^t two values of T (called OLDAREA ^ 
and NUAREA) . ' '* * 



1 



|:r ' O . , • , 326. 











k ^ k+2 


k < m 


1 


It 





s s + f (a + k X h) 



I 



6. 



JNUAREA - >j OLDAREA + h X s 



QmjareA'- oldareaJ 



< € 



F 



OLDAREA KQAREA' 



"AREAp***, marba 



, J*igure 7-20, Flow chart for area under a £urve y =^ f(x) 
<-^.J.': • between x = a*' drid' x = b ' 



^ ;: 



4* 



r ' 7 f 'I ^ ^ "nr.' 
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It will be interesting to comp^f e the very minor points of difference in 
the flow charts of Figures 7-17 an'^ 7-20. These^ differences are seen in boxes 
0- 1, 2, 5* • If a and b of Figure 7-20 are replaced by 1 and 2, respec- 
tively, then Figure, 7-20 is.adentical with Figure 7-17 

Naturally, we would like to be able to file aVay the f3^ chart of Fig- 
ure 7-20 to use it as a procedure in finding the ^^frea under any curve over 
any interval [a,b] . To do this we need make clmnges ^only in the flow chart of 
Figure 7-2^. ^ We replace box 9 and its stop -box by 




And we replace the start box and box 0 by either 7-2l(a) or 7-2l(b) accordinjg 
to whether function names are available to us as parameters. 



AREA(a,b,e^, [AR£A|,f)^ 




(START) • ' (START) 

i ^1 (a) , ' T (^) 

Figure 7-21. Two procedurizations of Figure, 7-21 ♦ 




r 



In Figui^ 7-2l(b) the procedure will apply only tJo a functior^flamex f- 
The framing of the variable AREA in the funnels follows the convent ion/intro- 
duced in Section 7-1* / 



Exercises 7-3 ' - * ^' ^ 

1. Draw a flow chart to represent the calculation^ 

* 1 ^ * • 

.SIS. \ S = h{if(a) + Z f(a+kh) + |f(b)) 

wher§ h = (b-a)/n. ^, <^ • 

g. Draw a -flow chart sijnilar to Figure 7-3^5 to indica€ie the calculation of 



1/ 



the Tq, T^, Tg, -i^, where \ 



.n-l 



T = i^P- . , + h -2 f{i 



and h « (b-a)/2 . Do not prSvlde any termlnktion' 
' . • \328 



•5* 



It might happen that the calculation described in Figure 7-20 would nejjrerV 
terminate because the function f (x) might be badly behave^, or because ^ 
the tolerance ie chosen too. small for the accu/acy of the machine used 
for the calculation. In )(uch a case we say that the calculation has 
entered an endless loop. Sugge^st a .way to protect against this "possibility 
and revise the flow cfiart of^ Figure 7-20 to incorporate- this protection: * 
Dr^^ It is a procedure and include the necessafry statement label in the 
funnel. v . ' ' ' ' . 

Compare the flow charts drjawn for Exercises 7-2, Set C, Problem 8(h), with 
the flow chart of Figure 7-^0. If they are dif f erent,. revisjs them to agree 
with t^ie^flow chart of Figure 7-20. * ' 

For tJ;ie ^re'a:s descrj.bed below,^ calculate approximations following the steps 
of the flow- chart of Figure 7t20. ^ \ * ^ 

2 * 

(a) Beiow ^y =vx , , above the x-axis, between x = 2 and x = h. 

J Use € = 0^1, (True area is 56/3,) " « ' 

'(b-) Below y = x^,' above y = x^, be1«?|ren x = 
Use € = 0.5. (*rue area is * I71A.) 



and X 



6\ 



Draw a functional .reference flow chart, which can be used with the pro- 
cedure of Figure 7-20 (with one of the funnels of Figure 7-21) to approx- 
imate the value of jt to fouy decimal places. . Draw^also, the flow chart 



which calls on the procedure and prints out the result. 

1 is a ve^ry important mathematical con- 



The number x 



inx 



for which 

stanfbn a par with This constant is^ designated by the letter e. 

. It is interesting that we now have a jnethod at our disposal (although, 
notrthe bes^ one) for computing the value of e. This methdd- is -based oii 
the fact that • e 'is the root of v . ' . ^ * 

ini - 1 = 0. % 

♦ Thu^, if Tre can prepare a flow chart wjiiich will compute the values of 
vinx - 1 to; ^say, six> decimal places, w^ can then apply the procedure \ 



fZSRQi to find this rgot. 



^^^^ 



Make the necessary revisions in.^the f^ow chart of Fi^re 7-20 to con- 
vert it in^tb a fun^ctional reference flow cha'rt for F(X)^= inx - 1.. You 
will have to decide, what to do al^t a, b, €^^ad f occurting Jin 
Figure -7-20;. Thfe^^mdin flow^^hart "vrfii^ch call s^on^ ZERO will' involve the use 
of some- preliminary estimates of the interval in which the? root lies, ' 
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7-^ Simultaneous Linear Equations : Developing a systematic in,ethod of solution 

• . . 

Introduction : Solution^y , graphing , • 

You have often solved systems of^tvo equations. You may ha^ also 
solved systems of three or even four' simultaneous linear equations • In many 

of science, engineering, business, politics, etc*, it is necessary to 
solve systems of simultaneous linear equations involving very large numbers of 
variables and equations, perhaps as wkny as 10,000 equations involvtng 
10,000 variables. li is therefore important to 'study the problem of solving V 
systems of linear equations ~and to devise efficient methods" for solving such 
systems. 

You will Recall that the problem of solving two 'simultaneous linear equa- 
tions in X ,and y can be int.erpreted geometrically. Thus, an equation 
such a^ ^ • 

• " 3x - i^y - 12 . . - ' 

represents a straight line which can be plotted on a set of xy-axes. Another 
equeition such as ' , ^ 

' / hx + + 23 = 0 

also represents a straight line. If we are asked to solve these equations 
simultaneously, tl^n we are sipeking values of x and y which satisfy both 
equations at the sambvtime» Geometrically thJs means that th6 point whose 
coordinates are these v&lues of^" x And y lies on both lines and hence is 
their intersection.* The graphs of these two lines are shown in Figure 7-22 • 





-3 


\ 




-/ 


s 


1 1 L^L_ \ \ ^ 








^ / a. 


• s 















ERIC 



, Figure 7-t22. Graphs of Sx- -. 4y'.«=: 12 and hx +*l2y + 23 = 0 
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We see that the lines intefSSR in the point; '{1,^.9/1^) and thus xU 1, 
y = -9A is the solution of this pair^of*%^uations . 

. ' * *> ' ' i 

VTe Imov that two lines always? interseei .in exactly 'one point unless they 

are parallel or are really the sanie 'lin^. TJius^ two simultaneous linear equa- 

Isions also have exactly one solifcioti unless they represent parallel lines or 

the same line. If the lines are parallel, there *Ls' no solution. For example, 

the equations 

X + 2y = 7 \ % 

^ ^ . X + 2y ='8 

represent parallel lines and hence have no solution. This situation is shown 
in Figure 7-23- ' ^ . V . ' . 




Figur^7-23. Graphs of x + 2y = 7 and x + 2y = 8 



On the other 



r hand, ^he 



equations 



X + 2y = 7 ^ . - , 



^ ^'2x + % = ll^ 

have infinitely many solutions as they are really the same' line, namely, the 
aower line of Figilre 7-23, 

^ You are also familiar with the fact' that a linear equation in three var- 
iable^ can be represented as a plane in 3-dim^si6nal space. , Hence, three 
simultaneous linear equations in three unknowns will have a unique solution if 
the corre;5ponding planes intersect in a single point and this solution will be 
their poiht of intersection. But it is'a]io possible that three planes inter- 




1-h 

^ sect in one^ t\fo or three straight lines, or that they be parallel or even that 
they all iJe really the'Seile plane. Thus, three simultaneous linear equatioi^s 
in. three unknowns mayi also possess infinitely many solutions or no solutions. 
Similar situations arise when we' consider more equations in more unknowns. 



. Exercises 7-^ ^Set A ^ . . 

Draw the graphs of each pair of straight lines on a separate set of axes 

and determine their' intersection, if any. . \ . • ' 

1. - 2y = 7 ' 3. 3x - y =''7 
3x + 5y = 13 * . 6x - 2y =• 11 

2. 3x - 5y = ^355 ' 4. X + 3y = 11 ^ * ^ 
5x + 3>% = — ^ ' 3x + 9y = 33 



% 

A Systematic Method of Solution ' / 

Inithis section we are going to assume that the system of equations 
has one solution and that no special difficulties arise. You have learned how 
-to solve two equations in two unknowns by several different methods. In one ' 
common method, often called^ "substitution," you solve for one variable, say y, 
in/one equation and substitute Xt into the other equation, thus elimihating y. 
For example, given the set 

; , 3x - % = 12 - 

kx + i*2y^= -22 

we might solve the first equation for y, obtaining 

. y = ]j(3X-12) r . 

arid substitute this into the second equa1;ion, obtaining - * 

' ' ./ . ^ 13x = 13. 

Hence, x = 1 and itr follows that y =; "S/h^ 

Another method, 'sometimes called "addition and subtraction" consists of 
adding (or subtracting) a multiple of one equation to (or from) the other 
equation so as to eliminate one of the variables* Using the same Bet of equa- 
tions as above ve might add, 3 times the first equation to the second equation 
yielding the equivalejit .s^t of. equations, ^ , 
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3x - % = 12 
13x = 13 . * . 

■ Again we find that x = 1 and from the first equation y = ~9y 

)It is important to point out that when we modify an equation in a system 
simultaneous linear equations by adding to (or subtracting from) it a mul- 
tiple of another equation of the system, we do not change the solution set of 
> the '^stem< ' . . - 

In papter 6 we described an algorithm for the solution of two equations 
ih two unknowns which was more suitable than either of these methods for use 
on an automatic digital computer because it was more syateraatic. It did not 
depend on an *exami nation of the equations to pick out "convenient" coefficients 
For our hand calculations we attempted to choose the order ;of calculations to 
miniiiize the^work. But since the computer calculates with big numbers or frac- 
tional numbers just as easily as wit^sraall integers, this searching and choice 
is no loi^ger necessary. If we follow the method described in Chapter 6, then 
we always prpceed in the same systematic manner^ If we apply this method to 
Obtr system. 'of equations ' t . , 

3x - 12 

. hx + 1^ = -23 

* * * 

then we' begin by dividing^he first equation by 3 obtaining- " ' 

■ - k ■ 

■ ^ X - ^y = 1.. . 

We then subtract 1^ times this Equation from the^second equation in order to 
eliminate x 'f;rom*the latter. Thus, we, obtain 

' / , * ; (i2'+ ^)y = -23 - 16. . ' ^. : * 



or 



^ f y = -39. 



This ^qua-^on is now divided by 52/3 reducing it to the form 

'From this equation it 1^ obvious- that the solution for y is -9/lf ae before. 
WeynOw sul^^titute this viilue of y into the modified first equation KDbtaining 



^ X = 1. 



Jn order to make clear how this systematic method can be applied to larger 
systems of equations we shall use it to solve a system of three simultaneous 
linear equations. Consider the system 

3x % 2y + 7z ^ k 

2x + 3y = 5- . ' (1) 

3x .+ 4y + z = 7. ' . . 



We begin by dividing the first equation by 3', obtaining the system 

/ 



2x + 3y + z = 5 (2) 

. 3x + hy + z = 7 . , 

We miist now^ eliminate x from the succeeding equations. Hence, we subliract 
twice the modified first equation (2) from the second equation and three times 
it from the third equation. We obtain .. 

2 7 h '. • • 

•* • 2y - 6 z = 3 . 

. '~ ^ , ' . < 

We proceed with the last two equations, now in only two unknowns, as in one 
earlier example. We divide the second equation of system (3) by obtaining 

2 7 7 . • 

x.^^y .^z 

Then we subtract ^twice tMs modifieii ^^^^^ equation from the last equation 
.of i^k) yie3,dir[g 'J" ' ' . ' ' . ' ' " ^ 



We divide the last equatipn.by -8/5, obtaining fdr it, z = -1/8. Thus,- we 
have replaced our original system of equations (l) by an equivalent system (6) 



(61 



Before we Iwork back in system, (6) to actually solve for x^y, and 
let's consider an important point. In the transformation* of system (l) ,to 
system (6) our computation really involved only the coefficients and right-hand 
constants.. So we could display the essential information about. system (l) in 
the form of an array of numbers. Thus^ for (l) we could write t'he^rray 



7 
1 
1 



iv) 



We know that certain operations can be performed on systems of equations 
without changing the solution s^t of the* original equations-^-this is what we 
have just done to obtain system (6) . These operations can be 'carried over to 
^operations .on the array,, such as (l«). Amon^ these operations are the follow- 
ing:. 

1. * We may multiply (or divide) any equation of the system by any con- 

stant except zero. Thi? does not change the equation^ln an essential 
way. This Means that^ in the array we may multiply (or divide) each 
\ * number in a row by any constant except zero. 

2. We may /nterchange the order in which the equations are written. 
This mean$ we may interchange rows of the array. 

3* ' We may add (or sub^tract) a^^c^stant multiple of one equation to 

(or from) another equation. Thus, fot the array we may add (or 

subtract) a constant multiple of one row to (or from) another row. 

; ' . ^ . ^ . . . r ^ ^ 

The systematic method we followed in going from system (l) to system (6) 

may be represented in arrays as follows: 
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2 7 

3^ .1 '5 

It 1 7 
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(1') 



Divide row l by-3 « 



7' h 
3 3 

1 ' 5 



1. 1 - ?_ 

Subtract twice row 1 from row 2 and three times row 1 from row 3^ 

1 

0 



Divide row g by ^ 
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3 
11 

"3 

^6 
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7 
3 



-3 



^btract Awice row 2 from row 3, 

1 

0 



) , 

*" 8 
• Divide row 3 by - 
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11 
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"5 
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-6 
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— 1^ 


3 
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11 
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'5 
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■5 
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2 
3 
1 

„0 



7 
3 

U 
"5 
1 



1^ 

3 
7 
5 
1 



(2') 



(3-) 



(5') 



(6') 



If we write the system of equations corresponding td?arr€Qo*'(60i we see that 
our system is identical Vith equations (6). Thus, instead of performing our 
systematic method, oji^the equations as such, we majr operate on the array. 

Now let^s turn back to complete the solution of system (6). We see that 
2 = -1/8^ a|jd working backwards in tMs system we f£nd y = 9/8 and x = 7/8 • 
We often re^er to this operation of working back as the "back solutiorx*"'' 



Exercise -7-^ Set^B ' 

Drav'a fiow chart- to indicate the sequence of calculations in the solulpion 

of the following system of equations. Follow the systematic method described 
in this section, - 4 ' ^ 



Compare your flow chart with the 'one iir Chapter 6, 



7-5 Stoultaneous Linear jSq^j^tions ; Gauss Algorithm 

A-* System of 3 ^aat3.on5. >; 

We now want to describe an algorithm, the Gauss Algorithm, for the 
^solution of any system of three simultaneous linear ecjiations in three un- 
knowAs. Since we will later want to cotisider more. than three equations, we ^ 
'want to write our equations in a way that we can^^sily generalize. Thus, 
instead of using the variables x, y and z, we will use subscripted variables 

^2 ^3* The *coeff icients will be identified with two subscripts, one* 

to denote the first, second or third equation and the other to indicate the 
variable which is, being multiplied. For exiample, a^^ denotes the coefficient 
of An the first equation. Since the right side of each equation is a 
constant, these right siAes are conveniently denoted by quantities with a 
single subscript. Thus, we consider the equations 



(7) 



Thus, in the last example' discussed we have a^^ = 3; ~ ^32 ~ * 
b = 5, etc. " , ' ' • • 

Now the essential ijxfonnation about the system of equations is given com- 

* • ' <^ 

pletfily by the coefficients and so it can be displayed clearly 1^ the form of 
an array of numbers ^ ^ . ' ^. 
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^11^1 
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512^2 \ 


"13^3 


= h 
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^22^2 ^ 


"23^3 






t. 
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^32^2-^ 









^2 ' 


"13 








^22 


"23 








"32' 


"33 







(8) 



Of course, array* (8) correspphds to array {V) in (l^ur^previdus example, * , " 

Now let us proceed to describe how to find the solution set of the simul- 
taneous equations (fj^epresented by array (8); Ydu will recognize that we^ 
are following precisely the, systematic method we Jiist used in the numerical 
example. In fact, you will find it helpful to look back at the example after 
each step you*read in the general .discussion. ^, i , . ^ 



i. 

) 



f 
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7-5 



1. We begin by dividing the first equation through by . * In other 

li • A, 

vords, we divide the numbers of the first row of the array (8) by a-j^-j^. Thus, 



we must calculate 



11 



tod 



^1^ 



11 • 



These numbers 

'^arfe the first row^of a new array and it would be convenient to call them ' 
^12"^ ^13^" ^1' again, the subscript 1 indicating the first row as usual. 

But if we try this and start to carry out the calculations in the order indi- 
cated, we will replace, a^^ by "l before we calculate the new a^^^ ^3 
b^. a:hus, when we^divide by a^^ ^ we are Really dividing by ^1 instead of by \ 
the Qld value of a^^ as we intended to d6. One way out of this difficulty is 
to calculate ^13/^11 ^12^^!: 

new values of ^-j^^a-j^^ and 
•^12 ^"'^^^^ order; that is, before we calculate a^^/a^^ = 1 the new value 
of a-j^-j^- Actually there is no point in calculating -a-j^^/a^^ whi^h we know 
to \)e ir It would be better just to leave -a-.^ untouched and remember that 



11 

-the coefficient of in equation (l) is actually 1 whenever we have need 

• o*f it. "then there is no need to reverse the order of the calculations. . This 
is wha.t-|^hall do. **The modification of the first row, whi9h we will refer 



to* as 



lizi^g", is indicated in the flow chart fragment of Figure 7-24. 
* * * t 





J <.3 


J <- j + 1 


T 

J ^ / ' 





11 



Figure 7-2if. Normalizing the first row 



The^use of" the iteration box here jnay seem a lit-y.e silly. We present the 
calculations in this form for later generalization to the case 'of n equa- 
tions in n . unknowns, .^ftiat would you have tp change in the loop shown in 
this flow chaiii to make it apply to k equations?^ n equationB? 



2, The ilext step ia the elimination of from both the second arid 

^ third equations. We need to subtract a^^ iJimes the new first equation from 
the-sec;ond equation and ^a^^ times the new first equation from the third 
equation. The new elements of the second row will- be 



^21- ^21 ^ ^ 



^22 



^21^12' 



^23 



^21^113' 



^2 ^21^ 



for the new .elements 



Again-we want to use the same ^ames ^21'*^22' ^23' "2 
of the seccxnd row. We have the^ same problem as earlier if we calculate a^^ 
first and set it to zero/ We again avoid the difficulty by leaving, a^^ un- 
touched and remembering that the coefficient of the cor;:es;pondin^ l^^uation is 
.really zero. The calculation of the new elements of^the second Wnd third rows 
is indicated in the flow chart of Figure . ^ 
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i < 3 


F ^ 


i f- i + 1 







-J < 3 






It 



- til ^ 
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Figure 7-25- 



■3 



Subtracting suitable multiples of 

the .f ir^t' row from all the following roi/s 

\ 



We see that the variable, i* controls the row on which wfe are working, while 
1 determines the eptry in the i*^ row currently receiving the treatment. 
Observe that the "constant" multiplier a^^ (meaning independent ^ ^7^/^ 
used in .conmuting every el^en"d in the new aacray except for those in the^ first 
row and those in the first column. , . . , 



^ 



7-5 



What changes vould be necessary if there were k equatiohs in k un- 
knowns? n equations in n unknowns? With these changes^ made, how xnany ^imes 
vould the outer loop of Figure 7-25 be executed with k equations in k un- 
knowns? .the inner loop? Answer these same questions for n equations in 
n unknoTOs. ' * # 

3. ^ Now we are ready to proceed with the eljLmination of ^rom the ' 
third equation. But, let us firsjt tak^'a loot at our arxay as it now stands. 



® 



^32 



^13' \ 



''23 - 



^33 



'Figure 7-26. The present state of affairs 



\ 



The decorated entries in our array represent values which we are"* keeping in 
our heads- We have circled the zeros and boxed th^sl^s. The task of eliminate 
ing -Xg from the third equation will employ the'methSSls illustrated in Fig. 
ures 7^2h and 7-25 except that the methods are applied to the smaller array 
blocked off in the lower right of Figure 7-20, 

^Irst, we dividefthe second row of Figure 7-26 by a^^, remembering that 
the new a^^ will be^l, -Again, we use the it&ration box for the purposes of 
later generalization, - ^ j 



J ^3 



'2 



i < 3 



■ a, 



^2j/^22 



b * <- b /a 
2 2^ 22 



Figure^-27. Normalizing the second row 



ERJC 



3^1 



^1 



Wha^ changes vould be necessary in Figure 7-2? there were ^"^quations? 
n equations? How many tii^jf would the loop be executed if thergr were ,4 
equations? n equations? 

Note that the flow chart of Figure 7-^7 which describes the division of 
the second row .to the right of a^^ by a^^ 



is entirely simila^lt) that dt ' . 
Figure 7'2k which describes the division of the first ^row to the right of a,. 



by 



"11- 



We can therefore" draw a single flow chart. Figure 7-28, to describe 
th . J 



the division of the k row to the right of a,^^ ' by- a 
that k^= 1 or 2. Thus, w^jave 



where we understand 



1 



J «-k + 1 


V 


J «- J + 1 








figure 7-28. Normalizing the k^^ row 



Next we eliminate x^ from the third equation by subtracting a mul- 



tiple of the second equation from the third equation; that is, we subtract a^^^ 
times the new second row from the third row of the array. This is indicated by 
the flow chart in Figure 7-29. This flow chart seems ridiculuous complica'ted 
since each of the indexing variables i , and j assume only one value befpre 
passing out of tfie loop* Again, our motivation is eventual generalization. 



ERIC 



3h2 

842. 
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■i 


i «-3 


i <3 


i «^i+-£ 



■ J «-3 


i-< 3 


J «- J+1 




T ■• 



...... • 




Figure 7-29.- Subtracting suitable multiples of 'the second 
rov from all the following rows ■ 



r.:" ^^^^ is tl^outer loop'.in'this flow. chart executed? the inner loop? 

i » .What ^^hanfees 'would be necessary, if there were 1^ equations? n equations? 

Hdw^miuiy times would. ^ 1^ equations? 
, n eqjlations"? . ■ ' 

^ ' Now, if we compare Figure^ 7-25 and 7-29, ' we again see an opportunity to . 
^ combine them a^ shown in Figure /-30. Here, instead of referring to multiple^ 



1. 



s of row k. 
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i «-'k +*1 


i <'3 


i <- i + 1 


• ^ 1. 


It ■ 


j 1 


j < 3 


3-<^:S + 1 



^ij""ir--^iAj 




[bhe "apnstant"^ "■■ 
"fiialtiplier 



Figure' 7-30 '. SuUtracting.suitablJ multiples of the k**^' 
row from .all following r9ws 



31^3 



343 



■ \ \ ■; I . ■ •> ! 

5. Let us take a look at our array; after the preceKiing modifications 

) . I ' ' \ : * 

have been made . ; ) j ' ' , 



( 



Figure 7^31. Penult ima^'el array 

We see that all that remains to be d.one is'.'to divide ^the third row by ' a^^* 
This is actually achieved by the flow chart of Figure' 7-28 with k = 3.. In this 
. case, ve have to-realize that j <~ k + 1 means -J^hat' ^ hence, it is 

neveXftrue that J < 3» Thus, the loop is never ; executed but instead wp go 
directly to the box tn ^ich we have b^^ ^^)J^^> since k ;= 3, ^3*^^3/^33* 
When this has been done, our array will have its| final fonn shown in Figure 
7-32(a). * ^ * ^ ) - . . " 
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"13 
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"23. 
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(a) 


Final 


array 





^12^2 + ^3''3 " ^1 



^2 ^- ^23^3 = ^2 - 
^3 = ^3 



(by ^stem of equations 
represent.ed by '(a) 



Fij^re 7-32 



. We remind you again that the framed entries in the array of Figure J-32(a) 
. are the ones we are carrying >in our heal. The system of ^equations of Figure 

7-32(b) is the system represented by, the -array to the] lej|t of it. We. recall. ■ 
'^'that the system of equations pf Figure 7*32 (b)' is equivalent to the>ystem we 
- started^5Ut with, the system j;7) on the first page of "ihii^ section. By this 
,ve mea?r .th^^t^the^, solutions of the two systems' are the i^ame. Furthermore, the 
|fina^.'s6yst^mj>s^iviar4o,, solve. Of course, the values of a^^^ ^13-' ^23' ^1' 
b and bi of Fi^cffe 7-2^ are upvalues and not the Values represented by 
these^same variables in (8) 



) - 



I. 



We hav4 obtained the array in Figure 7-32 (i) fyom the array (?) in the 
following w^y. For k = 1, 2 and 3 we hai^e suc^ssively ,applie*Jthe f low 
"chart 'of Figure 7-28 followed by that of Figure 7-30. Now we rant to collect' 
all this in' one flow chart. We do this in Figure 7-33. ' • 
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i <- kN- 


1 
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* j < 3 



£ 



\*-V^kk' 



- ^k\ 




^7- 



Fj.gur5^7-33* Flow phart for bringing array into 

'/ equivaient "super-diagqneil" form^ ^ 



[ 



It is ea'sily checked that Figure. 7-33 is obtained by linking the beginning 
o? Figure 7-30 to the end of .Figuxa--;^|28 and by hanging the new grouping from 
an iteration bcJx (box l)' that describes the range for values of k.' ' ^ 

%. ' ■ ■ ' 

^ The Back Solution. Our algbrithiir*at this stage brings the original, system 
of e<iuations into the form of Figure ?-32(b). We next turn to the relatively 
simple problem of flowcharting the solution ^of this system. Tgj,see how the 
mathematical problem is solved, rewrite the system of Figure 7-32 'in the form: 



^1 ^1. ■ ^L3^3 " ^12^? 



a„,x 



23 3 



^3 ^ S' 



Now we work from the bottom to the top: hefnce- the "back solution . The value 

o^x^ is obvious from the third equation. Substituting thi^s value in the 

second equation we obtain the value of x^. Substituting the computed values 

, of and x^ in the first equation we^obtain the value of x^. 

Describing this process in flight ly djffeiasnt terms will make it obvious/ 



how to construct the algorithm. How do .we compute an x aften all the 

J » -i • • 

>wiJbh^higher subscripts have been 'computed? We do it in stages • First^ we 



x's 



the' .value of a ' x,., 



§ive x^, tKe^ value _ b^^; "then we successively^ subtract awa^ from the partially 

where j starts with 3 and decreases 
You should veyify this description for x^, < 
Xg and x^. Here, then, is the.^ partial flow chart^f or'' computing" x^ i.n 
Figure 7-3^. 
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, computed x^ 
down to, but ^not ii^cluding, i 
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J'*-3 



J J - 1 
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jPigui^e "7-3^ • Computing ^ the,, value ^of x'' 
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Figure 7-35* The back solution 



1 ' ^ ^ "^^^^ complete Gaussian aigorithm is^_ hand.; Th^ finishing touches 

U- ^-in^rely amount to tacking of 'the b^ck solution onto' the. end^^^Figu^^ ' 
providing for the input ai\d output, , This- is all- done iii\ Figure* 7.36. 
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Ai^yi = 1(1)3), i = 1(1)3} 
(hy i = 1(1)3} 
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J <-3 
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J > i n 
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•[x^, i = 1(1)3} 




» Figure 7-36 . Colpplete Gaussian a^goi:i1>hm for * - ^ 

\ • 3 equations in 3* unknowns y- ^ 



We have synthesized the Gaussian algorithm yery deliberately, step-by-atep, 
so that we do not fepl it necessary to analyze ijts flow chart. Instead, ve ' 
provide in Figure 7-37 ^ silhouette of Figure 7-36 with an. indication of the 
purposes of the various loops. 
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Figure 7-37 • Silhouette of fjf^ chart showing decom- 
posltlipn into several components 



Exercises 7-5 Set A 

1. Now that you have dutifully followed the preceding discussion, sf>ecify ^ 
the^'minor changes in the flow chart of Figure 7-3^ so as to make it 
applicable to systems of n equations in n^ Onknowns. ^ 

9 

2. Draw the flow chart embodying the changes in Problem 1 and, vdiil^you are 
about it, make the flow chart into a procedure. You must properly handle 
the modified treatments of input and output and giv§ careful attention -to 
what goes into the funnel.. It is not required that you provide alternate 
exits (even though their necessity should arise) but you may do so if you 
wish. The system of n equations in n unknowns and the corresponding 
array are shown below,' % 

^2 A ^22^2 ^ ^23^3 ^2n^n = ^2. . 



^2^2 ^ ^n3^3 



+ a + a + . . . + a x =13 

■ ^ nn n n 



^11 ^2 ^3 .^n \ 

^21 .^22 "^23 ^2:^ 

^ a T ^ a a - ... a ■ b 
nl * n2 n3 n» n 

'I . 
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facing the Gaussian Algorithm 
A* 



Me- are ready now to carry out ' an .actual example working our way step by 



step through the flow chart of Figure. 7-36. You will need to refer to this 
flow chart. frequently as you read. Ton will also .need paper and pencil t^" 
check the calculations. at each step. The equations we w^ll solve' are: 



2x - 


y + 


6z = 3 




hy" + 


4z = l" 


X + 


^2y - 


52 = 7 ^ 


We can write our array In t'he form 
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-1 


.6^ 3 
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k 1 
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The method of solution, you will recal*, consists of 
set of' equations of the form seen In E^gu^ 7-32 (b). 

second set has the form ' * - 

. ■ . ' ^ - . ^ 


' *r 1 
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w^ w • 






H w 


o" 
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•1. w . 
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i 



where » the ' v^s are what we are to detemine. 
solution finishes the problem. * 



Oncfe we know them^ ^he back ^ 



I- 



enter the iteration 



After the coefficients are ihput in box 0', vre 
box 1 of Figure 7-36 and set k = i. This leads us to the iteration box 2. 
The loop around boxes 2 and 5 (twice) Ind out through box k dfi.vides the nujabers 
in the first row (except for the first) by 2^ Recall that we know the fixst 
element becomes 1 when we divide it by itself. As explained ^bef ore, it ik - ' 
easier in machine computation not to actually replace the 2 with a 1. ^ 
^However, we will pla<?e% square around the 2 to remind us that the coeffiqient 
of x^ iS'>actuQ^lly' 1. After box h and before box 5 the array h^s become:' 

121 



1 
2 



2 



k 

-5 



3 

We enter box 5 and set 'i "= 2. This leads to box6 where we set J = 2. Now 
we lodp through boxes 6 and 7 twice and- out through hot 8. This looping 
accomplishes the subtraction of 3 times the 'first equation from the second 
on the array elements in which we, are interested. We circle the 3 in the 
second row because we know the coefficient of x^^ in the second equation is 



now zero . 



k = 1 



As we re-enter box 5 f 1^ the second^ time the array has become 



2 

) -i 



3; 

-5 
-5 



Now i = 3 in box 5 and we re-enter bbx 61^6 loop^o bo^ 7 twice an^ out ,. 
box 8. iThis accomplishes the subtraction of the first equation from the third 
on the array elements we will use in bur solution. * We will just 6irc?.e the 1 
in- the first position of the Ijhird tow to remind us that this coefficient of 
x, is now zero. Our matrix has now become \ ^ 
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7 
^ 2 
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• 2 


-8 


' 11 

2' 
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comes 



We return to box -5 with i ^ 4 and are sent back to box 1 where .^k be- 
2. Again we-loop through boxes, 2 and 3 anSl out through box ^ acpom- 



plishing the 'division of. the lasj'-two elements 'pf the second row by - -y^ As 



before, we place a square around the -| in the second row. The matrix as 
we leaye box k for the second time is: . " 



k = '2 



(D -I 
(D 



3 
2 



3 
2 



® I 



3 
2 
7 
5 



-8 



Now'wc, eater box 5 with^ i = 3. We flow on to box 6 vflth 3. The 

l»op from box 6 to 7 and out tiirough box'S atcomplishes the subtraction of 



5 

2 » times the second, equation from the third^ 



Again we circle the | in the 



third row because -^is coefficient of is really zero and the matrix no/is 



m -f 



(D -i 



3 
2 
7 
•5 



^ Back to box 5, i is set equal to h and we flow on to box 1 with k 
becoming 3. 'Now for the last time we eAter box 2 where j fails the teU 
;and we go on to box k. After bdx h the matrix is this: 



> = 3 



i 



.1 
'2 



■13 



3 

7 
5 

2 

"05 



Ml. 



As we flow on to box 5^ i ^ 1^ arid fails the. test. Back'to >ox'l7^k'~"' ^ " 
becoites h and fails its test sending us on to box I and the back solution. • 
Our- aVray has reached its final form. H6ncef orth/^l assignments are to com- ' 
ponents of the vector x. ' ' - 

' - : ■ ^ ' 

.We leave box 9 with i = 3 'and proceed to box 10 where x receives, ^ts 

initial value ' . . ' , > ' " 

- ■ '2 , ' '•sfe* 

■ . ' _ ^■3--13.- . _ ■ 

On to box 11 where )' is set equal to 3 and fails, the test, retuming^.up to ' 
box 9 where, ,i is reduced to 2. In box 10-,\ x is initialized with the valus 



Now one transit of the loop of boxes 11 and 12 gives the neWalue ^ 



The failure of the test on returning to box 11 sends- us^., again to Toox 9 where 
i is set to 1. And no^w, on our last time through box io, is initialized 

•V ■ 

Twp successful transits of the loop^ of boxes 11 and 12 with J = 3 and J = 2 
glve/|Xj^, succesi^e]^, the values J . 

and 

IJhen j is set to JL on the last time into box 11, the test is failed and we 
proceed to box 9 where i»-^s set to 0 and fails' the test. On to the finish 
line! In box 13 we are instructed to pyint out the present values of x^, x^ 
and Xj, namely, • . 

183 111 2 

W '^' ' 13 • 
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^ Exercises 7-5 ^Set B 
'1-2 — . Determine whether 'the values computed for x^, x^ and x^ actually 
satisfy the equations. 

"2. Make a trace of the flow chart of Figure 7-36 similar to the one Just 
concluded in the text for the system: 

. 3x + % + z = -7 

^ .2x+%+z = 3 

''\ 3x - 5y + 3z = 7j'. 

LJ.st the intennedlate arrays at the same piaints, As done in the text. 




I 7-5 ' 



3. Using the flow chart you developed in Problem 2 of Exercises 7-5^ -Set! 
for the solution of n equations in n unknowns^ make a trace for ihe 
system of equations: - * • . ' ' 



2x^ + - i^x^ + x^^ = 7. 



/ 




x^ + 2X2 + + 2x^^ 



hx^ + + 7X2 



8x,. 



11 
-2 



t Compute the entries of your sequence of arrays invdecimal form using a 
three-digit chop. ^ [Warning': This problem is extremely tedious. It g-hould 
give you .the proper respect for a computer which can solve, ^ say, 100 ^equatiofi^ 
in 100 unknowns.] . ^ - 



Partial pivoting • 

We have presented in Figure 7-36 the Gau^sian^ algorithm, for the solution 
of 3 equations in 3 ^ unknown^ . And you, in Problem 2 of -Exercises 7-5, 
Set A, adapted this algorithm to a procedure for. solving n equations in' n 
^ unknowns. In both these /low charts *a difficulty, may arise which we have tiot 
yet considered." , 



In 



lie normalizing part of the process (see Figures 7-37 and 7-36) we 
divided the k row through , a^^. 'wh^qh.ve call -the pivot element.' ' It 



co^ldvery well tiftPpelT that at Bome stage a,, = 0. What ^re w^ to do in such 
a ca^se? Indeed, if / 0 but is veiy small, then we are dividing by a 

small quantity and we shall obtain a I^rge result and we may very well magnify 
any errors whigh are creeping into the solution. We gave an example of what 
^ can happen intsuch problems in Chapte:^ 6. There we considered the system pf 
equations - * . 



Hx = 1 

X t y = 2 



(13) 



We saw that if we could use exact* arithmetic we could get the ,exact. ^olution . 
But^ in all computing machines we are restricted to a small finite number of** 
' digits and so most numbers can be' represented only approxjjnately . For example, 
if we are restricted to 3-digit arithgietic,we saw in Chapter 6 that the order 
of the equations used in elimination -was ml5st important When we divLded the 
first equation of the system '^(13) by .OpOl we»obtained:^% 

^ X + lOqpOy = lOQOO* 
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The ellmiriatlon of x from the second equation^geCve 

* ^ 

^ r\ -999Qy = -9990 

* 

since only 3 significant digits could be retained and the results vere • 
chopped. Then y = 1. * Substitution into the first equation yields x = 0. 
Actually, the true solution obtained using exaact arithmetic is . 

X = 10000/9^99, y = 9998/9999. 

we have obtftii;ed a vexy poor approximation to the solution. 

On the other hand, when we took the equations in^he order 

x+y=2 \ 
.OOOLx + y = 1 

ve obtained^or the second equation 

.999y = -999 . .• 
Agaln,we find y = 1; substitution in"^ the first equation now gives x =^\^ .* 
Ve, have this, t Jm^ ^qbta|.ped a ^ood approximation to the solution. 

Thus ^ one way of solving the system gives 'Very inaccurate resdlts whereas 
another method gives better results. It appears tha*t In order to avoid 3if- ^ \ 
ficulties of division by small quantities we should try to choose our divisor ^ ^ = 
to be as large as <{!oS!lf3.ble . This can be achieved by interchanging the ^der 
'in t^hicfi* tfie equations are wri;bten down. Of course^ the order in which the ^ . 
equations are written has no e^fefct on the true mag^ematical solution. On the ^ ^ 
**otner hand, we hav^ just seen that a change in the order may .give better com- 
puter resuli^. Cobseque^tlpr,. we should be alert, at all stages ofoOCir algo- ^ . „ 
rithm, fof a change in the order which might prodmce b^etter resul-fes. Inter- 
^htoging the order of our equations clearly corresponds to interchanging the 

^ rows of our arrays. » * « ' . * 

i . < - : ' • , 

' * . •* ^ 
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Figure 7-.^: In the midst of salving ^ equations 
.^in 5 ^nknowijs , . ^ 



In Figure 7-3o we are in the "midst of solving 5 equations in 5 unknowns. 

We 'next warit -to eliminate the vai-iable from the fourth and fif-flh equations. 
^ ^ ^ ^t^ , , . • 3 % ^ ] « ^ ^. ^ .• 

Our next step nomta^ly woClld.be to formalize the third rpw/ Then ve vould ^ 
subtract suitable multiples, of 'the^no3;:malized'rcrv from the fourth apd jy.fth rows. 

* ^But, first ve look to see whether ve can makeTa^ov interchange so»^s to 

get a larger pivot element. We look down 'the third column for the element of 

^ 'largest absolute value :aut, we only look in the allocked cff portion of the ^ 

first cdlumn as the first two equations have' already been'^prpcessed and will 

not be ifs9d»^gain until the back solution. The ti>ree entries ;^ich thus come 

1 • I * ' ' 

under consideration are k and ^-11 • Of, these, (^U has the largest absolute 

value^ so we interchange the third and fifth ■ roj^s ^f our array, as seen in Fig- 

* ni*re*7-39:- ^ ^ . ' . ^ , • ' * 



E] .3* -15 

® m 2. 

©• ® 



8 
0 



^ -9 . 

3 . 2^-: 



-11 



6 

2 
-3 



2 . -3, 
9 ih 



' ^ ■ Figure '7-39 • After interchanging tows 3 and '5 ' ■ 

' ' ^2 ' - ' / . • ^ ^ 

,f ' .^3*4 now we plroceed to nonnalize losing -11 as 'our pivot element and tp 
ellMnate* 3^ from the fourth arfd^ fifth rows* The process, that we ^ve inter- 
' pbl^ed 'here is' called '"partial ptvotirig". - . . '--^ . • • - 




*acercise 7r5^ Set4C " ' * # ^ 

1. Your task here is to prepare a flow chart component fot partial pivoting 

and to insert it in your , flow chart (prepared in Exercise 7-5^^Set A, " 

I 

Problem"^^) for the Gaussian algorithm for n equations in .n unknowns- 
\ * 

We remind you that the pivoting*process consists of: . *^ 

* ' V ^) * th I ^ * 

(i)' searching the k column fxjom the \k row downward for the 
T - ^ ' • 

element -^at yields the largest. absolute value; 

(ii) interchanging the row in which this largest element occurs with the 

, th ' ' 

k , row. ^ ^ 

In the event that your search in (i) .yields zero for the maximum absolute 
value, make a special exit for this case. , The main flow chart \rtiich calls 



/■ 



for the procedure t^jDe executed wi3,l then, want to print 'out the message, 



system of equations is singular" • Ihtraduce into your flow chart the 



special' notation 



as .a shorthand for 




' It 

^ Mother method for improving the Gaussian algorithm is called "equilibra- 

* 

tion". ^ Its purpose *is t<>>4i^ing^ all the equations to approximately the 
>same scale., This is done by muitiplying each row of your ar;:ay by the 

appr*bprfate positive or negative po\ler^of two. This appropriate power 

^of two 'should be so chosen that the largest df the magnitudes of the 

a 's in thj^t TOW (not b ) will be greater than -r but not greater 
i^j / • • 1 ^ ' ^ . 

than 1. (Powfrs of 2 are used so thai: in a machine* which does Its , 

arithmetic opera'Cior^i in bin|L3:y no round error will be introduced,] ' 

Prepare a procedure for carrying out e*^uilibration- Also, prepare" a 

master flow oliart which will call first for equilibration and then for 

J ;he improved Gaussian algorithm df .Problem 1, The main flow ch^rt should 

print out tlie message "system of equ^iti'ons is singular" in the case that 

* * « 

some row has all its a .*s equal to zero. ' % 
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/ CCMPILA2I0N MD SCm OTHER NON-NUMJKEC PROBLEN& 



8-1 Introduction 

- In Chapter 7 we were concerned with problems that lend themselves to^ • 
numerical solution. We alsp know, from having studied procedures or manipu- 
lating character strings (Section 5-6), that -^he digital computer is potentially 
useful in solving another ^ass of problems, i*e*, those fo/\^ich the signifi- 
cant^ variables and operations are other than arithmetic. 

There are, in fact,^a lar^e nunfberi^f interesting problems ^n this cate- 
gory.. For convenience ve^'ca^ll these "non-numeric ^problems to. suggest that, 
for these, the numerical computation is secondary to the symbol manipulation. 
We list here three iihportant examples in this category, although onXy the last 
of €liese will be considered here. ^ 

^ (1) Simulation problems - \^ere the object is to have the cc^mputer ' 

imitate an actual process. "With simulation, fpr example, a company 

can determine how* a potential product would behave under all kinds 

of conditions without going to the trouble and expense .of building 
* - \ 

prototypes . 

f . • 

(2) Information retrieyal - \^ere^the object is to find the*set of items, 
^ satisfyin^certain descriptive criteria, in a large'well-desoribed 
^^et of itdfe. Examples could be finding in the libraries of your 
state all books describing^^mastadons and written by Russians, or 
finding in th^^' aimed foifcQp all left-handed, blue-eyed males '^^^ 
^ speaking Swahili. 

, (3) Translating a computer program written in a procedural language sim- 
""llar to FORTRAN or ALGOL into an executable set of machine language 
instructions. ^ * « 

The translation probl^ should be of special interest to us. The programs 
which we h'ave been running on the computer are, of course, sequences of atate^*^ 
mente which in turn are nothing more than -strings of characters. Somehow the 
computer has been managing to accept our programs as input data, analyze them 
(i*.e*, as' strings of characters) and then come^ up with other strings of char- 
acters (sequences of machine jLnstructions) as the result. Until now' we have 
assumed that this process is too complicated to .try to understand." So we hav^e 
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essentially accepted the compiler as a "black box", taking itfor^granted, 
happy to have the service it renders • In .this chapter we shall take a more 
de*tailed view of this black box* ^ Youi: first step should be to review what we*v3^ 
Already le^rndd about inanipulation of character strings in Sectioh'5~6. Next,* 
in Section 8-2, we shall develop a few new "t^ols" which are of use for symbol 
manipulation, in general^ and for language translation, in partfcular. Then we 
shall tackle our main problem with proper preparation. In Section 8-3 we de- 
scribe a simple but representative programming language for which the compiler 
is to be discussed. 

Compilation of ^ sourcTe program to a target program can be thoifght of as 
consisting of four parts: - ^ * ^ 

'1, ' Prescan; ^ , • • 

' ^ » 

^ 2* ^ decomposition^ of assignment statements to an intermediate form 

^ resembling machine language instructions j 

3. translation of all other type? of stat^ents to an intermediate 
form also resembling macl^ne language instructions; and 

h, translation* from intermediate, forms to the target language. 

Since the language statement is either an assignment t^r is not, the second 
and third farts of this description can be thought of as pccuiTing on an ^ 
"either-or" basis. Many, but not all, of the operations normally associated 
with the prescan part will ^e discussed in Section Q-k* The decomposition of * 
assignment statemer^ts will be treated Jn Sections 8-5 and 8-6. The •translation 
of other ^ypes of statements, (step 3) is not taken up in this text. The trans- 
lation frbm intermediate form to target language for assignment statements is 
not considered in detail because step k will* be different for each different, 
machine. 
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8-2 Syjibol manipulation ' ' - " ' . 

In_Section 5-6 we developed a procedure (ohekst) which searched for the 
occurrence of a given substring in a given string.^ If found, chekst reports 
the position of the first character of^this substring. You may 'have wondered 
of .what use such a procedure could be.* 

The authorship of some piece;S of literature is in doubtj perhaps the 
piece was published anonymously, perhaps records proving authorship have been 
lost or destroyed, or perhaps the literature hag been discovered unpublished^ 
Often scholars are able to identify the author beyond reasonable doubt, but 
in some instances the" study of scholars has not been able to resolve the' ques- 
tion of authorship. In recent years it has been found, ftiat, when all else 
fails, subtle matters involving the choice ofjjertds and of forms of words can' 
help in establishing authorship'. Jt If; nff TW purpose to' go into the .question 
of how this is actually carried out, rather- we would, point out that this type 
of analysis requires such extensive study' of the frequency of occ^^renpe of 
words and phrases thajt computer processing is required. 

Example 1 i 

Prepare a flow- chart to count the occurrences of each of a given set of 
English words in a characteij- string . S = {s^, i.= l(l)n} . which repre's^s" 
work of literature. ' . "** 

Our first temptation might-'be to use "the chekst procedure, that has been 
,menti6ned. Howeter, you will recall that another useful procedure was suggested 
(Section 5-6, Exercise 3) for counting the number of occurrences of a substring 
in a given string. A flow chart for this procedure, called contst, is given in 
Figure Sil. The object of contst is to locate and count occurrences of one 
substring C = {c., i = l(l)k} in the string S = {s^, i = l(l)n}. ' ' ^ 

If^we think "of each word in the given set of English words as a substring, 
we can' solve our problem by-repeat4dly calling on contst, once for each word in 
the set. This use 'of contst is shown in Figure 8-2. 



contst {n,S, k, C, COUNT) 




m <- 1 



■J. 



EXECUTE 
2hekst(n,S,m,k,^) 



COUOT <r- COUNT + 1 
^ ^ * m <- p + 1 



V*' 



'I 



• n =: length,9f ^^^ct shorthand 

S = the string being examined, 
i.e,, {s^,i=:l(l)n) 

' ' ; k' = length of substring t 

^ C^ s= 9hc^r|hand for the sub- 

.strihg being searched for, 
Ue.j {c^,i^l(l)k) ^ 

COUNT = the> cdint ot occurrences 
^ of j: "*in S. 



MRElURNj 



13 



i 



Figure 8-1. Flow chart of the' contst i>3^<^edare 

Notice that the procedure JSLow chart for contst depends on the chekst 
» ' * • "^'^J * 

flow chart (Section 5-6),. Since ve ^ow deal extensively witfi strings of 

) ' < 

characters, we adopt the shorthand notation S .Istanding for the more explicit 
{s^, i = l(l)nj^ which we introduced in Section 5-6. We can refer, to a string 
as, a whole (by S), or to individual elements of a string (as, for exaiaple, s^), 
or if nee^ie, to subs.trings (as\^s^, i = m(l)n)). Third, even with this, 
shorthand, lists of parameters for our procedures ^11 be pretty long. To help 
minimise the confusion, we will tabulate the key symbols and their explanations 
on each flow chart. 
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The work of literature to be scanned is the charac^ter string S. Each 
English word, the occurrences of \^ich we will count, is to be e having a 
length k. *In the main flow chart, Figure 8-2, we let r bft \he number of 
English words for \fh±ch counts of occurrences are requir^. 

First, we input text and the number of English words for which counts 
are desired. Next, we read in an English .word and count and print its number 
of occurrences. This is done in a loop. The loop terminates after the counts 
for r different English words are completed; " % - 



2 u 


J ^1 


j > r 


j <- J+1 




3 T 







c 




k ■ , 






1 EXECUTE > 1 
1 contst(ft7§vk,C,P) 1 


5 












p 





n = length of text 

S =N:lie^string of text 

r •= number of English words 

k length of an' English word 

C = an English woq:d 

p = 'count of occurrences of 
C in S. 



c 



Figure 8-2. Flq^ chart to county the occurrences of a set' 
I pf^^ r words in a text 6f .n characters 
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"What, other basic operations might we -want to be able to perform* on strings? 
?y analogy with the processing of numeric information we can expect that the 
simple copying of infoarmation , that is, moving it from one place, to another, 
would "be basic to our facility for Jmndling strings of characters. 



I 



Example 2 

We will design a general move prj^cedure to append, the elements of S 
between s^ and s^ to a "target" string T* of length i, "A self -explanatory 
flow chart is given in Figure 8-3* 



MOYE(S,m,p,i,T) 




i^ <- m 








i > 




i V i + 1 


P 






.F 






i+ 1 




















S = original string 

m = index of, first element 
of E to be moved 

p = index of last ^element 
of S >c 'be moved 

4' = length of target string ^ 

5 = target string 

i = pointer for string 5 



Figure 8-3- 



Flow chart of move procedure 



In the processiii^ of text we often want to remove certain substrings, say 
those tl^at represent the so-called interstitial words, such as *^he, a-, an, 
of", etc^ A special case farequently encountered is to remove a particular 
single character that may be undesirable in the source string. One way to do 
this is by moving* "the parts of the substring w6* want to keep, skipping dver the 
interstitial words or characters we want to remove. We can perfom this dele-r 
tion with a procedure similar to the move procedure r 
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Example 3 

Develop a flow chart for a procedure call^ delete with arguments (K, n. 



S, m, p, T, y) . Delete appends the m to the 



tn 



elements (inclusive) 



of the string S which has a length 



to the end of the string T of 



length IXiring the transfer delete inspects each character for equality to 

the character ^ K, omitting the character, if e^ual. Finally, give i the new 
length of T. 



Operation of the delete procedure is pictured below: 
-I / 



POSITION 



'■■Ki 



n 
11 



POSITION ^ 
I 




Figure Information tirani^fe;' of delete procedure 



S£ to Sp, moving 



The technique is to examine each character of S from 

it to T or not moy^ng it, depending on whether the character being examined 
is or is* not K. Two pointers are needed, one starting at s^ and moving 



to 



the other starting at t 



and advancing so ^as to point to the next 



available poi^ition of that string. 



The flow chart in Figure 8-5 includes an alternatd^ i'etum* If the in^t 
parameters are illegal (i.^., pjC m or p > n), CQhtixjl is 'transferred to a 
box label in the flow chart that^^^is on delete. The bo5!^ label is represented 
*by y. - The statement of the problem does not call for this provision of an 
alternate return. It has been included in the solution to suggest thfe gopd 
practice of (whenever possible) verifying, the logical validity of input para- 
meters to pirocedures. The delete p2X)ce(£xre will be used later in the text 
'where the use of the ^Ijemate return wi4l be shown. 



MM 




i <- m 




i ^ i+1 




5 - 


F 




6 P 



^ <- i+ 1 



. 7 ' 



K = character to Ijp deleted 

n = length of original string 

S = source string 

m = index of first element 
of S to "be examined ' 

p = i^ndex of last element of 
S to "be examined 

Z = length of target stri(^ 

f = target string 

^ = a "box in the flow chart 
that calls on delete ^ 

i = pointer for string S 



T'igure 8-5. Flow chart' of delete procedure 



' In our next example we look at a aseful procedure that is ^similar to 
cheket l)ut more^ limited* It determines whether a given substring appeaf s 
starting wijh a specific element of a string, , S. ' * * 



\ 

\ 
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Example k 

Develop the flow chart for a procedure called match that tests "the equality 
of a substring of S beginning at. s, Vlth a ^ string P -of length if. If 
equality exists, set a pointer m to the Indeijj of the rightmost matching 
element in S; otherwise, set m to zero. Figure 8-6 shows the fj^ow chart. 



match (Sj- k, i, p, m) 




i <- k 



J ^1 



J ^ J+1 



i <- 1 + 1 



m 0 



m<-k+i-l 




= the string to be 
inspected ^ 

k = _index of the element of 
S at which inspection 
is to start 

i = length of the substring 
to be compared with part 
of S . ^ 

the substring to be^ _ 
compared with part of S 

m = pointer fgiving 'the result 
of the "match procedure 

i - local (auxiliary variable) 

j = local (a\ixiliary variable) 



Figure '8-6. A flow chart of the match procedure 
Exercises 8-2 

Assume that a character string S of length n is in eT^mputer^s 
memory. Draw, flow charts to solve Problems 1-8. In each case your flow 
chart should call on- one or more of 'the procediires developed in Secjtion 5-^ 
or Section 8-2 tl^ seeing applicable. • *^ ' 

i. Determine if the character "A" occurs at any place after a 
return a pointer to "A" (set p = the i^ex of 4*A"). 



, If so. 



/ ^ 
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2. Determine if the substring "TH" occurs at any place after the substring 
"DR". ^ If so/, return a pointer to "DH^'. 



Determine if the characters "A", "B", and* *'C" occur in that ^rder, not 
necessarily adjacently. If so, return a pointer to "B". J 



6. 



Identify the most frequently occurring letter in the string. 
& ^ ^ • 

Find out if any lette^'C^tTTrTOpabet occur exactly three 'times and 
identify them. 

If ''B'* immediately follows- "A", substitute "X" for each such "B" in the 
s^^i ng. Report the count of such substitutions. 

If the character "A" occurs after the character "Z", remove all inter- 
vening commas 

' If tjie string begins with the substring "NOW", remove that substring 
from S. ^ 

Use the move procedure to modify the flow chart for the delete 
^cedure (Figure 8-5J . Comment on the advantages or disadvantages of 
your result as compared to Figure 8-5. 



10. The move and match procedures shown in the text omit the length, n, of 
the string S from their parameter list. Why is this possible in these 
cases? Can the same omission be Aade for other flow charts in this 

- section? Which ones? Do youVhink that this omission would usually be 
a good idea? Why? 
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8-3 A language to be translated ^ ' ' -n 

Translation of a program from procedural to machine lajigua'^is actually 
a form of symbol manipulation. ^ The process is complex, even for simple proced- 
ural languages. A compiler for a language having many different statement 
types, great flexibility in writing Expressions and/or several ways to define ' 
and call functions, proves to be a rather- complex' program. Still, the basic 
..-^ ^^^^^ behind transla^tion from a procedural language to a machine language are 
not overly complicated and will be demonstrated for a simplified "make believe" 
language called TYPICAL. TYPICAL is based on our flow chart language. It is 
a very simple language but is surprisingly representative of most procedural 
languages* " 



Description of TYPICAL 
Card fonnat 
1 



All statements will be punched on cards in "free form". 



3- 
5. 



Blank 

columns will be ignored and a st^ement may begin and end 'at 
any card"" columri . ' 

•I 

Alphab^ic literals (i.e., strings of characters between quotation 
marks) will not be allowed. 

A semic$>lon (^^) jn>ist appear after every statement. 

A statement label must be followed by a colon '( :) . ' 

All statement labels an(| variables (collectively called identifiers) 
must begin with'^an* alphabetic character whiclNnavbe followed by 



any collection of alphabetic characters and/or digits^ (but no 
special characttrs). . ' 

Examples of assignment ^atements are shown irJ Figure 8-7. ^ 
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. /sT 1: Q <-3; - 
f C+D) ; Y<-ANYTH ING; 
% /LAm Z(A+B)/,( 



Figure 8-7. Examples of Jhe appearance?*of assignment 
• statements on cards (The arrow^ indicates 

the order of the cards.) * . 



US 



. Notice that statements can extend from one c^ard to another or several stette- 
'ments can "be on the one card. Note also that the "blank spaces may appear 
anywhere including at the "beginning and end of cards and ^even in the middle . 
of identifiers. . * « * 

The assignment statement ; An assignment is essentially whatever has 
"been vritten in an assignment "boi" together with a statement lahel, if needed. 
For our purposes some specific assumptions and restrictions will "be made: 

0 

^ It - 

1. ^ all^. aVithmjstic is done with "real iiumhers, 

2. ^special symhols . " ^" for assignment and " for exponentiation 

will "be^^STOilahle, -p # ^ 

3. arithmetic operators "-t-, X, t " and the use |)f parentheses 
are^ iallowed, 

k, subscripts are not allowed, ^ ^ » ' 

' 5. signed variables such as^ (-Z) are not allowed, 



6. function references such as ' v or ^in are npt alio' 
\ Examples ^ assignment statements permissi'ble in TIPICAL are: 

/ Z (A + (B X (C - D t 2))); 
CALCUIATEf AVERAGE (X + Y)/2; 
LABEL 85: Z3AV 85; etc. 

-If 

f , ' ^ ^ 

Th^ .. . conditional statement : The silhouette of flow chart "boxes has "been 
used to conVey Information ahout the kind of statement placed in the box. 
For the assignment statement this inforiMimon is implicit because of the 
presence of th^ left-pointing arrow. For oftier statements this information • 
musjjpDe transmitted via an apprapriate descriptive or key word. We choose 
the' following form for the conditional statemeiit: 

IF (relation) THEN label; 
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FoT» example, ^ 



IF (A > 0).raEN CALCSQRT; . 
T£)ST: IP (I =.J + 7) THEN LABEL 85/ 
"TESTB: /IF (b = O) mSN DOltolV; etc, 



The key word "IF^J is used to identify the type of^ statement J ^e ielatioi 
^pt be enclosed in parentheses v, Any simple relation may bemused involving 
Che of th^ 5ix relational syinbbls (>, ^ <, <)/- The word "THEN*' is 

added -"Simply for readability and the label preceding the semicolon identifies 
the statement to be executed;next if the relation has the value true,'- If the' 
relation ;Ls fialse, we assuine the. next statement in sequence --will be the one 
executed next . ^ " ' 



Other .statements : Ajljdxge variety ®g qther kinds of statements' are 
found In actual t)rQgrammidg languages . Our task in thi-s chapter -will-be v . 
large enough (and realistic enough), if we iWt ourselves to the' following: 

-?TARP corresponds to the "starif box", performs no operation but 
; / ^ ' can h^ve a iabfel which woiild be the'rIameHof the- program. 



.f • -STOP 



corresponds to the "st6p box", inmates the end of ca3,cu- 
^ lation and .^either stjjps the* computer or retuma control 
* • to a monitor program. * ' * » 

:9EAD ■» corresponds- td^jhe/'li^ut^box"^ to be* followed by the input 



list 



PRIIIT 



cpiresponds^ to the "output box", to be followed by the- 6^tput 



GOiTO 



END 



does not l^orresjpond to any flow chart box. It directs an 
^ \ unconditional change in the execution sequence, to trie state- ' 
' m^t the la^el of which follows the words "GO jipO", 

^ does not .borrespond to any flow chart bqx. 'It^ marks- the . ^ 
' physical *end of the deck of ' cards containing the prografa, ' - 

• -.^ . ' - \- 



JWe do. nor prohibit. the, te^ word from/being .used in another coniext.a^' an> 1 
" Ideaatifier^- ,Mai^s^^ct)ial^p^ rnaice sich-aW-f 

striction'in'tire^j^hiere&|; of a moreleffici^flt coc^iling operation 6r simply 
['\ to avMd confU^on whan.the^>ame sWing. of ^%nb can. mfean^ditferfet' thinks 



1 rr'8L7ir:. 



n 



Example 

We give in Figure 8-8 a TYPICAL program corresponding to the process giveii 
in Figure 3-7 for tallying low, mid and high, grades . 



1 




START- READ-N; 


• 


2 




COUNT -t- 1; low;- 0;, MID-*- 0; HIGH^O; ^ 




3 


. LOOP: 


READ T; ' ' ' * 




k 




IF (T > 50) THEN TEST2; LOW LOW + GO TO INC; 




5 


T^T 2: 


I? (T > So) THEN GO ON; MID ^ MID + 1; GO TO INC;^ 




6 


e GO ON: 


HIGH^TUGH + 1; e ' . . 




7 


INC: 


COUNT-*- COUNT + 1; iF(COUNT < N) JHEN LOOP; 




8 




PRINT LOW, MID, HIGH; STOP; END; 





Figiire 8-8. A TYPICAL program 



The lines in this program are numbered only for our reference^ Line num-" 

ters are not a part of the program. Capital letters have been us^d throughout. 

(The alpha'bets of most pf o^cedulral languages are unfortunately 'liriited to cap- 
ital letters.)'' * . , • ^ 



Notice the frequent appearance of semic^ons; a semicolon at the end of 
every statement, in fact. Line 1 has the start stafement and a read statement 
assigning to N the number of grades to be i^allieid. ^Use of the semicolon ^ 
allows us. to put several statements that may be assopiatJed with each other on 
the same lin^. Of course, the programmer could i5ut eacij statement' on a separat 
^line,. It is mainly a matter ofjtaste. 

Line 3 illustrates a stateient label, LOOrL followed colon. This 

statement reads a card containing a value which is assigned to^the variable T, 



Fbr each test value T lin^. k and 5 determine whethejr ihat grade is 



I' 5 are_t3ie 



in the LOW, MID or HIGH^group/ The relations used on lines ^ 
reverse of 'those used iti the .flow chart. This reversal is sligg^ed by the 



form of the TYPICAL conditional statement. Thg' rest of the progb^m^pvn 
Should explain ^itself • ' 



U 



3725 • ; 
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8-3 . 

Two of the statements in KPICAL do not correspond to any hoSt of our' f lov 
chart language and, indeed, are not nec^lsiry ^ They are included simply be- 
cause, ife practice, many languages do have such statements • Strictly speaking, 
a GO TO rs .unnecessary since a stateifient of the fom 

IF ( A cr.A) THEN label; ^ ' 

has the,^same effect because A = A is 'always true. An END statement is not 
' nedessaiy because its only purpose is to mark the end of the deck of qards 
' cbnt^ining the program. ^ The- same ^jurpose could be achieved by asking, "Are 
thexe more data?" since these statements 'are data to the compiler program. 

Frequently computers ^(especially larger ones) -use a "monitor" which is a 
control program over the operation of the computing sys\em. Monitor programs 
will sequence the various 'Jobs (probably^ach i^V is prepared by a different , . 
person) »to be performed.* They will, identify vhether the job is a machine Idng- , 
uage execution 'or requires compilation (and if so, in ^ language).'^ They will' 
select the necessary compiler program and libraiy programs. They will time the ' 
length of the Job run and produce wha-tever statistical and amounting reports . 
^ are req^uired.^ Dhen operated with a monitor program, the computer rarely stops. 
STOP in such instances doesn't mean "stop the computer". Instead, it is an 
order to release control of the computer to the monitor program. The monitor 
will then be able to ^cept the next ^ job vhich is waiting to be processed. Tfie 
function of the END statement can also be assimilated in ^he monitor program. 
'Nevertheless, most languages require solae end-ofTJrogram indication as part of 
the program. • n • 
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8-k Prescan ( the preliminary steps of a compiler ) 

As we shall conceive" of it, the prescan portion of the compiler identifies 
statemettts as to type and arranges statements into a standS^i-Jel^ to facilit^e 
further processing, such as decomposition of^signments. A major function of 
jnrescan, vhich we gloss over here, is* to analy2ie each, statement to determine^ 
if it conforms to the syntax (i.e., grammar) of the sOU2;ce language. Actual . 
compilers frequently contain prescan diagnostic programs which can pro,ducfe 
numerouS'Mnds of messages -Cealled "diagnostics") to name syntax violations* 
In the compiler we-^re discussing, it is assumed that all incoming statements 
heiye been properly written,- admittedly an unrealis'tic assumption. ' ^ ^ 

Consider, now, what happens wl^^n^a program written in TYPICAL is to be 
traiislated. First, the cards containing TYPICAL statements are read, one at a 
time, into the computer. Each card contains a string of characters. When a 
card is read, its content is assigned to £^ string S in memory^ When the next 
card is read by the same instructiOfi^, its content is also assigned to ^ S, 
destroying what was read from the previous card. Therefore, between the read- 
ing of successive cards into the coijputer we should scan S, saving whatever 
parts are needed for further pro'cessing. 

''The natural sub division 'of a program to use in processing is the, statement. 
This means that the spring of characters mus^t be scanned for the semicolon. If 
a semicolon is^not found, the statement must contim;e on following cards. If a 
semicolon is found, the statement ends on the current card although* it may have 
begun on an earlier card. Figure 8-9 illustrates a few of the ways a complete 
statement might be assembled from one or more cards. . ^ 

,1 When the Semicolon markiAg the end of a statement is fbund,^.its position 
musi be rejnembered since the next statement could begin in the next position of 
the same card, as, for example on lin^ of Figure 8-8. IXiring the process of 
asseclbling the string T from the one or more . S»s, we find it relatively ^ 
convenient to inspect the characters being moved for the purpose of ^ei^ting 
blank spaces. - 



S I^STATEMBNT 












S T 


A T E M E 


NT 





Figure 8-9.^ ^As^embly of parts of a statement which have 
been read from one or more cards • 



^^xample I (Assembly of statdments); * ^ I * ' . , - 

Vfe will prepare a flow chart for^a progra.Tr to read successive cards con- 
taitiing TYPICAL statemei^s, to move '(and as^mble,^ If necessary) a single 
for V safekeeping", and to eliminat'e blank spac^fes during the move* 



'statemi 
process 



A general flow chart like the one in Figure 3-10 is .frequently the first 
stage in the 'organization of a problem. The objeJb is to show the overall 
flow of infdhnation without concern :f or detail; l|e -^11 stady^ this flov charjf?!' 
critically^to see vliat it does 'do and what it fails to do/ 
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V. 




Initialization 







s 












Is there a 


semi-colon 


in ^? 
- — " 




Move the partial 
statement to 7, 
deleting iDlanks 



5 . ' ' 


yes . 


Move the completion 
of the statement to ' 
delering blanks 


6 





Is 'Shis statement 



"END"?^ 



yes 



7 






CUtput 
transl 
output 


1 or continue 
ition of T and 
.the results 



Get ready for the 
next statement 




Figure 8-10. A general flow chart' l^or 

^ assembling TpfPICAL statements 
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Box 1 is intended to provide for assignmenl^ of initial values to 
counters, pointers and whatever else needs setting at the beginning of the 
process'. The details of initialization are. filled in as the details of other 
boxes in the flow chart become known. (Many people habitually include .such ^ 
a box in a general flow charlj as a reminder that initial values invariably 
w±ll|tieed to be assigned.) 

Box 2 reads a card', assigning the content of the card to string S» 
Each time a cai^ is read the previous content of S is destroyed. 

asks whethet a semi-colon, indicating the end of a statement, 
appears in S. If there is no semi-^colon in S, the statement currently - 
being assembled must continue on the next card to be read. In this case, 
Box k moves the part of the, current statement \rh±c)i is in S to t! with , 
the delation of blank spaces and the flow chart returns to read another card. 
Box k is the type of job for whith the delete procedxire of 'Section' 8-3 was 
designed. ^ * 

On the other haM, if Box 3 does find a semi-colon in S, we know that 
the state|nent currently being assembled has ended* ^^atever part of the 
currebt statement is in S* (whether it is a complete statement or only the 
"tail-end") should be moved to T with the deletion of blank spaces. This 
is done by Box 5 . 

* 

^ When Box 6 of Plgipre 8-10 is reached we know that an entire statement 
has been assembled (^th spaces deleted) ii> T» Box 6 determines whether 
the statement assembled in T is the END statement so that ar transfer to . 
Box 9 can be made to stop (or go on to the nex^ phase of the program) >^ 

If the .statement in T is not the END, statement, ve would .,want to go 
through the same process for th'd next statement. However, we must first do 
something to preserve the st^taient alreacfcy in T (lest it be destroyed by 
the next statement).^ Box 7 indicates that T migfet be output or. the compiler 
anight he organized so that further processing could be done before ^ is 
output. ^That is, Box 7 could stand for a major section of program. ' 

Box 8 Is our reminder ^XLKe Box^l) to be s\ire to do any^-lncrementing or 
to set any pointers we may need before ret\irning^ to Box 3 to ejgimin^^at is 
left of S. - ; ' ' '^^^^ . . 

. Figure 8-11 Shows how the major parts of this flo^. chart can be detailii. 



Oitput should be in a machine readable form such as punched cards or 



magnetic tape. 

{ 

I 



IXiring a first reading you may wish to skip over this detail and proceed*to ^ 
discussion of the next phase which begins at Exainple 2. 

Box 1 of Figure 8-ll^has been '^divided into two parts so that each time we 
return ta read another card we^ can set a pointer m ^to^the first character of 
-S. A card is read filling S with *80 cha3?acters in box The chekch pro- 
cedure is used (box 3a^ to search for a semicolon in S and the delete proced- 
•ure is used to develop the target string f, \jiietherVr not the semicolon i8» 
found » Boxes 6 and 7 are not detailed^ - ' 

- . ' ^ 
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la 



n <- 80 
i <- 0 



lb 



m <- 1 



3a 



EXECUTE 



ch'ekc.&(n,S,m,"; ",p) 



3b 



5 



nr 

EXECUTE 



S =^ source string ' 

f = target string 

n length of string S 

i = leng^ of string T 

m = pointer scanning S 

p = pointer marking the 
position of a semi* 
colon y 

□ = blank space 



delete ("□"^n^S^m , n, i,f, boxlO ) 

— : J 



EXECUTE 

I delete( V,n,S,m,p,i,f,boxlO) 




IX5SS T coimiH 

END. STATEMEKT' 



m THB\ "li^' YES f ICBg^ ' 



7 



CONTlJiUE tROCESSpiG. 
T ilF .desired) and 
OUTPUT 



;8 



i ^1; 
m p+l' 



We leave this example unfinished, but we hope the interested student vill 
Vish to cosiplete it. • 



Example 2 (Identifying statement typ^s) 

A compiler must be able to tell vhat kind of statement it is inspecting 
so that the appropriate procedures can be used in ^ts analysis and translation, 
.in this example we will show how the identification of statement type could 
take place. 

In box 6 of Figure\8-10 we have alread^ raised the question of identifying 
an END statement J^Jn^dition, we now^want to identify assignment • 6tate;ments 
and others such^as STOP, READ, etc. Box 6 of Figure 8-10 could be replaced > 
by Figure 8-12. , * . 



ffa 




64 



Is the statement 
an assignment? 



6b 



yes 



Indicate assignment by a 
value of an int^gfer i * 



Identrify the statement 
type and- indicate it by 
a value of an integer d 




(Does the value of i 
indi^te an END 
glia/?em ent? li 




■I ■ ' 



f J 



Figure 8-12* An amendment to FjLgure 8-10 .to identify 
* i the type, of each stat^nt- 
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. \ ^\ sAtementSj except assignment stfejgmgnts, are" characterized by descrip- 
tive or key words^ Therefore, it is natural to ideriftify the assignment state- 
ment (by looking for a left-pointing arrow) separately in box 6a. -The result 
of the identification will be to give some value to |a iiitege^i, For^^iSimple^ 
if the statejnent is an assignment statement, we^ can set i to zero in pba^d. 

Box 6b has to ^ocate the key word for each statement^ 'Thijs.is easy since 

it staxrts either at the beginning of the string or immediately after the colon 

^ separating a label from the rest of the statement, ^ce located, the key word 

is to be successively compared with each of a list of pemStted key words. 

When an equal comparison is found, i can be set edual to' the index of the 
- ^ * ' \^ ... 

list of permitted key words. The details ^r these steps, given in Figure 8-I3 

and the next paragraph of text, may be skippe'd'^on your first reading. ' ^ 

At this point you have seen enough flow charts similar to Figure 8-I3 
that little explanation should be needed, especially since it corresponds . 
closely to Figure 8-12 and'that has been discussed. in the last two paragraphs. 
The -one really new 'thing in this flow chart is the reference (in box 6) to a 
list of strings (key words^ of different lengths. In^.the initialization,' or 
„ biiiJL t 1 n tn tJie 'program as constants, there must.^e-^- definit-ion-of- trhe u^ 
^ and (1 < i < 7). Figure 3-13 assumes that we have defirjed 



<r- "EI©" 



and' u^ <- 3 



so that the*test in box 8 is -the actual test for an END statemeriti*. 

. t r 



\ 
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EXECUTE 




chekch(i,f,l 


,"<-",q) 1 


2 1 




(- 


o)-£ — 






3 




EXECUTE 




chekch(i,f,;L 





10 



i ^ 0 



q <- q + 1 



■I- 







i <- i+l - 


i >7 


6 


NO 



EXECUTE 

inatch(T,q,u^,W^,r) 




£ = lefiffth of string T 

T = strixig containing 
state^nent 

i = integer set to Indicate 
type of sftatement 

q = pointer* 

r = indidator of success 
of the match 

W^= i*^ descriptive woixi' 

u^^= length of 



Figure 8-13 • A detfailed flofr chart for fetftt^ent type 
identification J#' ' ' ' 
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- When the computer is asked to scan and analyze each statement (especially ' 
assignment statements )f it will be most convenient if we can.haye the statement 
look to the computer as a string of eq^ual ^length elements/ each occupying, for 
example, one word in memory. Each** element should be a unique Item or maybe ^ 
(in the siinplest sense) even a single unique. -character. The way it is now, the 
eleznents of a statement can vary in size (number of characters). ' Thus, key 
words have different lengths and so do identifiers, like labels /and variables, ' 

, — ^ \ 



and so do constants. 

A straightforward way to. make this change, is to replace each item in a 
statement by some unique character. Fpr example. 



could replaced by 



where 



Zebra Alpha + (2.5/Beta); 
Z A + (C/B); 





f 



Z repla ce s Zeb ra 

A Replaces Alpha 

D repla ces Beta o * 

^ ,^ C replaces 2.5 

Clearly we won«t be able to replace many identifiers if we are limited to the 
26 letters of the alpfia^bet. Additional codes for string elements are needed 
and can be defined but we will not worry about them because the co^es often 
depend on the characteristics of the computer used. As simple example of 
such a^ co^e we ^couldj just braclj^et the identifier with a character not 'per-: -1 
mitted iHj- TYPICAL source programs and so clearly .distinguishable (e.k.^ the \ 
dollar sign jfe). ' * 

^ " * . ..." * . " 

In addition to the desirability of being able to refer to an identifier 

as a single Element of a string of elements, otHer Ifharacteristics of the 

identifier can 'profitably be coded in the hew symbol. Examples^ of such charac- . 

teristics are ^rfiether the identifier is a real constant, an integer constant, 

a real variable, an integer 'variable, etc. For the purpose of this explanation. 

such coding^ questions a^e an unnecessary complication (although ^'usleful kn N 

practice). I ' k / 1 



r 



^ERiC 



i 



Example 3 (Replacing an aseigimen^ slJltement "by a string of equal-length 
^, elements) ' 

Prepare a, chart for a prdtxess ^ich substitutes a unique internal f 
^.deittifier for eaSf distinct exteinial identifier of an assignment? statement. • 

Solution of t^his example problem' is "best reached "by the same kind.of ^ 
process have used "before. We first sket civ general flow charts, 'then refine 
the various "boxes unti«l we have a detailed fJLow chart. 



We will want to produce a table showing the correSj^dhdence "between inter- 
nal and external identifiers. 'Not^e that the external identifier may already 
"be in the ta"ble when it is encountered ^in the statement so the table of corres- 
pondence has to be examined Ijefore we ^can assign a ^ew internal identifier. 

In scanning a statement ftom left tonight, only ^certain s^iiols c^n 
follow an identifier. We list these and call" them "i^olatol's": 



/ 



Notice the left parenthesis is not in this listr. - The problem is to search for 
these symbols which isolate the intervening iden-ftifieys or constants. When 



found, the identifier or constant will be replaced by an internal identifier^ 
What happens when we encounter a left parenthesis will be explained later. 



Let: 



T be the assignment statement represented as ^ string of length n. 

G be the generated sti^ing of internal identifiers. 

Ext be the li^t of external identif ier«(,^ feach identifier, being a^ 
" different string of characters^ and not all the sfime -'length. 

Ext, be the* k " string in a fist' of external identifie3?B 
^ ^ m > - . . 

having a length d. . ' 

* th ' ' - ♦ * 

Int be the k entry* in a ^ list (Int) of internal identifiers. 

* '' ' ♦ ' 

DEL be a string of length 9, containing the nine igolatoi^s f , 



-i 

i 
k 



be a scanning pointer, on T. * 
be a place-holding pointer' on T. 



■be a £o\inter indicating the currait length of Ext (or Int). 
■be a pointer indicatingi the-Tiext position of. / s ' 



"ftjiTiii 



A diagram of infonnatidn flo^figure 8-11^, may help in illuminating the > 
» problem.. The original^ string /■ T is to be scanned uW the first isolator ' 

(in nPlCAL either : or ^) • is encountered. The first external identifier " 
^ ^ is placed^in the list of external identifiers (Ext) if ' tris not already in 
^ this iist, and the Corresponding ititei^al identifier (fLji Int )-' becoifies th^e 
' first element of the generated strii^ G. The first isolator, V" m this 
case, is then transferred directly from f to G. 

. • The scan- of f continues until the next isolator is fo-^hd. In this' cftse 
. it is "X". Remember, a left parenthesis is not In. isolator., die must then a«k 
■ ttiether or not the character immediately following the preyioue^indlcator is "a 
left parenthesis.^ If so, it is -transferred to G .. and a pointer moved to the 
next element of T. The same question (left parenthesis?) should be asked 
• ^ repeatedly in case there are nest^d.parentheses . When that character is not*" 
: a left parenthesis, it must be the first character of an external identifier. ' 
The identifier is then entered, into ibct (after checking that it is not alyeady 
-4n-the Eidnist). ' ' " 

t ^ 

t With this_|iiture in mind we can better understand the general flo-f? of 
Figure .,8-15. The ^raniition from the general flow chart to a detailed flow'' 
^ chart is a process of de^cidlng how to implement each stat^nt and each ques- 
tion? in detail.- In a problem of 'this size,' it can be helpful' to use an inteJ- ^" 
^^medlate stage in which the easier implementations are specified but the. more 
. •c^mplicated.implementat^ons'are left as- general questions or statement^. An 
, intermediate flow chart i^ shown next in Figure 8-16." 

After studying the general 'flow chart in Figure 8-I5 ;^ou 'might find it' " 
more profitable to skip tiie' details (the rest of Section 8-!fl^ and return to it 
during & second reading. 
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Figure 8-l4. Diagram of information flow 
for. Example 3 » 
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Init idolization, that 
is, setting of any 
'initial values such > 
a^'^ i 1 and k^-l, 
i 2,^ etc. 



•Is original string T 
completely scanned? 



no 



yes 




8-k 

'j = pointer indicating fia^t 
possible element of "sfi ' 
Identj^i^r in^ 

k = length 'of Ext Cor Int) 
list ^ ' 

, i = poinleq:^ scanning f " 
^or, isolators. 



g the 



& = pointer indica 
next position a 

'f'.= assignment statement 
(source string) 

G = geneirated string 



Is t. an isolator?- • i 


1 "° -1 


Mov| to next element 
i <- i + 1 




. ■' ' 'yes 

5 








1 ^ 


6 1' 



( *Is^ t a 'V'? J ^ 



.string j at g^)'^ in-, 
creas^ "pointers j 
and i. 



12 



Is thfe substring ^rom t^ to 
t^.i (incljwave) 'in the Ext lis 
so, whichT®ne? 



yes 



^ 




Increase *list length k and enter 
the sub^string in Extj^. Be^ sure 

.Iritj^ contains a Unique internal 
identifier. ' 

^ -^^^1 fe^-J 



Put the corresponding 
internal identifier 
(from. Int) in the 
generated string*. at 



11 



r Ad just, pointer^ 
as needed^ e.g., 

, i d + 1 



-Purl' Int^ into rne gen^erated 
string at . 



Put t^ into the 
generated string 



I Fl^gure 8-15^ General flow chart for Exampie 3 
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EXECUTE 



chekch ( 9, ISO, 1, , q) 



(7=3^ 



* T ^ source string ^ 

G = generated string 

i =• painter scanning T.for * 
isolators, 

j = pointer indicating first 
possible element of an 
identifier in 

k == length of Jbct (or Int) list 

'i a? pointer indicating the -next . 
petition of G 

p = index' of identifier .found to 
. j'be already present 'in Ext 

n = 'length of , string T 

ISO = string of isolators ' 



i «- i+1 
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9. 



IS THE SUBSTRING t^ROM tj TO t > 
' CENCLOsIVE) in the EXT LIST?, " 
IF SO^ LET p BE ITS IKBEX. ' 
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YES 



^ g^ - IM^ 



NO 
10 



k <- k+1 



11 



EXECUTE^ . 

move^T, i-1, l,EXTj^) 



16 



"12 



15 \ 



i <- i- 



Figure 8-l6« Intermediate flow chart ^or Example 3, 



^The way that the cheXqn po^tJCedure^is used in. Box 3 of Figure 8-l(^ is of 
some interest- This use of the chekch procedure is different from other 
uses of it we have seen. In this case we are trying to find out whether an 
elem^t of unknown' value is one ot a set of known values^ Previously, we - 
have used chekch to f i^d out if a known element was in a, set of unknown 
values. ^ ' ^ 

^ Actually the only undetailed box of Figure 8-16 i^ the question^of 
' whethei^ .the substring is already contained in the Ext list of strings (in 
Box 9). You will find the match procedure helpful at this point. When we 
do try to give a detailed chart for this box we discovet a need (extremely 
corrmon when drawing a*pomplicated ^flow chart) to l^ow the length 'oi' each - 
Ext^ string. Even though these lengths, d, , have not iJeen provided for ' 
in Figure 8-16, they are easily accommodated by the following alteration to 
replace ^ Boxes 9 and 10. ' ' , - . 
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EXECUTE 




match(T, j,dp, 


EXT ,m) 


9c ' 





9d 




THE, "^ES" CONDITION 



THE "NO" CONDITION 
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I'igure §.17. Detailed insertion \6 conplete Figure 8-16 



!l , Insertion .qf Fi^re 8-l75into ^,Figure .8-16 gives' a detailed flow ciiart 
solution. ^ \ , ' ► 



"^"5 The Decomposition of As^Igment Statements 



A compiler develops a sequence <)f instnactions in machine code for each 
statement qf ,the source language* program.' In some cases, such as the tf iyijal - 
case 6f'a STOP statement, being transfprmed .to»a. **HLT" instruction/ it is easy 
to see how this traiislaf^.on is do'ne. It is even easy to see hov rules can be 
stated so that a sim:^le assignment statenientvcan hh automatically decomposed. 
For. example, a compiler whicfi translates from TYPICAL to 'SM05 could take the 
si>atement : * • ' , ^ , - 



and decompose it--into 



i : 
/ 


Z A + 


B; 


f 


r 






T.T.T.T, 




000 


AAAA 




ADD 


000 


BBBB^ 




ST0 


.000 





* where LLLL, AAAA/ BBBB and ZZZZ are internal, identifiers for t^-A, B and 
respectively. , One can also see tl;at LLLL^' AAAA^ BBBB and ZZZZ * can be 
associated with definite addresses in memory in some ojrganized way so that 
the final translation might be,^ fox, e^.^plej^^^J.. ^ . . ^ 



LOGATIOIJ 




OPER 

4 


lUDEX REG, 


^11+92 


+ 


LDA 


000 




+ 


ADD 


000 ' ^ 


lk9k 


+ 


ST0 


' ^ odb , 



ADDRESS 




Figure, 8-l8. SAMOS Ins'tructions for . L : Z A + B ; 



It is not so easy to see how one can* find an 'algorithm to decompose any 
larg^^ messy (but* properly w!ritten) expression such as" , • 

Z <-:C(A X B V- C)/C t 2 - (B - A))/(A t 2 + B t 2) t 2 , 

\ t i_.___.__ : 



into, a se^ries of machine steps. * Where* would one siart? * One approach to this> 
y ' * - 

question is ^suggejtei^in Section 2-4 and amplified in Appendix B. - 

, • Basically the problem is to aecide on the oi^er in whijShHPperations ^re 
, ^ ^ ' - - • J ■ • / 

to take place. JThe pl'oblem of -automatic decomposition would "be solved (or 

' i ' ' ' ] * ^ 

nearlj;;,^©) if we could discover an unambiguous way to determine the oi^iering 

of op^fations. *^ • , ' 1 
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Exercises ' S--^ ^ Set- A ^ 

List the or^r 'in which you would do the operations for each of 
\^ * ' ^ ♦ 

followiijg^ identify the reasons for your choiae* of orde'r^ngs,, / 

t ^ % ^ ' , ' * 

(aJ a + b X c 

. (b) . A X B 4^ . ^ ^ ^ _ • 

(c) (A+'B) x.C . • . • • :'• 

{.d) A X (B + C)^ ^ - ^ 

(e> A + B 1 C X D ' 

(f) A + 3 t (C X D) • . . ' , , ' . 

(g) (A + B)^ C ,X D ; ' * 
\h) A|B + CXD ^ i^'' 
Ci) A t (B + C) X D 
(j) 'A t ( B + e X D) 



_the 



Two potential' methodical approaches for ordeAng the operations appeai(^ 

^'^} "to add j^^^^ garen- 

the^is pairs^ i.e., to fully parenthesize an^^^ressioji, so 'that precedence 
rules for operators would not be Impoartant. (2) We could use *bhe precedence 
rules. to eliminate -parentheses entirely. Both approaches have been studied. 
The second'^(that. of eliminating parentheses) has^'tumed out to be supericy 
since it is not only more efficient in ^operation but it is -also aesthetically 
more" pleasing. * • , 

It has long been known that expressions could be written without the use 
of parentheses'!^. The technique that we wiil use is 'called postfix notation 
since a binary operator is written ^ter (post) its operands. 



For example, f 



a + b is written ab+ 



' a^X b is written abx, arid so on. 



'A Polish mathematician, Ixikasiewicz, first dLefined such no^^ation. Consequently/ 
sdch notatioijs are commonly called "P61ish notfcition" or "Lu^sie-v^cz notation". 
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• . ^ - ♦ 

;ro iXlustc&te, Go;isl4exJExexcisjes. a"5/ Ca) through *( d). . In. postfix notation, 

— A + B X C is vritten. as ^ ABCX+ 

A x 'S + C' is vritten ^s " ABxC+ 

(A +"3) X C is vritten as> , AB+CX , \ 

^ i ^ • ^ . A X (B + C) is vritten as ABC+x ^ , . 



/ 

Exercise 8-5 Set B 



How would the expressions of Exercise 8-5, Set A, (e) through (j) be 
written in -postfix notation? ' i* * 

' — ^ : ' ' 



Jn in 



When an expi^ssion is vritten in postfix notation the ordering of opera- 
.tions is uniquel^v detemined, by their left-to-right order of occurrence. For 
example, ve claim that t1ie (more pleasing?) ^expression,. 

. ZAB X C_^+ C2 / /BA^-A2 | B2 f + 2 |A 

' is the postfix form of * 

' \ ; ^ ^ ((A X B ^ C*)/C 1^2 - - A))/(aJ 2 + B I 2) t^2 

The postfix form may* look even worse to you because you are not^ used to . 
- -seeing •pi>resS;ipns - W2|^ten ^thi^s. way.* , ITeye^tl}eless_,. it s^ meaning J.s unai^iguous . 
It tells u's, reading it lef t ;to right^to: ''Accounts for^ ^ 

V * • ^ . \ . 

1. ■ multiply A by B ^ ABx - T . 

2. * to-^his add C - JVBXC+ 
3/ save that result (call it ,0/) and square 'C C2l / 

\. divide <x by the square of C. ^ ' A3>^+C2 f / 

'^^^ 5» save the result a^ a and subtract^ 

^ A from B ^^-^ BA-' » • J 

etc. (The student slp^d:^ complete this list of instructions.) 



'Formalization of the rules for the interpretation of any expression 
''written in postfix notation is rfot difficult. 

"""^ ♦As a list of rules: ""T ^ ^ ^ 

1. ' Scant the string frota left to right to find th^ firs^t operator^ 
'2. Execute that operation using the two immediately preGe4ing -operands^- 
3. Replace^,the three symbdls used by the result of the operation - 
(a new operand)^ ' ,v ' 

. Return to Step 1 until no» operators remain. 

We see this list' of rules put in 'flow ch^rt form in Figure 8-I9. 

i ■ . ' . ^ 
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Scan from left' to 
right to find the 
first operator 



G 



operator^ present 



> 



no 




yes 



Let the operator act 
on Jbhe two immediately 
-preceding operands 



Replace the xhree -symbols 
tised by the result o.f the 
operation (a new operand) 



Figure^8-19. General rule for interpretation of 
postfix form 

; , . 0u2j Job is thus* redu<j4d. to t}*ansfonniTig the fiov chart of> E^ure 8-I9 
in1io_an algorithm sufficiently detailed that it can be vritten/ln flow chart 
lanpiage. (From there to a prograinmihg languagfe would be only a small s-^ep,) 

First ve int^odpce an expanded precedence scale or t^le that covers all 
the '"isolators", that .can appear, in an aesignpiept 's^tatemeaft (Figure 3-20) . 
Consulting this table properly assists us in eliminating parentheses. 





• 

\ 


* ' • p/ecedence "value" 

't. . t '/ ' 6 ' ^- 

+' - , A / > ^ . • 

,) Inc^reasir^ 3 
, * order ox 






* to be explained 

later ^1 

^ A * . \ 


pre ce den ce^.„-.---"T^ 

= ' ' // - W s , 

7 • • « • i ' 





Figure 8-20. PreqfedQnce tatle 



. \ 
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In general, this table can be intei^reted as meaning that operations having a 
higwir precedence value should be performed before those having a lower '^prece- 
dence value. But we know that it is not as easy as that. In the past we have 
thought of parentheses as intervening to limit the length of the string -6v^r 
which the siliQ^le precedences rule can bje applied. The » secret to overcoming this 
bayri^r is to think of the right parenthesis as an operator, one which has a 
prec^fedence value thai is lower than that of any arithmetic operator. We keep 
in--mind that whenever a pair -of parentheses enclose a single ^identifier, like 
"(a)", such redundant parentheses will somehow be recognized and removed.* ' ' 

Now consider^ neighboring pairs or operators as, for example, in the •* - 
expression m / . 

(A f 2 + B t 2) t- 2 ^ ^ 

Th'e neighboring pairs of operators •are [+>t]> [t>)l H^tl*' 

left parenthesis is not considered an operator, so it is, of course, not Rep- 
resented in any dperatdr pair. H^otice that^far the first and third pair, the ^ 
left operat^r'lias a higher precedence than the right operator. ' The6e left * ,^ 
* operators are the ones we would naturally do first. . Do we have ^ clue to a ^ 
rule- for "ordering opera't;ions? • . ' ' J 



Consider a second example: 



A X (B -f C) . ' ^ • V / 

" * - ^ • 

Now'the neighboring pairs of operators are [x,^] 'and [+,)]. The ley 

operator of each pair has a higher precedence than the right operator put we 

know that we should do "the addition '-first* Whaft tells us th^it the multiplica- 

tion is not to be done first? Note that a left parenthesis occurs between the 

miltiplication and the addition. The effect of a left parenthesis between a 

pair of operators should be to eliminate t}tat pair of operators as a choice. 

. we will now state a tentative ri^le and see hijw it works *by tiying it out 
on. (A t 2 + B t 2. ^ . 

V 

Tentative rule * . i . 



x"."' ' Mak6 a:' list Of fiill neighboring Operators whiuir . are not aepai-atcu 7- 
by a left parenthesis « ^ ' * ^ 

2^ Choose the first (leftmost) pair of operators for which the left 
operator has a higher precjs^^nce than the right operator. 

3. Selec^tbe* left operator of the chosen pair for execution. 



5. 

6; 



Replace the ."triple" consisting of the chosen operator apd its 'left 
an'd' I'ight operands by a special "placeholder'-' . • i ' 

Take the triple removed in step> and rearrange it into, postfix form. 



Generate the postfix strir^g-by appending' the postfix form produced 
in 'step 5 to whatever string has already .been generated.' ^ 
' 7. Repeat steps 2 through 6 until no more operator pairs remain. 

Application of the tentative rule to (A^- + B^.) is. displayed; step-by- 
^st6p,,in» Figure 8-21. In the^ first line, it^Happens that the first pair of 
operators is selected so that ve are concerned with the 'first exponentiation. 
The triple for this operator, is A f 2 whi-ch is now replaced Ijy the place- 
holder, a, as shown iijt Line 2, Column 1. The postfix 'form A2| . This 
is added lo th$ generated 'string v*ich was initially empty. 

The second line of. Figure 8-21 proceeds . in a very similar Here thfe . 

second pair of operators f» selecte'd. _Th^ Ihird'line goes in much the same, 
way ('the first pair csf opera.tors^elng^'ected) u^l_we attempt to appeifd 
the postfix form, ap+ , to the generated strlnr. TOien we should ask ourselveg- 
^,if a placeholder can appear in the, generated string (the output of the pro- 
'cedure) . . - ' 



' .a ^is a symbol standing for A f 2^ as p is" a symbol standing fbr 
'B f 2'. Representatives of e%ch of these ( i n_jo£tfl2ueaw^--al^ appear in 
the postfix string. So, what woilld^ mean to append aps; ? (Probabl^, jus 



ttte*- ".+ ' 



needs 'to be added.) 



Indeed, v*at, in gen|2^1, should we append to a generated string when one 
of the operands. Tor botjif is an intermediate result? Some exaipples will be- 
helpful he.re. 



Consider the 



5)ression of Exercise 8-5, Set A, (b). 



V\,, 



A X^B + C 



We know the muUiplication should'take place first and the intermediate result, 
A X B^ is calle4 g. The oriKlnal Rt,r1ng t.hrtn heromes a ^ C* and th(j,^eH.- 



erated "string is _ ABx.^ Hext^, phould per|^or»^the addition, but' Cc 'already 
represents the generated stWg. 'consequently^, the generated* string becomes 
^0+.' TUe , generalization- is given. in Line LOfFifeure 8-22 '" ■ ^ 



<4 



3D.. 



Expression 



Set of adjacent pairs of operators 



Triple 
.Substitution 



Generated postfix string 
(initiaj.ly empty) 





(a +p) \2 



(V)t2. 



iLil, Kt], [t,)], [),t] 



[),t] 



a for A t 2 



P for- B f 2 



r for a + p 



A2t B2fap+ (is this 



PUgui^e 8-21, ^A^lication of tent^tVe rui ^ 



ERIC 



i 



8.5 



f Ccpsider the expression of Exercise 8-5^ Set a; (a)/' ' j 

. - A ,+ B X C . " I ■ . 

Again, the multiplication should take place first and the intermediate result. 
B X C, is called a. The original' string becomes A + a and the gewerated 
string is BCX. Next, we should •perform, the addition, but a already rep- 
rasents the generated string. 'Consequently, the generated string becomes- 
AgO$+. That is, the "A" is appended on the' left end and the on^the 

.right endV Nthe current string. The generalization is given in Line 2 of 
Figure* 8-22. " ' , 

Consider the expression of jScetcise 8-5, Set A/ (h), 

* * * A t B + C X D . . ' ' ' ^ 

Hqre the exponentiation should take pla<:^ first aj:^^ Jhe ^intermediate resu5.t> » 
A f B,^ Is called^ a. *The, original string becomes a + C X D and the gener- , 
ated string is "^ABf . ^Next, should do the multipliciation, C X D, dialling 
the intemediate result p . The original string is now a + p aijd the gen- 
erated string is ABf CDX . Next, we should perform the addition, but now both 

, P . . . * ' 

operands are represented in the generated string. iJvidently the generated 



stri-ng should becc^na ? Ve^ simply adddihe 

generalization is given in Line 3 of Figure _8-22 



in this, case%,^The^ 



Line no. 


Postfix 'form 


New postfix string 




1 


aX+ 


/ .(string)X+ ' 












2 




X(string)+ 




3 


otp + 


(stringj+ ^ 





, the current 
string 



^ • Figure 8-82. Three ways to append to the /current str iiffi 
when Qne (or both) members of the triple'^s 
a placeholder (X is any identifier that, 

, ' is not a placeholder.) ^ 

Amendment 1 to Tentative rule / 

* r • ' • . \ ' 

If one or both of the operands of a postfix form is k plficeholdei^ 
/ append according to Figure 8-22 . " * ' i • 





597' 

3'J.7 



8-5 ; " - . I ' ' , 

^ Further problems appear in Line of Figure 8-21 since, there is just one 
pair of operators and it does not satisfy .the criterion of the tent^tiv^ rule 
for selection. 'So, in Line hy the tentative rule leaves us without instrup- 
tions as to what to do next,* ♦ " 

Earlier, we pointed out that if parentheses should enclose a single iden- - 
tifier, they should be erased. We shall add this rule about parentheses as 
another amendment. 

Amendment 2 to Tentative rule 

Whenever we discover a matching pair of parentheses enclosing a single 
identifier, the parentheses are to be removed. 

, 9 

Recall that the precedence table/ Figure 8-20, contains two isolators 
(<- and which have not yet l%en used. These are symbols associa-^ed with 

the complete assignment statement ratheV than an expression. We also have the 
colon (:) isolator which can' appear if the statement is labeled. We now in-, 
' elude all of these as "operators", forming a third amendment to the decompo-» 
sition rule. ' , '* ^ 

c 

Amendment 3 to Tentative rule 

To decompose an ass^i^ment statanerit consider the se^of adjacent pairs 
of all operators ^^^^ "isolators" in Figure '8-20. * 



Now let^us apply the^ amended rule to the statement: 

^ ^^t- (A t 2 + B t 2) t2; 

The step-by-step process is displayed in Figure 8-23 • 

This test of t^e thrice-»amended rule is very successful. iJevertheless, 
tiiere are several points to be made before a general rule for decomposition^^ 
can l)e stated. Prime among £hese is the fact that our exanmle Has not con- 
* tained a situation in vhich tii« precedence of a pair of operators is equal • 
Before going on*^, you should experiment^ with a statenient, ^ch as 

Z A + B t 2 - C; 

which should generate the postfix string 

ZAB2t + C - <- 

"to decide ;^ether, in the tentative ,a:^le, the phrase "has a higl^ precedence" 
should be unchanged Oi^ should be changed to "has an equal ox higher precedence" 
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Expression 


Set of adjacent pairs of operators 


1 Triple 
• Substitution 


Postfix 
Form 


Generated Postfix Si 


« 


7^k\ 2 + Bt 2)t2; 


— 1 

[«-,t], [t,+], [+,t], [t:,)], [),t], [t,r] 


a for At? 


A2t 


* .A2 t ^ . ; 




lAa +*Bt2)t2; 


■[«-,+], [+,t], iUl, [),t], n,;] 


P for ^Bf2' 


B2t 


A2't ^ t 




Ma + p ) f 2^ 


[«-,+], [+,)], [);t]/[t,;] , 


r for a + p 




A2 t B2 f ,+ ' , 




♦ 

z^r)t2; 

parenthesis removal 

2«-rt2; 

Z<-8; 


.? 




- 




— ^ u> 

r 


ttt';] " , ■ 


6 ^^or r t 2 . 
*• 

Z <-6 

-e^ — ^ — \ — ^ 


r2t 
Z64- 


^ A2't B2 t + 2 t . \ 
ZA2 t B2 t + 2 t <- ' ; 


* \ 


V 


' ' — \ 

• 7 








1 

\ 


* 


Figure 8-23. Application of amended tentative r^xle 
' , • ^ to Z (A^ + B^) ; ' . 


! : 
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! 
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8-5 . - ■ 

Exercises 8^5 Set C 

1. Apply, the decomposition rule that you have decided on to get the generated 
postfix strings for ten assignment statements that contain the expressions 
in Exercise 8-5, Set A,, (a) through ^ ' 

2. Apply the decomposition rule that you have decided on to 

* ' • 

Z ((A X B + C)/C f 2 - (B - A))/(A f 2 + B f 2) f 2 , ^ 

Do you get the postfix fgrm claimed, i.e;, , . \^ 

ZAE_X_ C„t . C2 J ./BA— A2 t B2^ t + 2 f ^ 



Another point that should be resolved is when the operation of the rule 
should terminate. The hopefully obvioxxs answer i§-.-after the selected operator 
• is an assignment (f-) or if a label is present, after the selected opera-^or 
-*is (:). 

We are now ready* to state a decomposition rule in final form,, 

V 

De compos it ioQ ' Ftule ^ 

1. Consider the set of neighboring pairs o/ the operators (isolators) ^, 
listed in Figure 8-20 vhich are not -selparated by a left parenthesis' . 
Select the first pait of operators^ , for which the left operator has 
an equal or higher precedence than the righ-Ji operator; we will be 
concerned with the left operator of the selected pair. 

2^^^Consider the triple consisting of the selected operator and its left 
and right operands. Rep^aQ^ this triple with a placeholder. 

3. * If neither operand of the»triple is itself a placeholder, generate 
a new postfix! string by appending-±he._postfix fonn to the old / 
postfix string. If either (or both) operand is a pia,ceholder^ ^ 
generate the new postfix string according to the rules of Figure 8-22 
and make the placehold^r(s) so' freed available for reUse. ^ 

Terminate operation of the rule whenever the selected operator has 
been a colon (:) or,^ in the absence of a colon, a left-directed 
arrow '(<-) . " " ^ 

-1. • . 

5. If , the process has resulted in a variable isolated by parentheses, 
rentove them and jretum to step 1 to select the next operator pair. 
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8-4 t decoptposltion f^ov chart ' " • 

i . =^-. • ; ■ ' 

^ ; In this fisal section, wp^ shpw hoV thfe d^ecoijiposition rule we just • d4veloped 
may be, implemented in flow ch^t'ioim using the- string-manipillating, techniques 
tl^at were developed in ear ifer .sections.; Incidentally' if you onl/ skimned" ' 
Se'ction 8-1^ on your first reading/it mi^ht he a^goo^ idea to now study ^ome ' 
of the detailed tloW charts of that. sectiofi before proceeding further. 

He assise .a string S, of length n,. is stored' in' computer memory and 
has been identified as an assignjnent statement. We further assume that all 
blanks haxe been removed, antf that external identifiers have been replaced 
with internal, identifiers each of which is ^hort enough (say one word) so^hat 
■ it can'be.pb-tain^'d with a single access to memory. 

' - ' y ' ' ■ ' ' . - 

' Let Q the following string containing the nine isolator characters, 

Associated with this string we Vill want a vector of precedence 'values, pv, 
shown in Figt>re_^-2l^. These are the "operators." and precedence values of 
Figure 8-20 with an additional entry for the left parenthesis. 





p 


%^ 






1 


( 


-1 




2 




6 ' ' 




3 




1 ' 




* k 


<- 




\ 


5 


) 






6 - 


+ 


k 




7 




h 




-8 


X 


5 




9 


/ 


5 




10 


t 


6- _ 



Figure 8^2k, Association of precedence values^with elements 
of Q . ^ V 

' -&? 

^ The placeholde3:s a, p, etc., are assumed to'be available as a set of 
, distinctive symbols (a^). For example, we'might have 

(AA, AB, AC, AZ, BA, BB, 2Z} • 

^ ,.Our .object is to generate a, string G, of length h, in postfix fonn. 
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We now show the flow chart fd^ decomposition broken up into foujr par^ts 
or phases > The first three phased correspond respectively to the firat 
three steps of the decoraposition rule. Phase 4 is a combination of Steps h 
arid 5 of the , rule : ' ^ ' >^ ' .' 

Phase 1 . ' . ^ > - 



Examine the set of neighboring pairs of the operators (isolators) ^ 
listed in Figure 8-20 which are not separated by» ^' ^left parenthesis . 
Select, the first pair of operators for which the left operator has 
. an equal or higher precedence than the right operator; we will be 
* concerned with the left operator of the selected pair. 



A flow" chart for Phase 1 is shown in Figure 8-25' An initial value is 
given to the placeholder index in Box 1, Box 2 is the linkage to which later . 
phases will return for a repetition of Phase 'l. Further initialization is ' 
done in Box 3, Here prleft ;?hich*' is the precedence value of the left 
ope?:ator^of the pair to be corisi^erfed is set to zero. This value is deliber- 
ately chosen because it is below the precedence value of any valid left 
member of an operator pair, A pointer i, which will be used to scan S ^ 
can be set. zo 2 initially since a statement cannot begin wi^h an element 
of, which is what we scan S for in Box h. 

Box 1^- is to example of the reverse^se of the cHek^iih procedure similar 
to that in ^Figure 8-l6, If the i element of S is in p will point 

at it in Q; ^^^o^herwise p is zero, - The test of p is in Box 5* 
is in Box 6 assigns the precedence value associated with s^ to prright 

which is then tested in Box 7 to see if it is negative (i,e,, to see if s^ 
is a left parenthesis). If prilght is non-negative, Box 8 compares the . 
precedence values of the two'neijgjtjboring^ operators. If the precedfencje value 
of the left ofii^ator is less than the precedence value of the r^ght o^rator, 
we, do not want to select the current pair of operators but recoil in j the 
index of the right operator and assign "prright to prleft in Box 9« return 
through Box 11 to examine the next element bf S» ^ 

If we, discover in Box J ^hat is a left parenthesis^ prleft is set 

to zero in Box 10 before returning through Box 11, This has the effect "of 
dooming to failure the next comparison of operators in Box 8, 

If, in Box 5, we find that s^ is not in we simply return through 

Box 11 to examine the next element -pf , 



ERLC 



1^02 



4 A 



The first time that we f^nd a left operator with a precedence greater 
than or equal to the right operator, we branch from Boy 8 to Phase 2 (Box 12) 
with 3 pointing at the left operator of the selected pair. , 




i <- i+1 



10 





r <- 1 




h ^ 0 




PRLEFT 0 
i ^ 2 



EXECUTE 



V 



chekch(9,Q,l,s^,p) 



CED- 



— ' — 

PRLEFT <- 0 



6-- 


E 


PRRIGHT ^ pv 







PRRIGHT < 



8 1 


F 


^RLEFT < PRRIGHT 




9 








i 


PRLES'T <- 


PRRIGHT 



> 



Q = string of "operators" ' 

S = ^ovircre string 

r = index of the, next placeholder 

p = pointer indicating ".operator" 
in Q 

pv = precedence values of "opera- 
tors" 

prright = precedence value of 

right "operator" of ^ 
pair being-examined 

prleft = precedence value of 
left "operator" of 
pair being examined 

i = pointeT scanning S 

j = pointer indicating left " 
"operator" in S and at the 
end the pbsi^ion of the 
selected operator 

h = length of generated string 





Figure 8-25. Selection of operator (Phase l) 
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Phase 2. 



Consider *he tj'iple consisting of the selected operator and its 
left and right operands. J^eplace this triple with a placeholder. 



- , A flow chart for Phase 2 is shown in Figiire 8-26.*^ Box 13 assigns 
triple to ^ tl, t2, and t3; ' Box Ik inserts' the placeholder into S 
Boxes l6'and 1? Vclose "up** by ipoving all elements from s^^^ to 
places ,tp^ the left. . Bo^c l8 adjusts the length of the so\irce, string S 
going on to Phase 3 (Box 19). 
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t2 s. 
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"Ik . 
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r <- r + 1 



' 16 





i < n-2 


i «- i+i 


- > - -t> 
17: 


. - la? 



18 



n *- n - 2 



=1 "i+2 




S = source string 

tl, t2, Ijft = selected triple 

= placeholder 

r = index of the next placeholder 

n « lengtll of stfing 'S ' 

i = pointer indicating the 
selected operator 

i = loop vaiiiAble , 



Figure 8-26. Selection and replacement of triple (Kiase 2) 
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Phase 3 



If neither operand of the triple is itself a placeholder, generate ' 
a new postfix string by appending, the ppstfix fonn to. the old' postfix 
string. If either (or Tjoth) oper^ -is.a placehol'der,, generate .th? ' . 
new posjfix string according to the rules of Figure 8-22 and make * ' 
the p3:aceholder(s) so freed available for reusd. '* • 



^ A flow chart for. Phase 3 is shown- in Fiteure 8-27. ' Box '20 asks i-f the , 
right operand is a placeholder; if not, Box 2i ^sks if 'the left/^erahd is 
from this. class. Just how such k test is carrkd out depends ^ the choice, ' 
of placeholder coding. If neither operand is a placeholder the \posW ix form ^ 

_of the triple is appended to the generated string (Box 22). If the left 
operand is a placeholder the right operand and the operator are appended to ' ' 

.the generated string (^x 23) and a plac'eholde'r is made available >(-r ^ r - l)'.' 
If the righ^ operand ij a placeholder, " Box.A asks whether the' left ^ 
• operand is one also. If it is, the operator alone is appetided to the " 

generated string and two placeholders are m?de available (Box 25)-. If the ' 

left operand is not a placeholder we have the case of last line 2 of figure ,8-22.. 

This means we must now move every element of the generated string one pos'itiop 

to the right (Boxes 26 and 2?) to make room at the left end so .that the left ' 
_ ^operand' can be placed at its start (Box 28)^ , Bo_X^ appends_the^ operator aiid, . 

makes one placeholder available. • . . *t ' • 

Phase It- (steps k and 5) • . ' • ° ^ * '• 



Otermina'te operation of the rule whehever the. selected operator has ^ 
been a colon (:), or in the absence of a colon, a left-directed' 
arrow (*-). If the jpi;ocess has-.resulted in a variable delimited by 
parehtheses, remove them and return to Phase 1 to select the nejft 
operator pair. " ' 



A flow Chart for Phase 1^ is shown* in Figure 8-28.' Termination is- provided 
•^y Boxes 31 through 36 ("Stop" meaning, of course,' proceed'kthVhrnext stage 
of the total procesiing). Boxes 37 and 38 determine whether pareirtheses 
surround a single elVent. If they do, 'soxes 39, foy and 1^1 take Care of the.*, 
deletion of parentheses. The length of the so^urcie string is decr^ented «y 

2 in Box 38. ' * , . ' 

.* ■ . ' > 

- In case the statement has a laWel, the ' semicolon wil^ bi -located at s * 
so we test "for this case (Box 32) after the test in Box 31 turns out to be ^ ■ 
true. If Box 32 turns oUt true, we are not quite ready to, stop. - 
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tl, t2, 1j3 = selected triple 
(a)'*= set of placeholders 
G = generated string j 
h = length or string G ' 
r = index of^iiext placeholder 
i = loop variable ^ 
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S = sQu,2*cs s'ti^lng 

t2 = selected operator . 

J = pointer indicating old' ^ 
position of the selected 
operator in S 

n ^ length of S 

i = loop variable 

h = length of string G. 



s2 



Q = generated string 



'5-? " ^J-i 



ha 




i<- j-1 




i i+1. 


i = n 



It-l 




Figure '8-28, Termination test and parenthesis 
elimination (Phase k) » 



Instead, we move the generated string one notch^o the right (Boxes 33 ai\d 3k)/ 
place the label (located at s^) into ^g^, put the^ operator at the fdr 

right end^ and add 2 to the length of the generated string. The last three 
assi^ents are, done in Box 35 befoi'^isi: "STOP". 
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Epilogue 
THE FUTURE FOR Ca<!pUTERS 



^ - Now that we have seen liow problems are solved on computers, it is natural 
to ask just what problems are ^leing solved? We hear so much today about the 
way in„which computers»vill' revolutionize our society/but how? For example, 
are we doing anythin^lioday (or will we tomorrow do something) that we couldn't 
do at all without computers? 
• , ■ * J " , • 

Computer Applications Ttoday ^ . _ ^ 

^ It is literally true that there ^s hardly an area of^.human activity in 
which computers^ have ftot been employed. Some a^lica^ons are no# veiy sur- 
prising, when one considers the efficiency of ^e computer in .carrying out 
repetitive operations very rapidly. Thus, we. find that'' in a great tnany organ- 

Hs- (industrial, governmental, and educational), computers have been given 
the job of keeping the ."company's book^." Not only does the computer kccept 
and store vast^ amounts of information ^about the organization, but it organizes 
the information so that people ca^ Ask questions abgut it. The billing,' pay- 
roll, and inventory prpblenp, have usually been the first uses' of the computer, 
but these wei^e soon folWek by^th^^ geti^ritibn oi management reports and ' ^" ^ 
statistical analyses of the same information, so the ^organization could at 
last derive some benefit from"^l that data. . 

'Besides the keeping of the books ^ the computer has also cootributed to 
the "pr6duct" with which the. organization is involved. For a bank, this means 
sorting and recording checks at very high speed. For an insurance company, 
this means computing all of the di]g£^nt. mathematical tables that appear in 
insurance policies to enable one to cash in or borrow against policies at 
every conceivable age. For newspapers, .it means analyzing the text of an 
article o3? an ad and applying the grammar or the latiguag^to determine when, 
and how to hyphenate words, and the^ production of a paper, tape to 'control^ mag- 
azine changes' aind other details involved "in running a typesetting machine. 
For a hospital, it means continuous monitoring of a. patient's heart rate, 
breathing rate, ^td., to*" give immediate warning of possible trouble. Oi* it 
may mean analyzing the size, ^h^pe, and location'of a cancerous tumor to det- . 
ermine the dofi^ and direction of several simultaneously applied radiation 
devices, s.o the entire effect is felt .01^ tha.tuinor and not on the good tissue 

9^ . 408 - ^ • . 



surrounding it. For a university, it might mean control vf a language training 
, laboratory so each a^tadent learns new ideas, vocabul^ry^ grammar, "proQunciation, 
etc., at his own^rate. Or a professor simulates the effect of a chemical reac- 
tioh before trying i»t. Another profassor tests out a mathematical conjecture 
before trying to prove it. (Or maylDe^he thinks of a new conjecture after 
, 'watching what happens to his ol^one!) • \ 

Pn a satellite launching, the computer is used to give^ "real- time "'evalu- 
ations of what has been happening to the launch vehicle, and it ma^es predic- 
tions as to what is about to happen. If corrections are needed, oniy a com- 
puter is fast enough to determine- the kind, the'^ount, and the best time ^r ^ 

r ' * * . ^. ' • -4— • 

the correction . In a factory the c^m^uter is often used to control part of a 
manufacturing, process. Periodically, the computer will test various gauges or ^ 
. thermometepsj, etc., and if corrections are needed, it can alesrt a human opera- 
tor or iilitiate the chsnge% directly. » 
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E-2 Changes in Computer Directions ' ^ ^ * ' 

A comi^uter i/ a very expensive piece of ecLUi^phi^f, and smaller organiza- , 
^lons haVe^not been* able* to justify computers vei^ easily/* Several changes are 
occurring, how.ever, which will ^end to mAke the computer much more accessible/ 
When the earlx machines were built, there were very few people who could com- ' 
nl&Qicate.with them. As the cost went up and more was expected from ^ach Gomr- 
p^ter, the time jspent^loy a person setting up the computer forv^each specific 

f ^ ^prob;.em becgjne prohibitive. It was necessary to eliminate -the human being 

"from' the loop."- , Large prograramibg systems were developed which could accept 
batches of input jobs (as many as several hundred at a time^, and i;un one job ' 
after another without human intervention. In this way'/ much of the overhead 
^was -eliminated] and the cost of computation was greatly reduced. Unf ortunatdily, 
'in the process the person with the problem could 'no longer coihmunicate with the 
computer as directlyj^s he once^did. To be sure, elegant languages (such as 
FORTRAN and ALGOL) .were being devised'lid allow him to express the solution of 

• his problem more^asily. But he ha^ lost thq^ability to "converse"^ with the 
mechanical servant which was carrying out his solution. * - 

During this time, however, great strides were being made in computer 
technology. Fa^ster and faster components vei5e develpped, as well as miniatur- 
ization techniques which reduced the distances over which signals had to travel. 
Within a period of six Qr eight, years, an increase, in speed of 50005^ , was 
achieved; and it finally became feasible to bring the man back into the 
"conygrsation." * The computer was now fast enough* so that, many people could 
carry on conversations * with it at onc^-or apparently at once. The computer 
runs so much faste^ than a human can type on a* typewriter, for instance, that . 
ke;y^troked characters c^n be collected from each of 200 people, and the com- • 
pute/ would spend no more than .003 seconds, doing it.^. Ways are^^being %ind^ 
to program large computers so that 200 people ^could all act as if they 'were 
alone with the computer; and a good deal of Unrelated work will go . on in the 
Mdle time; (A computer- used in this way is said to be "time- shared r'^ «uch 
changes in the way a computer can be used will surely lead to new solutions *^ " 
to iJroblems--both old problems already being solved with the help of the com-"*' 
puter,j bulf not*as well^ and new problems^thaJfef^e couldn't hope to solve before. 
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dne corner a bil. But this changes the 'surfaces which meet at that corner. 
"No matter, they should adjust? lhat»& fine, store it away so I can st^rt 
landscaping^ the grounds. 1*11 call it ba-ck in'a little while, and weUl 
atta^ch the landscape to 

k 

It doeSnH sound as if he's using mu6h mathematics, but he is. For one ' 
thing, even;though his han^ isn't always accurate, he wants smooth curves. By 
approximatiiig ,his freely drawn curve with a\sequence of curves representing 
well-behaved mathematical functions, the computer can build in a gi:ej#deal of 
smoothness without his being aware of 'it. Once theSe functions are at band, 
smooth surfaces can be interpolated between bounding curves. These surfaces 
can even be forced to be tangent to other surfaces, or meet them in other 
aesthet,ically pleasing ways. The mathematics involved here is not terribly 
complicated^-analytical geometry and elementary calculus. Even the problem 
of figuring out how to display a three-dimensio^jal figure on a two-dimensional 
display screen involves straightforward analytical geometry, as does the ro- 
tation of' the figure. 
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E-l*- Preparing for the Future * 

With changes coming so fast in the conJputer field, how can anyone hope to 

A , t 

be prepared when he leaves school? Again the answer is to, search for and 
understand the basic principles and common ideas across the material studied. 
The most useful base for all of this has bean, and will continue to be, * 
mathematics; for in mathematics we find clarity of notation, an organization 
of the material being studied, and the facility for approximating reality by 
means of models- -such as the functions v^ich modeled ttie architect's curves. 
Given the mathematical *i^as and language, and a very obedien^servant^ the 
computer, we can expect to be able to ask new questions, and to find some very 
interesting answers . ^ 
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APPENDIX A 
SAMOS 



Our gyTDOthetixfal Computer ' \ ' 

Let us describe a veiy simple computer called the SAMOS, As an digital' 
computeats, SAMOS may be represented by the block diagram of Figure Al, 
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Figure Al 



\fe notice that SAMOS uses a card reader for input, a typewriter for out- 
put, and a 10^000 word storage unit 'for instruct ions ^and data. SAMOS has an 
arithmetic 'j^t where numbers can be added, subtracted, multiplied or divided 
l?y each oth^^and also a control unit which keeps all the. other units synchro- 
nized and Wects the operation the .equipment. Although 'the control unit 
is one of th^ost important parts of SAMOS, the details of its oper^ion are 
not very^ iraport\t to the programmer, and we will^nof discuss it in any detail. 
"However," we should keep in mind that when we use sjuch* phrases as "SAMOS reads --^ 
a card" or "the machine stops", etc, it\s the (iontrol unit which effects such 
actions.- Fina^, Figure Ai shows the 'operator's console which^ ^nnv^ a huton 
operator to pomuniQate with SAMOS. . ^ ^ 



The storage unit, or simply the "s^ore"., in our digital computer is an 
electroaic- dfevice' for storing data and procedures/ It is divided into a 
numfeer of J.n<3dvidual "cells" or "words" in which the information may be kept 
as long as it is needed. The number of ceils in storage depen'ds on the type 
and size of the computer. We. will assume that our small computer has 10,<XX) 
storage cells. ' . - , 
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f Figure A2. The Storage Unit 

The storage unit is commonly called the "memory". This can be, very 
misleading because the word "memory" is more appropriate for the higher level 
storage unit of humans. The reader should keep J.n mind the^restricted meaning 
of the word when it is used for the storage unit of a computer. 

As shown in Figure A2, in order to distingiiish^ between storage cells, all 
computers have so me j ^gtem of ideatifying the cells, the most common method 
being to number them consecutively. Since our computer has 10,000 cells, 
we need 10,000 consecutive numbers to identify them. One way pf doing this 
is to number >them from 0000 to 9999* ' ' ' . 

Just as we identify housesf in a street by a number called the "address", 
it hasbeen common to call the niimber vhich identifies a storage cell its 
"storage address" or its ^location". We may refer .to data- stored in cell 
1500 by saying that "the data is stored in storage address I5OO" or "the^ 
data is in location 15OO". 



Storage Cell Structure 

Wq will assume that each cell is composed o*f eleven "'subcells" as shown 
in FigUre'A3. Tfe(e left-most subcell is reserved for the sign (+ or -). Each 
Of the other ten subcells^ may contain a decimal digit 0^1- 9).^" an alphabetic 
character ,(A - Z), or a special symbol. 



Examples of numeric data dre given in Figui:e.A3. 
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Figure A3 



Celi 0500 contains the number +1876. This number appears as an integer. 
Leading zeroes , are ^used in the unvised subcells. Cell O5OI contains a 
^negative number. 

Examples of alphabetic data and 'mixtures of numeric and alpl^abetic data 
_are ^ivfen in Figure A^f. ^- • ' ' • 
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Figure All- ' 



In address OoOO we have the name of "a. person. In addresses O905 'and 
0906 ve have the first few words of the sentence "We'^the peop^le of the 
United States . » J! In OOO5 we have a mathematical equation and in 00i5 we "/ 
have alphabetic, numeric and special characters such as the dollar sign, the 
'decimal point/ and, the "blank" space. j ) , 
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We have seen then,- that numeric and ^alphabetic data may be kept in the 
storage unit of our small computer. Let V{s see how procedures are stored," 

The Storing Procedures - Instruct ionsy 

In a machine such as^»SAMOS, *the instrucx^ions are represented,^ by combi- 
nations of letters and numbers which also fit within a memory cell. For 
example, the instruction below is composed of ^ sign (+), t\ie letters A, 
and D (ADD),, three zeroes and the numbers 1, 5, 3 and 8 (1538). 4s we 



+ A 



O O 



3 a 



shall see later, this instruction directs SAMOS to a^d the number stored in 
address 1538 to the contents ,of the arithmetic unit\ i 

In summary, the store contains data (numeric, alphabetic, or special 
symbols) and instructions in coded form. 



The Arithmetic Unit: 



The most impprtantwl^mponent in the arithmetic -xxr^^t^ the accijpftilgitor , 
which is a storage device where arithmetic operations are performed. As 
shown in Figure A5, the accumulator can hold ten digits plus a sign (+ or -) 



ARITHMETIC UNIT 



Thi5 unit per- 
forms addition^ 
subtractions, 
multiplication 
and division 
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Figure' A5 



Data from the storage m fpr be moved ifft'o'^ffi e^acci: 
accumuietor may be moved to storage » A iwmber in "the storag'e urlit may be 
added, subtracted from, multipli^^.^-'i^r divided by the number in the acc\imu- 
lator. 
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Instructions In SAMOS . 

Every instruction in SAMOS has thei following form: 
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The instruction is -composed of ten characters plus sign. If these charaxiters 
are numbered from left to right, we have: 



Charact^ s 
Sign 

/ 

•^,5,6 
7,8,9,10 



First let ms see how to move data to and from the accumulator, 
succeeding paragraphs the accumulator will be^ abbreviated ACC, and 
represents a four digit memory address,, that is,* any number 0000 't 



The sign has no meaning in the case of an 
instruction. We will either use + or 
leave it blank. 

Characters, in these positions indicate the 
operation to be performedTX For example, 
ADD for addition, DIV for iii vis ion, etc. 

Th^se positions are i|sed for indexing as 
explained later. Faf a while we will assume 
that they are zero/( 

These character^ form a 'four digit number 
.from 0000 tcT 9999^ and they represent 
a memory ad^ess. 




In thp 
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9999. 



' Load The Accumulator 
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The contents of the accumulator are replaced by the contents of stora^te > • 
address . aaaa. The contents of aaaa remain undisturbed. i 



Store Thfe^Amimutetor 



Thfe coiitents o:|' aaaa are replaced by 
ACC remains;-the same. • 
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Addition , Subtraction , , M\iltlplicatlon , an^ Division 

Integer arithmetic is done with four instructions : 
Add to the Accumulator 



+ 




0 0 0 


a a a a 



The integer stored in location aa^a is added to the contents of the accumu- 
lator and the result is left in the accumulator. 



Subtract S^om the Accumulate 





SUB 


0 0 o 


<3 a 3 e 



The igateger stored in location a^aa is s 
The result is Igft in the accumiilator. 



abtracted from the accumulator. 



Multiply 





M p y 


0 0 o 





(f^ Cc (f^cc ) X (aa^a ) 



The integer stored in, the ACC is miiltipli'ed by the integer in location , 
aaaa. ^^e product is developed in the accumulator. Since the number of^ 
digits that follow the first non-zero digit in the product may equal the sum 
of such "non-zero^*" ^tglts~ln^hi^ accumulator and aaaa, the programner must 
be careful so that the number of *non-zero digits, in the sum y4.ll never exceed 
10. For example, if the accumulator contains a five digit integer, the number 
in aaaa must have a maximum of five digits so that the product will not 
exceed the available ten digits in the accumulator. If SAMOS is instructed 
to produce a sum of more than ten digits, it will overflow^ and stop. 



Divide 



D I ,V 



0 O 0 



aaaa 



(/Rcc)^(ficc ) / (a^aa ) 



The integer in the accuraxilator is divided by the integer in aaaa. The 
quotient is^developed in the accumulator*. The remainder ils lost.*' . 



SAMOS i& a Sequent/al Maclilne 



As was explained in Chaptef 1, modern digital computers are 

If .SA^OS Is directed to execute the instruction in^ * 



sequential machines, 
^location *L, it will assume that t^e next instruction to t^e executed after 
L is^the instruction in L + 1..' If a program starts in ly/ it continues 
in L + 1,^ L + 2,. L + 3; etc., until an instructioh is encountered which 
either stops the machine, or causey a jump to a location which is not in 
sequence. Instructions which cause these jumps will iDe treated in the next* 
few paragraphs. In the next paragraph, we will discuss simple, three-step^ 
programs which instruct SAMOS to perform addition, subtraction, multiplication, 
and division. The three steps may be placed in any three consecutive locations 
sych as 0001, 0002, 0003, or 0100, 0101, 0102, etc. In general, we 
may show the proems in L, L + 1, -L + 2, where L is any address from 
0000 to 9997. 



Performing Simple Arithmetic 

Assume that: we are given three integers ^ich are stored in lotions 
aaaa, bbbb, and cccc. Then we have the following three-step programs for 
pei'forming sim|)le integer arithmetic-. 



.^Addition 
(cccc) V- (aaaia) + (bbbb)> 



L 

L + 1 
L + 2 



LDA 000 aaaa 
AUD-OOb blDbb 
ST0 000 cccc 



Subtraction 



(cccc)"*- (aaaa) - (bbbb) 

L ' LDA 000 aaaa 
L + 1 SUB too bbbb 
Ii 4- 2 ST^ OOO^ccc 



Multiplication 

(cccc) 4- (aaaa) x (bbbb) 

L LDA 000 aaaa 

L- + 1 MFY 000 bbbb 
L + 2 ST0 000 cccc 



Division 



(cccb) (aaaa) / (bbbb') 



L 

L + 1 
•L 4. 2 



LDA '000 aaaa 
DIV 000 bbbb 
ST^ 000 cccc 



A Simple Problem ' , 

We can now use this six instructions which we have just learned to in- 
struct SAMOS to perforrrf a sihiple computation. For example, suppose that 
locations 1000, 1001, 1002^^ and 1003 contain four integers, the sum of 
which we T^ht to compute and &tore in location 5000. Let us assume that the 
instructions necessaiy to perform this procedure will be stored starting in 
location 0000^ ^ ^• 
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Figvire a6 



Figure a6 shows the program In detail. Notice that the program is written -on 
a coding form . The first four coltunns indicate the location of each instruc- 
tion in storage. The next elevj^ columns contain the instruction. The 
section labeled "REMARKS" explains each step in the procedure in symbolic 
notation or in descriptiye language, f ^ • - ^ , 

The program of Figure a6 consists of five instinictions. These instruc-. 

tions will be stored in locations 0000 to OOO^i, and will be executed hy ^ 
SAMOS"*in the order in which they appear in storage, i.e., the instruction in , 
0000 first, then the 'instruction in 0001, etc. When the procedure is / 
completed, SAMOS will try to execute the ins.truction" in OO05, which^is the_ 
next in sequence. <If we wish to- stop the machine, we may place^a "HALT" 
' instruction i-n 0005.- . ... 



Halt 



000 



The machine stops. If the START button in the operator »3 console is then ^ , 
-pressed, ^the machine>goes tp aaaa for the next instruction. 



ERLC 



422 

•4:41 



The Problem of Qverflov r 

Overflow occurs in SAMOS when an arithmetic operation results in a number 
larger than ten digits. This may happen in connection witl; ApD, SUB, and 
■ ^^•^■^■^ happen it wel^try' to divide zero. All computers have 

provisions for. handling the pi^o^lem of. overflow. In SAMOS, an accumulator 
overflow or a division by zero stops the machine and turns on an overflow' 
light, on the console. * * 

Although overflow may be ayoided by careful planning and*by testing, ♦ 
spat^ will not permit us to treat this problem any further. 

Modifying ^ the Sequence of Instructions 

All the instructions which we have 'c1)vered up to now, except HLT, 

transfer control to the next instruction in storage. Now we will study a 

set of iiistructions which change the sequential nature of a program. These 

instructions are called "brajiching" or "jumping" instructions. 
it 

A very important instruction is the one which alters the sequence of 
instructions of a program. It Is the' "Branch Uriconditionally" instruction.' 

. ■ , ,1 

Branch Unconditionally " ^ ^ 





B R U 


O O o 


a a a a 



Tilis^struction directs SAMOS to' ''pick up" the riext^ instruction from memory 
location, aaaa. No testing of the accivntaator "is required in this case. 

Branch ConditionalLv - *^ ^ 

^ Some of the most important branching instructions are those which break 
•the -sequential natipre'of a program depending on the contents of the accumu- 
lator. For example, the "Branch on Minus" instruptdon . 





B M J 


O 0 O 


as a a 



directs SAMOS to jump to location aaaa = for the next instruction if the sign 
of the accumulator is minus, that is,^ if the accumulator contains a negative 
number. IT the sign of the accumulator is • +, SAMOS will execute the -next" 
instruction in sequence. \ " 
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For example,. suppose that w§.want to 
implement the flow chart^ of Figure A?, ' 
which changes the sign of A if its 
sign is posiitive. Assuming' that the 
r numerical value of A is stored in 

'^location 0500/ the fallowing program 

, does the trick: ♦ 



(5 



I 



1) 



yas 



Figure A? 



LOCRTiON 


/ 


OPBR. 


INOBX 

Abo. 

S 67 


i 9 /OJt 


0 0 O O 

1 I 1 




L p a 

1 1 


0 O 0 

• • 


O S O P 


0.0 O 1 

1 1 J_ 




s 


0 O 0 
• • 


0 0 0 5 

\ \ 1 


O 0 O 2 

1 ' 1 1 




s a 3 

r 1 


O Q O 

1 1 


0 S 0 o 
1 1 1 


0 0 O. J 
1 1 t 




5 OB 
1 i 


0 o o 


0 S oo 


O 0 o^^ 

1 1 1 




ST gi 


o 0 b 

1 1 


0 s o o 

1 1 t 


O 0 O S 
1 1 t 




\ \ 




1 1 1 



CfIRO COL^ 



IF C/^C<)<:o GO TO 000£^ 
OT/ZSRW/se sor-o 0002 AATO 
SroRS - /? //V OSOO 



Notice that" A, which is- in O5OO, is loaded into the acctuaulator. Then 
we say "Branch to location OOO5 if the accumulator is minus ^ otherwise go 
to the next instruction in sequence (0002)": The instinzc#ions in ^0002, 
0003, and OOOi*- then gene^te -A by subtracting A from itself two times 
and storing the result in O5OO* Eventually the two branches merge in OOO5, 
since the' instruction in .OOOl*- (ST0) is a non-branching instinictipn which 
sends SAMOS to OOO5 as- the next sequential step. 



Shifting Instructions ,^ * . 

Sometimes it is necessary to e^^fcact part of a ^ord or to combine several 
items into a $ingle woixl. This is done by instructions which shift' or slide 
the contents of the accximulator'^to the left or tq the right* 



Shift Left 



This instruction shifts the contents of the accumulator n positions tb the 
left, where n is less than or eqxial to nine. The sign position remains 
unchanged. The left-most n digits are lost arid the right-most n digits 
are filled with zeroes. • • . ' 



For example: Suppose the accumulator contains the number +01231^56789 

ACC Before Instruction 



^^2.3■»,^.6.7.g.y 



Instruction 



ACC After Instruction 



SHL 000 00 OS 



SHL 000 



00 09 



-h SHL 000 0000 



Similarly, suppose the accumulator contains the alj)habetic characters 
"joe' SMITH" r , V ^ 

' . ACC Before Instruction 



Instruction! 



ACC . 'After Instruction 



S HU 



000^ 000^ 



SHL O O'O 0007 
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Shift Rlffht 





3 MR 


O OO 


o OO n 



This is similai* td SHL, except ti^ the contents tHfe accumulator aire 
shifted n digits to. the right. 



Ej^araples : 



J > 
INSTRUCTION 



ACC Before 



ACC After 





SH R 


OOO 


0006 



0/Z3^S67S9 
111' I I I I I 



o o 00 000 / 23 

I I I U-J I \ — I — I — 



J 0 £ SMITH 



ooooooy^E 

-U I I I I I L_l — 1- 



Input and Output Instructions 

Instr^ctioniiraM data must be placed in storage before a progreim^^an be 
executed. 'This is ddj;ie by the "Rea4 a Word" instruction: 



Read a Word 



RWD 000 ^^^3 



This J-nstruction causes SAMOS to take a carcT into the cai^ readen and to 
.transfer the first eleven columns 'of the, cai^ (ten digits plug sign) into 
storage address aaaa. The rest of the card is disregarded, ^ ^ 

Results are printed in the typewriter by t^e "Write a Word" instruction; 



Wr^te a'T/ord 



\A>WD 



000 



o 



a^vancfe'^^g" the next line. 



lis cause s,-SyiMOS 'to return the typWrjJferfer carriage^ 

,d tyife the/infprmation stored in aa^ in the firstXeleven columns of the 
tjhpevriter.yi ^ 



/ 

For example, suppose that we want to type on the typewriter the information 

/ 

punched into the first eleven columns of a large number of cards. This is 
usually referred to as "listing the cards". We may use the flow chart and 
program of Figure a8. " * 



d 00 o 

III 






000 
t 1 


0003 

1 1 1 


000/ 
1 1 1 






sO 0 0 


0 0 0 s 


0002 


\ 


§/^R u 


1 1 


-XT'O 0 0 

III 


0 0 0 3 
1 II 




000 

1 1 — 


000 
1 1 


0000 

1 1 1 



Figure A8 

The program occupies four words, Locartion 0003 is used as temporary 
storage to hold momentarily the information read from the card. The "Branch 
'Unconditionally" instruction returns the machine to the beginning of the 
program. The* machine will stop when it is unable to complete' the execution 
of the RWD instruction, that is, when there are no more cards in the card 
reader ♦ 

Steps Which Modify Other Steps \ , . 

Suppose that instead of finding the. sum of four numbers as we did in 
; the program of Figure a6 we were'^ked to find the sum of fifty (50) numbers 
stored in storage addresses' 1001 to IO50. The program would be very 
similar to the one shown in 5*igure A6, exce5)t that we would have additional . 
ADD instructions between the IDA and the ST0 instructions • The pattern 
of the program would be: 
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LOCRrtON 
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OPBR 
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aOORBSS 
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o 0 Ob 




L oa 


o o o 


/bo/ 

1 1 1 


C/^cc )^^C/oo/) 

' ; J . 
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9p P 


/ O O 2 


o o o 2 
» . . . 




/9 D D 


o o o 




• ' 1 • . 




1 




! • 

1 ! 1 


0 o ^ S 
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o o o 


/ oso 

1 1 1 


0 o s o 

11 I 




s T a> 

1 r 


o o o 


S O O 0 

1 . 1 



Figure A8 

It is seen that the programmer would have to write 51 instructions 
(0000_- 0050), which would require ,51 lines in 'the coding form. On the 
•other hand, if the problem is to add 3,000 numbers, the programmer woul^ 
have to write 3OOI instructions J . " ' ' ' 1 

If we observe the program of Figure AS, however, we notice that each 
ADD instruction differs from the following ADD instruction only in ^e 
storage address. In fact, storage)addresses of consecutive ADD instructions 
differ by 1, so that if we cons^^ct a basic ' ADD instruction, which we 
may call the "base" instruction: 

ADgj'oOO 1000, 

then we may produce all the needed ADD instructions by adding the numbers 
1, 2, 3, h, 50 to the base instruction. For example, to produce the 

first instruction, we have 



"base" ' - 
first "Inst. 



ADD 000 1000 
+_1 

ADD 000 1001 



In fact, we may genetalize this proWss by saying that the i*^ ADD 
liistructiin is obtained by adding i ' to W base instruction. Then, if i 
is called the "index", the 50 instructiois may be generated by repeating 
the process. with the index taking the values i = 1, 2, ., 50. 5Mi 
process is shown in. flow chart form in "Figure A9. ' 



1^28 



(f)cc)^ (/icc)ili00OfL) 



Figure A9 [ 

Another way to obtain the same resxilts is shown in Figure AlO, where the 
index is started at 51 and decreased by 1 until its value goes down to 0. 




(sooo)^(ficc) 



ERLc ! ; 



Figure AlO 

\2^ 
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The process of generating instructions by the modi fiqat ion of other 
instructions is done in SAMOS by means of indexing:? registers . These registers 
are used to store the index in repetitive programs o:^ the type shown in 
Figures A9 and AlO. 

An "indexing register" or **' index register" is a special storage cell 
similar to the accumulator, but which is only used to modify the address part 
of an insl^ction. Since addresses have a maximum of four^gits, index 
registers need be only four digits long. Figure AlOb shows all the special 
registers. Notice that these registers have no place for a sign and hence 
cannot represent negative numbers explicitly. 



ACCUMULATOR . 



Endex Register 1 



Index Register 2 



Index Register 3 



Figure AlOb r ^ J* 

As seen in Figure AlOb SAMOS has three index registers called 1^ 2, 
and 3 respectively. Instructions are available to place an index in th'e 
register as well as to augment, decrease, and teslr. its value. Here we will 
show only two of the most important instructions and then show how the flow 
chart of Figure AlO may be itnplemented with them. ; ' ^ ^ * 

o 

Indexing Instructions 

The first indexing instruction allows \is to place a four digit number 
i^i1;o one of ths index registers : , * 



Load Index N 



U I n 



0 oo 



BBdta 



Load Index Register ^ (n = 1, 2, or 3) with the address -part (positions 
7, 8, 9^ lO) of the cdntents of location aaaa. ' 



OTlie index register may be decranented and tested by the T In instruction: 
Test Index N 



^ in 



0 Q o 



s a aa 



^ Subtract 1 from^ Index Register n (in)'. Then, if (in) is e^ual to zero, 
branch to aaaa for the next instruction/ otherwise, continue in sequence. 

Another way to say this, , assuming that the "Test index" instruction is < 
in^ storage address L, is: , - 

(In)^(ln)>l 

if (in) > 0, go to L + 1 

if (in) =3 0/ go to aaaa ^ 

Now we can show the program for Figure AlO. 



I 2 3 

UlA 



^ese parentheses are 
really not part of the 
instruction. They are 
placed here to maike it 
easier for you to follow 
our discussion-. 
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OPER 
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G O OS 
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B R U 


0 0 O 


a G til 
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GOO 


O G 0 
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II. 
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O 0 0 
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— 1 — \^ 
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1 1 


S O 0 o 

1 1 ii 


poos 




H t. T 


'0 O 0 

1 1 


O.O 0 0, 













^df^RO COL. 



R£Ma/iKS 



OO ro boo 2 

'(SoooJ^(Picc) /v 

i 

STOP. jF sr^RT Button js 

PRfSS^Oy TO \pGO \ 



'Pigiire All 



Notice that in the coding form of Iligure All we have labeled card feolmnns 
5, 6, and 7 with the number of an appropriate index register. If the column 



cori'esponding to an index register has a 1 in it, SAMOS will add* the contents 
of the index ^gister to the address part of ^he instruction before executing 
the instruction. If the column corresponding to,th^ index register^is zero, 
the index register will be disregarded* For example, if 12 (index register 
2) has the number 0030 stored in it, the instruction 



INDEX 
BEG. 

add; 010 0500 



willXadd to the accumulator the contents o^f, "location O53O (.O5OO + OO30) 
rath4r than the contents of location O5OO. Similarly, if index register 3 
contains the number *6k00, the instruction MPY .001 OI55, will multiply the 
accumulator by the number stored Ln 0555 (not by the number 555, but by 
the contents of memory address^ ?555)I < 

Going back to Figure All, lotice that the program starts in location 
0000>^ with locations OOO5 Wd OOO6 being used tp store the constants 0 
and 51 respectively. In location 0000 we load the accumulator with a ^ 
zero by means of the LDA Instruction. In 0001 we "load index l" with 
the storage address portion of the contents of 0006^ as shown below 



location 
^ 0006 



contents 

+ 000 000 0051 



I I 

o\o\s\/ 



The instruction in doOS. does two things^ first^ it decreases ll by 1 
(and makes it. equal to 50 the first, time around) then ,il performs a test 
on the value of II. If the contents of II are zero, that is, if we have 
finished adding all the fifty nvmibers, SAMOS branches to cl)07'^ to store the 
sum in 5000. Otherwise, SAMOS continues in sequence to 0003 where the 



ba§e instruction is located, 
chart below: 



This instruction is Executed as shown in the 



Base Inst ructions ADD 100 1000 





Time the instruc- 
tion is executed 


Contents 
of 11 


Instruction executed 
by ,SAMOS 

^ 


Address of • 
number added 
" tc^ the ACC ' 


- 


. first 


0050 


ADD 000 1050 ' 


1050 




s econd 


00^9 


ADD 000 10^9 i 


.101^9 


• 


third 


0048 . 
• 


ADD 000 1048- 


' 1048 




50th 


• 

QOOl 


add' 000 1001 


1001 













After each ADD instruction, it is necessary to return to Ideation 0002 

« 

.by means of the "branch unconditionally" instruction. The Til instruction 
In 0002 ^ again decreases the value of II 1, tests wt^ether or not II 

is .zero, and chooses between the ADD and the' ST0 instructions., Eventually, 
after "going through the loop" fifty times^ II 'will be zero, the loop will be 
terminated, and the results will be stored in 5OOO. !' 



How to Start SAMOS - The Operator's Console ^ 

In all of our discussions concerning 'the execution of programs we ha've 
neglected to .answer two questions: How does the program get'^r^to the storage 
unit in the first place, and how does SAMOS know where to get started? 
We will try to answer ^these questions now. 

Firat, ,we shall assume that SAMOS has an operator's console whiJh looks * 
somewhat as shown in Figure A12. *^ * " ^ 



0 


0 


0 


0 


0 


S\\3\\2\ 


\s 



DISPLAY UNIT 



ON 



OFF 



LORO S7FIRT STOP 



Figure A12 _ . ' 

On the left side of the console we have the* 01? and OFF switches to 
tui^ the machine on and off. In the middle of the console we h^ve eleven 
display units, which show the contents of the accvmiulatqp ^t all times,^ 

l^der the display units * SAMOS ' has push-buttons marke^ LOAD, START, 
and STOP., When JX)AD is pushed, the machine reads program instrvtctions. 
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one per card, 'and stores them into consecxitive locations starting at 0000, 
\antil a blank ^afd is encountered. The blank card is interpreted by SAMOS 
as an unconditional branch to 0000. Therefore, if the first instruction of 
the program so loaded is in location 0000, the blank card automatically 
starts the execution of the program. For example, in order to execute the 
programs of Figures A6 or All, we need only to punch each instruction in the 
.first eleven columns of a card, being sure that the cards are in th'e proper 
order. Then these cards followed by a blank card are placed ip the card 
reader and the LOAD button is pressed. SAl^OS will read the fii^t card and 
and place the first instruction in location 0000, then SAMOS will read 
the second caxd and place the ^econd instruction in 0001, etc., until the 
blank card is read. When the blank card is sensed, the machine will automat- 
ically begin executing instructions starting at. 0000, which happ^s to be 
the first instruction in both programs. If a program starts in a location 
LLLL other than 0000, we may place the instruction "BRU 000 LLIi" in 0000 
to cause a branch to the starting location after the blank card is reached. 

SAMOS may be stopped at any time by pressing the STOP button and may be 
re-started 1^ pressing 'the START "button. ^' 

The operator's console, then, allows the operator to turn the machine on 
or off, to load^a program into storage, and to stop and re-start the machine 

at any TimeT^"^^^\ 



Examples of' Programs ^ ^ 

, EXAMPLE 1 

^- '^idlng Values in a Tablg '^ ^ , 

Sup^se we are given a table of -integers between 0 and lOOO * and their 
cube roots as shown in Figure AI3. 



n 
0 
1 
2 

3 
\ 



^999 
fboo 



a. 000 000 
1.000 000 
1.259 9^1 
250 
1.587 ^01 



9.996 666 
10.000 000 



Figure AI3 



We want to write a program which will "look-up" values of the cube root 
in this table for any given integer between 1 and 1000 and will print 
this value on the typewriter. We will assume that the table of Figure A13 has 
■ been punched in 1001 cards, each card containing the, Value of a cube root. 
a?he program should read* the table into storage and then input from the card 
reader a value of SAMOS should then jirint the value of n and its cube 

root, then SMOS should read another value of n, and so on, until it runs 
out of data. Data sets should be separated with a blahk line in the output. 

A possible way to write the program is shown in Figure .Alif, The program, 
was written starting in location 0000 and ending in location OOO5. Notice 
that we have enclosed the variable address of the instruction in OOO3 in 
parentheses to remind us that , the address is 'modified by the contents of an 
index register. Location OOO6 was used to store the value of n temporarily 
and location 000? was filled with blanks. This was used for separating data * 
sets in the output. The table was placed in locations dbo8 to IOO8.' When 
instructions and data are read in from cards for scoring- 4n .locations 0000 
through 1008, a final blank card will cause a transfer of control to location 

0000. ^ - ! ' 

The program works as" follows:^ The instructions in 0000 and 0001 read 
the value of ^ n into location OOO6 and also print this value on the type- - 
writer. The instruction in ^0002 loads the value of n (which appears in ^ 
the storage address part of dbo6) into index register 1.' The rjext instruc- 
tion writes on the typewriter the contents of location '(OOO8 + n) ' which 
contains the cube root of n because of the way the table- was .stored.' . Notice, 
for example that when n ig 1^ the" cube root is found in location' 9, when 
n is 1000, its cube root* is^ found in IOO8, and -so on. ' . 
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Figure All^. 



+0000000008 
+0200000000 

+000000023^* 
+b^l622U0l 



typewriter paper 



Figure AI5 



Notice also that the decimal point which appears in the table of Figure 
A13 has been eliminated in the table stored in SAMOS. What we have done is to 
store -each cube root as an integer (actually ?T X 10^ as ,an integer) 'and 
we have kept in our mind the fact that the decimal point is beWeen the-second 
and third digit from the left of the number. When the cube roots "are printed 
as shown in Figure Al^ the programmer must recall the location of the decimal 
point and po^ibly mark it with pencil or pen on the output (such as 
02/^00000000). 

After printing the cube root of the number, the instruction in 0004 
causes^ a blank line to be^priirted. Then a branch is taken to go n^ack for 
another valu^ of n by the instruction in OOO5. Notice that the blank line 
has been supplied by location 0007, and that a' sign was attached to it. 
This sign is necessary because a completely blank card in the input deck would 
transfer SAMOS to ^0000 before the table was read into storage. This 
transfer is accomplished by the blank card fc/llowing the cube ro6t table. 

The output of this program is shown yi Figure Al^ for the values of 
n = 8 and n = 23^ respectively. ^ 

^ The program of Figure A1I+ may be easily modified so that the output 
shown in Figure AI5 will have the decimal points of n and ^ aligned. Th*4 
output would then be ' ■ " - ^ 1 ' 

40008000000 ' ' ^ 

+0002000000 

+ 

+023^^000000 
+0006016221+ 



ft 



EXAMPLE 2 



The Use of Subprogramis ' 

As explained in the body dt this text, a subprogram (or "subroutine" <as 
we shall henceforth call it in this appendix) is a general purpose pirogram 
which may be used by other programs. We will show how the cube root program 
of Example 1 may be modified for use as a subroutine. 

In this exai^le we wish to compute ' - 



t / ^ ^ 
'You anoiad read.,th5!s^ortion only after you have read Chapter 5. 



where a and b are positive integers not greater than ICKMpyWe win 
assume that pairs of a and b have been pvmched into consecftive cards, 
and l^t we X/ish to compute X for m such pairs. The input dejck is as 
shown ^n Plgure » 




) 



set 



eo^nd set 
first set 



Figure AI6 



We ma^;?iassuine that output to be as shown in Figure A17. 




Figure Al? 



A Cube-Root Subroutine 



We will first design a subroutine with the fo},lowing specifications: 

!• The subrcutiine will assume that the argument, an integer ^ 
between 0 an£ lOOp inclusive, has been placed in the 
acciamulator prior to entering the subrouting. 

2« • The "return address" is the address of the next instruction to 
be executed in the main program following the completion of the 
subroutine's task. This return address should be stored in 
index register 2 before entering the subroutine. 
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3. The 'subroutine should place the cube root in the accumiilator ' 
before branchj^ ba^^o the main program. o\ 

From these specifications, the program of Figure Al8 follows. This is 
a slight modification of the program in Figure Alk. The table Ib stored in 
locations 0006 to 1006. Location 0000 is reserved for branching to the 
main program. Whenever ve wish to use this subroutine, the following steps 
should be taken. ^ ... 

i 

. l) Place argument in the accumulator ' >♦ 

•2) Load tjie address of the next instruction aftei- the Subroutine 
into* 12 

3) Branch to 0001 



The cube root will be available in 1>he accumulator upon exijb from the 
subroutine, y Since II and 12 kre used by the subroutine, only 13 is. 
N*availabie for the main program. ^ « 
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The Main Program • , " 

fhe main program is, shown in Figure and it occupies locations 



-±00?-- 101^-2. A* general block diagram is shown in Figure Al8. 
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Figuri- Al8 - . 

This diagram does not show all the steps required to eater the subrouting 
or other machine langi^ge details which are Important when the actxiaX coding 
is done. These^etails ^are explained in the remark section of the coding 
form of Fig\ire AI9. / ' 

/ 

'The program make§ use of index register 3 to count the number of sets of 
data. Index register^ 1 ahd 2 are reserved for the subroutine. The reader 
should follow the program, step by step, paying special attention to the/ ' 
contents og. the acciumulator and^the index registers. 
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51 . , " • • • . 

, . V , . , . . ^ ^ 

* 

r Notice that the constants in IO33 • and 103!^ are used to load 12 with 
the addresses to which the subroutines should return. Other constants such ^ 
as 1, 2,,. and 3 are available at locations IO35 ^•103?. Locations IO38 - 
ipi<2. are used to^store the variables m +*1, a, • b, . and x. • ' 

As before, the prograA wtLL be executed by SAMOS if 'wV place all the 
program 9ards in the card reac^r in ascending order of location, followed by 
a blarfc card, and by the da£|7, and press ,the button. The instruction 

in 0000 branches to the start of the main program (lOO?) as soon as the ' 
blanij: cai^ has been sensed. ^ ^ 
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General Remark on Branching 

Here we shall touch briefly on the relationship between a condition box 
in a flow chart and its equivalent machine code. It is not always obvious 
whether a condition is simple or compound from the view point of the .computer. ^ 
As an example q^jpsider the box 




We will see that in order to be , translated into certain machine languages 
this simple condition must first be expressed as a corgpbund condition.* Con- 
sider SAMOS which has only the one branching instruction, IrANCH ON MINl($. 
!fhis means that ^the only conditions directly translatable into machine lanjguage 
are those of the form:' 




The box 




is nbt of this type. , 



Now the reader jshoidd^ check that in figure 1^0 we have a sequence of equiya- 
lent (interchangeable) condition T>6xes. 



0 




Figure A20. Sequence of Equivalent Condition Boxes 



The last box in tMs^ sequence may be replaced by the combination in 
Figure A21. . 




PARENTHESES 



The tJs'g 'of Parentheses in Arithmetic Expressions 

This appendix deals primarily with removal of parentheses. It forms a 
companion piece to Section 2-^. ^ * 

Almost all of our use of parentheses in ordinary mathematical notation *• 
springs from the cUstom of putting binary operators (and also relat ion symbols,, 
etc.) between the things they are operating on. If we^were to put these 
operators always at the left (or always the right) then with a few additional 
minor modifications the need for parentheses would entirely disappear. (See 
Chapter 8.) * * 

As an example of why this is the case consider 

-,A+3XC. 

If there were no special rules Xo. guide us then we would not know whether to 
interpret this as 

-^^ J- D) \ G A + (B X C ) , ^ 



If the operators were written alwayfe at the left then the first of these ^ 
interpretations would be written as - * 

, X + ABC and the second as + A x' BC . . 

With this hint you may' be aBIe^ to see-^w to write other expressions in .* ^ 
operat9rs-on-the-left parenthesis-free dotation. (Operators-on-fhe-left has 
one ^vantage over operators-on- the- right in that one kngws at once when he 
has come to the end of an'expression. ); However, this discussion is entirely 
academic here, as we intend to stick with the ".everyday" mathematical notation. 

The following table (Table B-l)' which was alluded to in Section is^ a 
variant of Table 2-3. It differs from Table 2-3 only in that parentheses 
have been put around certain .forms. , 



Table B-1 : 
Basic Forms of Arithmetic Expressions 



Kind 



Numerical Constants 



2. Variables 



Unary operational form' 



k. ' -Binary operrational forms 



FCmctlonal forms 



Examples ' 



17, .0065, 3.1^159, 0 



(-5), (-.061), (-17.62), (etc.) 



X, y. A, B, DIST 



AREA, ARGGH, ^(etc.) 



(-X) 



(X + y), (X - y), (X X y) 



ixj y), (X f y) 



siN(x),_ci?s(x) 

A3BS(X), SQRT(}i),- .(etc.) 



With these basic forms written. In this vay the foplloving rule holds with 



no apol'ogies or exceptions. 



HgJB:* If in an arithmetic expression a variably il^ 

' " " j> 

replaced by an arithmetic; e^sgj-ession the result 

is. again -an .arithmetic expression. 



The arithmetici^expressions resulting from the application of^ this rule 
^t^jifii^a^ith Table B-^^ar^^^often' referred to as fully parenthesizedlxpressiona 
IWese fully parenthesized expressions often fairly bristle with parentheses, 
like so many fish bonea^'^s^ in 

^((#A'H-B)^ C) X (p X t)) X X) + A . 

One important consequence of the typ^.qf replacement described in the foregoing, 
rule has not been mentioned^. To w£lr: in an initial arithmetic expression 
a variable X is replaced by an arithmetic expression, so $s >to obtain a final 
expression, then %f X and the express ion^replac^ing_ It are equivalent (i^e., 
.have the sape valu'e) then the initial and final expressions are equi-^n^ent,. 
This i9 in effect the, oid rule that: "When equals are substitute^for^&s^ls 
the results fire equal." Thus, J.f X i*s equivalent to (A + B) then (X^X y) 



is equiv^ent to '( (A + B) X . , , • ■ 

It should be. clear that an expression resulting from the use of this rule 
tcJgether with Table B-1 will always be enclosed by. a pair of parentheses 
unless it is a single "triable, a "positive constant or starts with a function 
name.. These "outer" parentheses actually serve two useful puiT)oses. First, 
they enable us to tell when"fre have reached t)ii€f end of an expression. Second-, 
they leave us in a position to substitute the expression enclosed by the 
parentheses for a variable in another expression without modification of our 
rule. 

As we have seen parentheses are nepess^iy in order to indicate, the order 
in which operations are td be performed.. When we say that it is permissible 
to omit certain pairs of parentheses, we mean,* of eourse, that the expression 
obtained afte|* omitting the parentheses is equivalent to the expression before 
tiie .parentheses were omitted. There are two possible reasons for such an 
occurrence: 

1) because the value of the expression is independent of the 
order in which operations are performed; 

2) because certain conventions are adopted concerning the oi^er in 
which c2)erations are to be performed in the absence of paren- ^ 



theses to serve as guideposts. . 

\ * ' . ' 

•We shall first consider cases *in which the first* reason applies. 



To understand the use and^omissipn of parentheses in connection with the 
operation of addition, recall that the operation of addition was first intro- 
duced to us in the guise of a binaiy operation. In the developia6n1; o^- arith- 
metic and algebra we make considerable use of the binaiy nature of addition 
(e.g., in our discussion of the field prqperties, and so forth). 

In calculat^ing, however, from the onset we almost completely ignored the 
-binary nature of, addition. If we were given the problem: "Four boys worked 

duriftg the summer depositing their earnings in special tiank accounts. Find-; 

the total amount earned by the boys," our me^thod of solving the problem would 
*be to yrite down the balances in* their bank books in any order 

. , .215.67 
308.i|2 
179.51 

. V 2U7.15 

, ' r 950.^75 

and then add them by a method that does not employ grouping the numbers in pai 



' Even , plough we regard addition as a binary opera^ion, when we see -an 
inscription such as ' ' • 

A + B' + C + D + J5;__ 



it is meaningful to us* The reason for this is that, as a consequence of the 
associative propert^of addition, no ^matter how we insert parentheses to 
decompose the indicated sum into successive ^inary sums, the value will be 
the same (for given values assigned to the variables)'^ 

A few of these Ways of inserting parentheses are shown .here: 

((A + B) + (C + (D + E))) 

(A + ((B + C) + (D + E)))^ . 
((((A + b) + C) + D) + E) . 

How many ways are there in all of inserting parentheses into the given 
< string so -as to obtain an expression which is "fully parenthesized"? 

For the reasons that it is unambiguous, that we are indifferent to the 
order in which thfe operations are performed, and that :t^hey ar^ less messy to 
write, we accept such expr,es61ons as ^ • 

A+B + C + D + E. ^ 

Now we are i^ady to bring -computers back*^into the discussion. When, we do 
so we are in I'or some surprises^ 7i ^ ^ ^ ; 

\ Now the Jbinaiy nature of addition which we had just thrpwn out the^ window 
comes flying right back in again. For in digital computers^ addition is always 
-^binary ope.ration. That ^s, computers never add up (or down) ^colvuljns of 
figures but always add just two numbers at a time. Thus if we have omitted' 
the - parenthes es in such an expression ~*as 

A+^B + C+ D + E . j 

the computer, in order to perform an evaluation, must— in ef^ect-^ restore the 
parentheses somehow. ' ^ 

Now comes the shocker. Although computer addition is commutative, it is 
not always associative. 'This is due to ro\and-off error and the phenomenon Is 
illustrated and explairied in Chapter 6. When adding a small number of terms 
afi'of the ^a^ie sign and of^the same oi^er of magnitude, the differences 
between the evalua^;i6n obtaii^ed with different group;Lng of terms is relatively 
small. _ But, with sums involving a small nuifter of la-rge terms together with ' ' 
a large number of small terms these differences can be' enormous . . 
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^ «5 

We can see that we will not always be indiffeVent to the order in which 
the additions are performed and in the. event that large errors Wght otherwise 
ensue we may find it necessary to specify the -order of operation! However, we 
will frequently express successive additions without parentheses and it will 
be of interest to. know the order in which these additions will be carried out. ^ 

' The fact is that the computer performs the operation^ in the way tliat . ' 

f 

seems most natural to us, namejy, computing from left to right. This process 
can be described in %mo equivalent ways. The order i^f operation is equivalent 
to that indicated hy Inserting parentheses into 

from left to right as below ' ^ * , 

((((A + B) + C) + p) + E) 

after, which we say that our expression is "fully parenthesized". 

Another way of describing the same order of operation is to first put 
parentheses around the first two terms - * c/ 

(A + B) + C + D + E . '1 

Now look up the current values of - A and B; say they are 3 and 5« 
Now calculate the value of (A + B), which in our' case is . 8. Next ^substitute 

this value for (A + B), ^ 

• , I. 

8 + C + D + E . 

Then proceed recursively (i.e', put parentheses around (8 + C), etc.). 

Such a recursive description is "much simpler than "fully parenthesizing" 
when we have expressions involving both, addition and multiplication with large ' 
numbers of terms' ani factors i ♦ 



Everything which has been said about addition carries over to multipli 
cation. The mathematical, operation of multiplication is commutative and 
associfiktive so that values' of products of several factors are independent of 
border and grouping. Thus, for exaiuple, \ 

' • , ' 0 A X B X C X D'X E 

^ ' * ^ 

has an unambiguous mathematical meaning. In computing again mSLti plication is 
commutative but not associaJ:ive,.^so that for .products of more than two tactors 
the computer evaluations will depend, on the order in ^ which the factors are 
bitten, and on the grouping (i.e., way in which the parentheses are inserted). 
If a computer encounters a string *of factors as displayed above it wi3?l 



"compute frcjn left to right." That is to say, the order of computation will 
b'e that indicated by fhe following insertion of parentheses: 



X(((A X B) X C) X D) X E) 



Another way of describing this same order of calculation is as follows: 
First put parentheses aroTtAd the first two factors! * * 

^ ^'^ ^ V ^ (A X B) >^ C X D X E , ' , 

Next, look up the current value of A and *B; say they are 3 and 5. 

Now calculate (A x B) which in ou'r case is I5. Substitute this value for 

* i 
,(A X B), , thus • , ' 

15 X C X D X E , ^ 
and proceed recurs iviely. . . 

Ve have seen that in expressions involving addition only or mult ijjli cation 
only we w.ere more able to omit parentheses because all ways of inserting 
parentheses lead to equivalent expressions. In some- other expressions we 
sometimes delete parentheses, but for a very different reason. This reason 
is^hat we have adopted a certain rule giving the order in which operations 
will be performed in the absence of parentheses. These rules together with 
the associated "precedence level" are found in Section 2-^4-. Accompanying 
\h1a ni3p gof=>.s a pompflnion ride telling when parenthc 



This is a rule for doing something that you have been doing quite success^' 
fully for several^years. * Ybu are not expected to remember the rule and you 
afe* not expetted tp apply it. In spite of all this there is still a reason 
for including the rule here. For we want tc^ know that the rule can be 
formulat.ed in a mechanical way which could be taught to a machine if necessary. 
Y]ju may be interested in verifying that the rule conforms with yoUr usual 
pracKfice. * * . , ^ 



Before giving the rule it will be necessary to present a list of 
precedence levels of operations (Table%-2) somewhat modified from that in 
Table 2->. ^ ^ ^ . ' 

\ * V ^^^^^ 



FRECEDKNCE; levels *0F OPERAiqiONS- poR 
PARENTHESIS REMOVAL 


LEVEL 


OPERAT(^'(l.e. Operation Symbol) 


.HIGH 

t 

LOW 


1 


1 1 


' ( exponentiation ) 


2 ^ 


}^ - (uj;iary) 


/ . 


3 




- (binary) . 



iron, curtaip | 



ERIC 



ii. 



: w 



The use of the rirqn curtain will be seen later. The minus, in names of 

negative ""constants is to be treated here the same as the unary minus. The 
mary minus can always be distinguished from binary minus. Why? , Because the 
unaiy minus will always be (in application of these* rules) immediately pre- 
ceded a left parenthesis " or it will be the initial symbol in the 
expression. Such positions can never be occupied "ty binary minus. 

We shall need these definitions. E|y a "subexpression" of an arithmetic 
expression we mean the expression included between a parenthesis pair. Ey 
the level of a subexpression we mean the numerically greatest of the levels of 
the operators occurring in that subexpression and enclosed in no further 
parentheses. For example in the expression / ' 

^((A + 3 X C / D ♦ 2) X (G - P)) 
V • ' 

this subexpression is of level 3 » 
Now we formulate the rule for removal of parentheses. ^ 



pXl5EimiESlS''mM0VAli RULE 

A pair of parentheses enclosing an expression of level n 
may be removed provided all three of the following conditions are 



satisfied: 



.(l) This removal will not result in th^ juxtaposition of 
two operators. 

(2) ^ The right parenthesis is followed by: 

a. nothing; or 

b. ajiother righ.t parenthesis; or 

c. an operator of level > n. 

(3) The left parenthesis is preceded t)y: 

a. nothing; or -5 

b. another left parenthesis; or 

c. an operator of level > n; or 

d. an operator of level = n. but from the le'ffc of 
' the iron curtain. 



f 



Two reminders ; are necessary. 



First ^ we observe that the rule provides for the removal of outer paren- 
theses around an expression.' And we demand^ that these outer parentheses be 
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restored before such a "de-boned" expression' is substituted into another 
expression. 

Second, note that our rule only governs straight removal of parentheses • 
It will not allow^is to i^eplace ^ « 

A - (B -f C) by A - B - C 

O ' * 

% 

which involves parenthesis removal and changing an operator. Nor will it 
. allow us to replace 

A X (B + C) by ^ A X B + A X C 
which involves the use of the distributive law: • - ^-r^ 

A X (B + C) = (A X B) + (A X C) 
followed by parenthesis removal. Nor does it allow us to replace * - 

' A + (-B) by A - B 

in which an operator disappears. Nor does it allow us to replace- ■ 

" ' 'A + (-B) by -B + A {f . . ^ 

which involves the commutative law, 

" A + (-B) = ('-B) + A ^ . 

followed by parenthesis removal. JJor does it allow us to replace 

-(-A) by A . . ^ , w 
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